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Preface 


In the past decade the language and methods of modern differential geometry 
have been increasingly used in theoretical physics. What seemed extravagant 
when this book first appeared 12 years ago, as lecture notes, is now a 
commonplace. This fact has strengthened my belief that today students of 
theoretical physics have to learn that language—and the sooner the better. 
After all, they will be the professors of the twenty-first century and it would be 
absurd if they were to teach then the mathematics of the nineteenth century. 
Thus for this new edition I did not change the mathematical language. Apart 
from correcting some mistakes I have only added a section on gauge theories. 
In the last decade it has become evident that these theories describe 
fundamental interactions, and on the classical level their structure is suffi- 
ciently clear to qualify them for the minimum amount of knowledge required 
by a theoretician. It is with much regret that I had to refrain from in- 
corporating the interesting developments in Kaluza-Klein theories and in 
cosmology, but I felt bound to my promise not to burden the students with 
theoretical speculations for which there is no experimental evidence. 

I am indebted to many people for suggestions concerning this volume. In 
particular, P. Aichelburg, H. Rumpf and H. Urbantke have contributed 
generously to corrections and improvements. Finally, I would like to thank 
Dr. I. Dahl-Jensen for redoing some of the figures on the computer. 


Vienna W. Thirring 
December, 1985 
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Introduction 


1.1 Physical Aspects of Field Dynamics 


Electric and magnetic fields are dynamically interconnected in such 
a way that an electromagnetic disturbance propagates with a universal 
velocity in empty space. By studying this phenomenon we gain a 
qualitative understanding of field radiation and are led to expect 
analogous gravitational behavior. 


The unification of the theories of electric and magnetic phenomena was one 
of the great scientific events of the nineteenth century. Whereas stationary 
electric fields E have sources at the positions of the charges but are irro- 
tational (V x E = 0), changing magnetic fields produce circulating electro- 
motive forces. In contrast, magnetic fields B are always sourceless and 
circulate around currents and places where there ıs a time-dependent 
electric field. The dynamical interrelation of the two fields is described by 
Maxwell’s equations: If we consider empty space (no sources or currents), 
then in units where c = 1 they require that 


ds-E = - | dS -B, dB = | dS-E, (1.1.1) 
N N 


ON ON 


for integrals over arbitrary surfaces N with boundaries ON ; and if the surface 
is closed, then 


b dS-E=  dS-B=0 (4.172) 
N N 


We shall later recognize these apparently independent relationships as 
different aspects of a single fact, that the field-strength form and its dual 


l 
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form are closed. Before going more fully into this geometrical interpretation, 
let us try to come to an intuitive understanding of the physical consequences 
of these equations. 


Electromagnetic Waves (1.1.3) 


At a fixed time, a field 
E, = B, = cos(w(x — t)), all other components 0, (1.1.4) 


looks as follows: 





Figure 1 The fields in a plane wave 


This is obviously free of sources, and it satisfies (1.1.1), as is easily seen 
on the surface chosen in Figure 2. Since the wave in Figure I moves to the 
right, E and B have the same sign as E and B in that region, and so for t=0 


t Beds = —2 5 = -Lo | | dx sin wx = =i B-dS 
ON 0 N 


We see that unlike in the stationary situation, where the electric field of a 
point source falls off as 1/r?, it is dynamically possible for it to travel through 
space at the speed of light, normalized here to one, without decaying, that is, 
without the pulse losing intensity. 


ON 


B 





+ 
n/a 


Figure 2 Illustrating the integral form of Maxwell’s equations 
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It can also be seen from the relationships (1.1.1) and (1.1.2), though less 
directly, that any change in the fields propagates at the speed of light. We 
shall later study how this follows from the structure of the characteristics of 
the equivalent differential equation. For the moment let us take this property 
as given, and use it to investigate how an accelerated charge shakes off some 
of its Coulomb field and emits it as radiation. 


The Production of Electromagnetic Radiation (1.1.5) 


A charge e moving with a constant velocity v in the x-direction emits no 
radiation (by Lorentz invariance). However, if it is brought to a stop at the 
origin during the time —t < t < 0, then its Coulomb field at some time 
t > Olooks as follows: At distances r > t + t from the origin it 1s equal to the 
field of the moving charge, since those parts of space have not yet learned of 
the braking of the particle. The lines of force out there point at the spot 
x = vt rather than at x = 0, where the charge remains as t > 0. Thus the 
lines of force are displaced by vt ~ ¥tt compared with the field at r < t. At 
r < tthe field is that of a charge at rest at x = 0, as the field has already for- 
gotten that the charge ever moved. In between, in the spherical shell t < r < 
t + t, the lines of force progress continuously and without sources. Hence 
they must bend, and, as shown in Figure 3, as r increases they must get 
folded more closely together in the parts of the spherical shell that are at 
most at right angles to v. This causes the field strength to increase by a factor 
of rö: The increase in the density of the field lines is proportional to (dis- 
placement of the field lines)/(thickness of the spherical shell) ~ott/t ~ rv, 
because at r =f >t one would see the field of a charge at x = tv ~ [tV, 


E fort > 0 


E for: <0 








Figure 3. The field of bremsstrahlung 
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and thus the lines of force are displaced by this amount. The field in the 
spherical shell is consequently not |E| = e/r?, but 


) Tl 
Ein &,fort<r<t+1,andd= x(x, 9) ~ 5: (1.1.6) 
r 


Remarks (1.1.7) 


1. The compression factor is only significant when 3 is near 7/2. If 9 = Dorn, 
then the lines of force in the spherical shell are not bent at all. A more 
careful calculation produces an overall factor sin? 9 in | E|?. 

2. The sign of the field’s augmentation is clearly such that its direction is 
opposite to that of the acceleration. 


An electric field ~1/r rather than ~ 1/r? as with the static Coulomb field 
leads immediately to the radiation of energy. The field energy contained in 
the spherical shell, 


~| d?x|E|? ~ |E|?r?t ~ e?|¥|?t 
{HSS AD Ba 


is conserved during the expansion, so that at large r the radiated field still 
has just as much energy, while the Coulomb energy decreases to zero. The 
radiated energy is evidently imparted to the field during the braking in 
the time t, and then it travels off to infinity at the speed of light within the 
spherical shell t <r <t + r. In this way we obtain the basic formula of 
radiation, 


Larmor’s Formula (1.1.8) 


2 
"2 


Radiated energy per unit time = 
Tl 


Wl dy 
m 


Remarks (1.1.9) 


1. In order to get a feel for the order of magnitude of the radiated energy, 
it is most convenient to use the fundamental length of electrodynamics, 
the classical radius of an electron, i.e., the radius at which the Coulombic 
potential energy equals the rest energy of an electron: r, = e?/4nmc? ~ 
10 °'° cm. (As we set c = 1 this is equivalent to about 1023 seconds.) If an 
electron at almost the speed of light is stopped in a time t ~ r, over a 
distance b ~ t, then t ~ v/t ~ 1/t ~ 1/b, so the braking releases a radiative 
energy ~te*t* ~ e*/b, which is roughly the rest energy of an electron 
(~5 MeV) if b~r,. Modern accelerators have made such breakneck 
occurrences commonplace. 
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2. Electrons are most easily braked with an electric field E, and it is natural 
to ask what the connection between the radiated energy and the energy 
of the field E is. Because mv = eE, an electron radiates E?(e?/m)*t, which 
is the fraction of the energy of the field E contained in a volume t x (the 
classical electron radius)’. If the electron is not subjected to a single 
braking, but is moved periodically, as in a light wave, then we are interested 
in the cross-section, defined as (the radiated energy per unit time)/(the 
incident energy per unit time and surface area). Since the energy density 
of a light wave is E?, the energy incident in a time t and a unit of surface 
area is E*t, and the scattering cross-section is about r?. This means that 
the electron is about 107 '* cm across, in the sense that it blocks a surface 
area r? ~ 10°2°cm? from a beam of light. However, quantum effects 
often make an electron act more as if it were 10° '* cm across. An electron 
is best pictured as about 10~'' cm across but fairly transparent, so that it 
scatters light only weakly. The explanation for why matter is so often 
opaque, though the field is predominantly influenced by the rather 
transparent electrons it contains, will be discussed later. 

3. The precise numerical factor given in (1.1.8) comes about because 


(a) We use units in which the Coulomb field is e/4nr?, giving an extra 
(4n)~?. 

(b) According to (1.1.7; 1) the energy has an angular distribution ~ sin? 9. 
Integrated over a spherical surface, this gives $ - 47. 

(c) The energy density is actually (|E|? + |B|*)/2, but the contribution 
from B equals that from E. 


The source of light is ordinarily atoms, in which negative charges orbit 
positive ones, while the total charge is neutral. If a single charge oscillates, 
then the pattern of field lines produced is that of a repetition of one-time 
brakings (Figure 4, left). If two charges oscillate around each other, then this 


ey, LOR 


N 
pe ee jae i ae 











Figure 4 The electric field of an oscillating dipole 
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field must be superposed on one that is oppositely directed and has a phase- 
lag (Figure 4). As we see, oscillating dipoles emit circulating electric fields, 
in which |E| is again given by (1.1.6). If is the frequency and L the amplitude 
of oscillation, then wL replaces 0 in (1.1.6). This produces the formula for 


Dipole Radiation (1.1.10) 


Radiated energy per cycle ~ e’L’o°. 


Application to Atoms (1.1.11) 


For an atom, one would set L equal to the Bohr radius r, = h?/me* = 
(hc/e?)*r, = (137)*r, ~ 10°®cm. The electron velocity mL is roughly 
(137)"!, so the period is ~(137)r, ~ (137)?r, ~ 10°!° sec. Then from 
(1.1.10) the energy loss per cycle is ~(137) *e*/r,, and an electron has to 
orbit (137)° times to radiate an energy e*/r,. The available energies of ex- 
citation are on the order of e?/r, ~ 10 eV, so we expect the lifetime of an 
excited state to be about (137)? - 101° sec. ~10~® sec. Of course, a more 
exact analysis of what goes on requires a quantum-theoretical analysis of 
the process, but only quantum-mechanical quantity needed for a preliminary 
orientation is r,. The creation of light may be typically outlined in this way: 
An atom emits (137)? waves in 1078 seconds. Since the wavelength is about 
1/o ~ 137r,, the resultant wave-packet is (137)*r, ~ 10 cm long (Figure 5). 
These figures also show up in the widths of the emitted spectral lines and 
in the coherence length of the radiation. 

The original estimate of bremsstrahlung in (1.1.8) used only the electric 
field’s form ~x/r*. It is tempting to reason the same way with gravitation, 
replacing e? with the formally analogous quantity km?. Before spending too 
much time on the details of this analogy, one would likely note that the num- 
bers involved are discouragingly large. As discussed in (I: 1.1.1), the coupling 







(87): EEE 





10 cm 


137 x increase in size 


Figure 5 The typical lengths connected with the emission oflight by an atom 
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constants differ by a factor of 10°°. Whereas an atom takes 10 ® seconds to 
emit a photon, it would require 10°° - 1078 sec. ~ 1028 sec. to bring a graviton 
into being. This is 10'° times the age of the universe, and it seems idle to 
speculate more about such questions. But masses, unlike charges, all have 
the same sign, and therefore large bodies benefit from tremendous coherence 
effects. We shall shortly see that collapsing stars ought to release gigantic 
energies through gravitational radiation. 


The Production of Gravitational Radiation (1.1.12) 


The points to reconsider in the derivation of (1.1.5) are: 


(a) One of the facts used was that E = ex/r*. The potential energy e?/r of 
two charges e corresponds to the gravitational energy KM?/r of two 
masses M. Hence the analogue of the Coulomb field is x Mx/r’, the 
square of which ıs the energy density. 

(b) The second fact used was that the electric field propagates at the speed of 
light. We shall later learn that this is also a property of the gravitational 
field, as a consequence of Einstein’s equations. However, the gravitational 
field in turn influences the speed of light, which complicates the details 
of the radiation problem, though the orders of magnitude should not be 
affected. 

(c) In the electromagnetic case the center of charge was accelerated, but the 
analogy fails at this point. Since the gravitational field is coupled to all 
masses, and the center of mass moves uniformly, this kind of radiation 
never occurs. This is apparent, for instance, if two masses oscillate around 
each other, for which two equal fields with a phase shift must be super- 
posed, but this time with the same sign. Then in directions perpendicular 
to the oscillation, the large component in the direction of ¥ cancels out 
(see Figure 6), leaving a field ~ 1/r?. 





oi) 
Figure 6 The gravitational field of two oscillating masses 
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(d) There can be electromagnetic quadrupole radiation even with a stationary 
center of charge; and in the situation of (c), the asymptotic fields do not 
quite cancel out at 45°. A more careful calculation shows that they are 
only reduced by a factor v ~ wL. The same thing is true for gravitational 
waves, leading to 


Gravitational Radiation of Rotating Masses (1.1.13) 


IR KM 
Radiated energy per unit time ~ kM?w°L* ~ ne 


or 


Radiated energy per period ~ v° - the gravitational energy of the system. 


Remarks (1.1.14) 


1. We shall later encounter an apparently different reason for the additional 
factor v? = w*L?: whereas the electric field is coupled to the current, 
the gravitational field interacts with the energy-momentum tensor, which 
is quadratic in the velocity. An additional v in the coupling produces an 
additional v? in the radiated energy. 

2. By interpreting «M?/L as the gravitational energy of the system we obtain 
a relationship in which the miniscule coupling constant no longer appears, 
or, more precisely, is hidden within the gravitational energy. 

3. We have not taken the trouble to puzzle out the exact numerical factor in 
(1.1.13). Moreover, it only applies in the context of the linear approxi- 
mation to the Einsteinian theory. No exact solutions, showing how 
gravitational waves are created, have yet been found. 


In (I: §1.1) we have discussed the qualitative features of cosmic phenomena. 
Let us use these rough numbers to calculate 


The Order of Magnitude of Gravitational Radiation (1.1.15) 


(a) Planets: Using Earth as an example, v ~ 10 +, giving usa factor 10~?° in 
(1.1.13). That means that in Earth’s 10'°-year long history it has lost only 
one 10'°-th of its potential energy through radiation, causing it to 
draw closer to the sun by 10° !° times the radius of its orbit, which is 
~107'°. 108 km ~ 10m. 

(b) Double stars: For double stars v ~ 107 3, and the orbital period is often 
only 10~° years. Each year they radiate 10~'? of their gravitational 
energy, which was too little to be measured until quite recently. 

(c) Black holes: If a star collapses under its own weight, then its contents 
are compressed into nuclear matter, and it turns into a neutron star, 
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with a radius of perhaps 10 km. (cf. §4.5). If further compressed, it pro- 
duces such a strong gravitational field that the gravitational energy is 
comparable to the rest energy, and relativistic effects appear. The 
gravitational analogue of the classical radius of an electron is the 
Schwarzschild radius kM, which is on the order of a kilometer for stars. 
Kepler orbits at this distance become relativistic, as the potential energy 
approaches the rest energy. The implosion of a neutron star can lead to a 
situation where v ~ 1 and «M?/L ~ M, and then, by (1.1.13), the 
radiated energy becomes equal to the rest energy of a star. Even if a more 
exact calculation would show that the true figure was a few percent, the 
energies involved are certainly huge. 


Unfortunately, not much is known about gravitational radiation experi- 
mentally. It is predicted by all sensible theories, however, since our derivation 
has only posited a finite propagation speed for the gravitational field. 

In all of the above discussion the motion of the sources of the fields has 
been assumed given. In fact the fields also affect the sources, and one really 
ought to solve the equations for the coupled system. We encountered a simple 
exampie of such a problem in the scattering of light, where an electron was 
accelerated by a light wave, which in turn caused the light impinging on a 
surface ~r2 to be scattered. That derivation, though, was for a free electron, 
and certainly does not hold for electrons in matter. Such a small cross-section 
would render normal matter, with interatomic distances ~(137)*r,, highly 
transparent. The reason this is not the case is that bound electrons exhibit 
resonance behavior, increasing ö compared with (1.1.9; 2). 


The Scattering of Light by Bound Electrons (1.1.16) 


The electrons sit in the electric field E of the binding force as well as the light 
wave. Idealizing the binding as a harmonic force with strength mw, making 
the frequency of atomic electron oscillations &,, would lead one to expect 
m(X + wx) = eE for the equation of motion of the electrons. A periodic 
electric field then gives rise to an acceleration 
2\ il 
a (: 7 =) 
m 


Ww 


which increases the scattering cross-section by (1 — w/w?) ?. Since the 
frequency @ of visible light, which is emitted by other atoms, may be near wo, 
the resonance denominator can be very small, and light will not penetrate 
far. Of course, realistic matter has several different resonance frequencies, 
which is why it is colorful. 

Because of the situation just sketched, it is tempting to simplify the 
coupled system of matter and an electromagnetic field by replacing the matter 
with the boundary condition that the field does not penetrate it. This is the 
approach usually taken in optical problems like diffraction. We shall find 
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that even with this simplification such problems can only be solved with 
difficulty, if any value is placed on precision. 

If one wants to undertake a serious analysis of the coupled system of 
matter plus field, then it must be clearly understood that the dangers of the 
electric and gravitational cases lie in opposite quarters: Since like charges 
repel, but all masses attract, the Coulomb force tends to make a system ex- 
plode, while gravity tends to make it collapse. These tendencies of the static 
forces are preserved in the relativistic generalizations of the equations, and 
can not be abolished by any mathematical sleight of hand. We shall not be 
able to answer the question of what holds the electronic charge together, and 
classical electrodynamics will remain an incomplete theory. It is replaced by 
quantum electrodynamics at short distances, of course, but even that theory 
can not explain how come the electrical energy of a point charge is finite. On 
the other hand, the most refined mathematics only confirms the naive 
expectation that, with gravity, a sufficiently massive object collapses under 
its own weight. It seems exceedingly difficult to get around these singularity 
theorems; at the very least, we can say that the prognosis of disaster is likely 
to be true. 


1.2 The Mathematical Formalism 


The central concepts of classical field theory are the algebra {E,} of 
forms and their exterior derivatives. With the *-mapping E, > En ->» 
defined by the metric, they allow Maxwell's and Einstein’s equations 
to be written in analogous ways. 


The calculus of E. Cartan is especially useful in classical field theory, because 
it formalizes the mathematical constructions used in the field equations. The 
most important rules of calculation will be briefly summarized here; the 
reader is referred to (I, chapter 2) or to the mathematics books cited in the 
bibliography for more precise definitions of the concepts. 

The space of tensor fields over a manifold Mt has a linear structuret; 
every element can be written as a linear combination of certain basis elements, 
where the coefficients are the tensor components. In the example of the co- 
variant vector fields, any m (= the dimension of M here and henceforth) 
linearly independent vector fields e(x), i = 1, ..., m, xeM, can be used; 
any vector field V can be written as 


= > V(x)e'(x). 


1a 
+ As in the first volume, a sufficiently differentiable manifold with a boundary will be referred to 
simply as a manifold and differentiability will likewise be implicitly assumed for tensor fields. 


} More precisely, a module structure. The coefficients are functions of M and not simply real 
numbers. 
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Remarks (1.2.1) 


— 


Independence means that the e‘(x) are independent vectors for all x. 

2. A basis is occasionally called an m-frame or tedrad for m = 4. For any i, e' 
is a vector, and not a component of a vector, or any such thing. 

3. There does not generally exist a global basis, as a linearly independent 
set of e' can not normally be continuously extended to all of M. (According 
to (I: 2.6.17; 6), on the surface of a sphere there does not exist any con- 
tinuous, nowhere vanishing vector field.) However, on the domain U ofa 
chart there is always a natural basis, as discussed below. Therefore, for 
local processes like differentiation there is no danger in assuming the 
existence of a basis. 

4. A new basis can always be formed from an old one by e'(x) > @(x) = 

A'(x)e/(x), where Det A'(x) is different from zero for all x. No basis is 

distinguished from the others in the absence of more structure. 


With the formation of the tensor product ®, the e' also provide a basis 
for the p-fold contravariant tensor fields. On U any tensor field can be written 


t= Yty.., (det @ e? @--- @ ev. (1.2.2) 
Jk 


Among tensor fields, the totally antisymmetric ones (= p-forms) are 
especially important, because they define p-dimensional volume elements. 
An antisymmetric tensor product A (the wedge, or exterior, product) 
can be introduced on them. Like the (finite) tensor product, it is associative 
and distributive, but! ne = —e a e' = e' @ e/ — e/ @e'. Since we shall 
frequently use the product bases, we introduce the abbreviation 


eltia te = git pe Ao Ae, (1.2.3) 
With (1.2.3) any p-form can be written 
eit vip 


p! 





(= ons (1.2.4) 


Remarks (1.2.5) 


1. The basis e' "'r has only (7) independent elements, due to antisymmetry. 
If p = 0, then p-forms are ordinary functions, and if p > m they are de- 
fined as zero, as otherwise antisymmetry would be impossible. 

2. The p-forms on a manifold are a linear space (in fact a module), denoted 
by E,(M). 

3. The wedge product 


eit io N eietiipta = eit lpta as (Sieger ree A Cu aap 


creates an obviously associative mapping E, x E, + E,+,, and imparts 
the structure of a (graded) algebra to the space | ), E, of forms. 
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The Exterior Differential (1.2.6) 


The elementary differential operations, gradient, divergence, and curl, 
generalize to a linear mapping d: E,(M) > E,+ ı(M), obeying the rules: 


(a) dw, + @2) = dw, + dw, w,€ E, 
(b) dw, A @2) = (da,) A @, + (-1)Po, A dw, w,€E,,@,€E, 
(cata N WEE, 


Dep gl m. 


Remarks (1.2.7) 


1: 


2. 


Rules (a) and (b) describe how d acts with respect to the algebraic opera- 
tions, by which Leibniz’s rule gets an additional ( — 1)? from antisymmetry. 
The coordinates x‘, i = 1,..., m, of a point of M may be thought of as a 
mapping U > R, M > U = the domain of the chart. That is, they are 
an element of E,(U). The dx' are thus m 1-forms, known as the natural 
basis of E,(U). If p = 0, then (a) and (b) are the usual rules of differentiation, 
so the exterior differential of a function U>R:x— f(x) becomes 
df = dx! of /ox'. If p = 0, then d is the gradient, and f, are its components 
in the natural basis. Because of (c), in the natural basis 


dee =. (), O<p<m, 


and the exterior differential of a p-form 








e 
do = (da, ...;,) A —— = @, ... 


. Local coordinates can be introduced on any n-dimensional submanifold 


N so that X41 = Xn42 = °°: = Xm = 0. The restriction «), of a form 
is defined by setting dx,+41)y = dXn+ 21 = °°: = dx„ın = 0, and letting 
the restriction commute with + and A. It is then easy to see that don = 


. Forms with vanishing exterior differentials are called closed, and forms 


that can be written as exterior differentials are called exact. Rule (c) 
means that exact > closed. The opposite implication holds on starlike 
manifolds but not in general. It always holds locally. 
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The integral (1.2.8) 


Under a coordinate transformation 
a On 
x + X(x), dx' = — dx’, 
Ox! 





the natural basis of E,,(U) transforms as an m-dimensional volume element: 





and it is possible to define a coordinate-independent integral over w by 
[© = [ dx’ dx" Wy... m(X), (1.2.9) 
“U u 
we E2(U) = the m-forms with compact support. 


As w € E2(M) can be written as a finite sum ) ;®; of m-forms each sup- 
ported in the domain of a chart, its integral is defined by (1.2.9) and ors 
>; | @;. More generally, the integral of we E°(M) over an n-dimensional 
submanifold N is defined as the integral of the restriction of w to N: 


[ = { yy. (1.210) 
N N 


Integration is the inverse of differentiation d in the sense that Gauss’s and 
Stokes’s theorems generalize to 


| dw = [ wo, w € E°_,(M), (2A 
N “ON 


where ON is the boundary of N.T 


Riemannian Structure (1.2.12) 


A symmetric, covariant tensor field of the second degree 
g = gue' @ &, with Det(g,(x)) #0 Vx (12.13) 


creates an isomorphism between the covariant and contravariant vector 
fields and lets the spaces of the two types of vector fields be identified. A 
scalar product is defined by 


<e(xle(x)) = 9"), gan Hr. (1.2.14) 
If the matrix g;, is positive, then the space is said to be Riemannian, and 


otherwise pseudo-Riemannian. The e; = g;,e* form a dual basis, with 


+ We shall occasionally use this theorem when ON is not actually a manifold, but has corners or 
some other harmless handicap. 
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<ele,) = Ö);;and v‘ = g“'v, are called contravariant components of a vector 
vy = v,e' = ve. 
The scalar product as map E, x E, > E, can be generalized in two ways. 


The Scalar Product between p-Forms (1.2.15) 


A N . 4° <|> 
The pseudo-Riemannian structure also induces a bilinear map E, x E, > Eo. 
Expressed in components it reads 


1 ie x 
San DR A ie oo = AO? 
* (i)(j) 
In a Riemannian space <w|w>'/? measures the p-dimensional volume 
defined by w. If it is the product of 1-forms. 


The Interior Product of a g-Form and a p-Form (1.2.16) 


A bilinear map E, x E,—> E,_,, p => 4: (@, v) > i,@ can be defined by the 
rules: 

G) i@=<o@lv> forp=4q; 

(ii) i(@, A @,) = (i,@,) + (—)?'@, Ai,w, forveE,, w,€ E,,; 


(11) i, A V2 = ly, = Der 


By (|) the E, are identified with their dual spaces and the interior product 
is the transpose of the exterior product: 


WA OLD = iy, of il) = Koli,u): 


In an m-dimensional manifold the space E,, is one-dimensional and a 
pseudo-Riemannian structure distinguishes the ¢ e E,, which are normalized: 
<ele> = (—)* = Det g/| Det g|. If such an ¢ exists globally the manifold is 
called orientable. We shall assume from now on that there is globally given 
an orientation &. In this case E, can be identified with E,,_,. 


The Hodge Duality Map (1.2.17) 


The isomorphism E, * E,,_, is defined by *w = i,e. It has the properties 
(i) = lle *e = (—)°; 
(ii) *o* = (un 
(iii) i,*@ = *(@ A v) = (—)P4i,.*v forweE,, ver 
(iv) for v, a € E, one has 


VA *o = iio =O A *v = &(—)i* VFO. 
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One should notice: 


ad (i). E, and E,, are one-dimensional and, at a point, isomorphic to R. 
eis the *-image of the number 1. 

ad (ii). Except for a sign the map * is its own inverse. Unfortunately, one 
cannot get rid of these signs by using another e. 

ad (iii). Duality changes the interior product into the exterior product. 

ad (iv). The word duality has its root in the fact that E„- ps the dual space 
for E, if we define a scalar product { , } by v A @ = e{v, a}. It is 
related to i by 


{v, co} = (— Nasa ore 
So far the scalar product and other algebraic operations have been 
understood pointwise, that is <@|v> € E, = C(M) assigns a number to each 
point at a manifold. In an orientable Riemannian manifold | *Xo|v) maps 


E, x E, into R and is a scalar product in sense of a Hilbert space. 
In terms of a basis the definitions imply the 


Rules (1.2.18) 


./|Det g| 


(a) * oli -.- tp = git pete g’rsreie +1. Img 
(m — p)! 


P . . . . 
(b) ej; A Kot ip — ly ho Me iin ie = (Sri? 
r=1 
Fe dir) INN) 
(else en, 


The codifferential 
a ye dere he (1.2419) 


is a generalization of the divergence. It is a linear mapping E,>E,-,, 
and can be coupled with d to construct the generalization A of the Laplace 
operator for E, > E,: 


A = 6d + do (the Laplace-Beltrami operator ). (1.2.20) 


With a natural basis e'/? of E,(R”), where g = dx' @ dx" ny, nie = 
+1 ifi =k and otherwise 0, 


p et, i= m 
Oe) ae 1) 


Aue eae i Ie 


(Problem 6). If, in particular, p = 1 and f, are the components of a vector 
field, then 6 is the ordinary divergence f*, and A is the operator (n *) 
02/öx! öx* as applied to the individual components. (If m = 3 and p = 1, 
then A= —V x V x +VV.). 
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Problem 7 is to derive the following set of 


(a) dd=65=0, dA=Ad, 6A=Ad6; 
(b) 6% =(-1)"*d, *ö= (—1)P* 1a"; 
(c) dö* = *öd, *dd=dd*, *A= Ar. 


In volume I we learned moreover that if a vector field v is specified, then 


The Lie Derivative (1.2.23) 


Lea ied + dy. Ee, 
L{@, + @2) = L,@, + £,@, 


L.(o, A ©) = (E01) 4.0 #0, X Law, 


gives the rate of change of a form under the action of the flow generated 
by the contravariant components of v. (If v = v;dx' and fe E,(R"), then 
Leon =uoRlor) 
To calculate the derivative in a different coordinate system (Problems 
1 and 2) it is convenient to use a so-called orthogonal basis. Since gj, is a 
symmetric matrix, it can be transformed into a diagonal matrix n,, with 
only +1 as eigenvalues, by some change of basis. This determines the e' up 
to a local Lorentz transformation: 
e'(x) > Ai(x)e*(x), 
(1.2.24) 
N ME X)A' (x) = mn Yoo 


An orthogonal basis is not necessarily natural, and the exterior differentials 
of the orthogonal e' may not vanish. To handle the general case we define 
The Affine Connections «', € E,(M) (1.2.25) 


de' 


Ss ay 
Dig = GijOe- 


k 
SO he, dgx = Ox + Oxy, 


Remarks (1.2.26) 


1. In 84.1 we shall show that these properties determine the «', uniquely. 
2. It follows from (1.2.25) for the differentials of the bases in E, that 


Merl of, ER er" jr a wo, A efi dp 056 


ote —o!?, IN Pa 1 Sa 


> 
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and likewise 


dreh da — oh re — or A rer... 
aa Keen 
(Problem 8). 
3. The w’s generalize the I's of (I: 1.1.7), and hence play the role of the field 


strength in gravitational theory. They transform inhomogeneously under 
a change of basis (Problem 9): 


©, = AN, @* (A A Ey > (A = 3 dAX,. 


This means in particular that there is always a basis for which all the 
@*, vanish at a point (see (I: 5.6.11)). 


Partial Differential Equations (1.2.27) 


All of the equations that will interest us are generally covariant (i.e., chart- 
independent), and hence the only kind of differentiation they contain is the 
exterior differential. Orientability and the pseudo-Riemannian structure 
of the world enter only through the *-mapping. The prototype of this kind 
of equation for a vector field is the specification of the divergence and curl of 
the field, or more generally of öF and dF for Fe E,,. 

Partial differential equations determine the derivatives in certain direc- 
tions, while in others they may allow the fields to vary freely, and even have 
discontinuities. These directions, known as the characteristics, are the key 
to an understanding of the implications of the equations. To exhibit this fact 
in its germinal form, we discuss the simplest nontrivial 


Example (1.2.28) 


M = R? with the metrics g = dx? + dt?. According to (1.2.17; 2), if p = 1, 
then *°* = $1, and so * isa linear transformation of vectors, and has eigen- 
values +i for g, and +1 for g_. More specifically, if F = Edt + Bdx, then 
*F = —Bdt + Edx; for g,, * is a rotation through 90°, and for g_ it isa 
reflection about the axis x = —t (Figure 7): 


I [ 





* * 
G+ 2 2 JE 


Figure 7 The action of * on R? 
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Figure 8 The hypersurface N, and its normals n, 


Let us therefore consider the system of equations for F, 
av = M, oF = J, 


with specified M and J. For g_ it is possible to decouple the equations using 
the diagonalization of *: 


F.=(14*)F:dF, =M+ *J. 


The F, = (E + B)(dt + dx) are independent of each other in this case, 
and we need only to work with a single equation. For g, the same method 
leads to the equations F, = (1 + i*)F = (E + iB)(dt # idx), in which case 
F, are complex conjugates. 


If nz = dx + dt and N are lines parallel to x = +t, so that nz\y, = 9, 
then for g_ we get i,,n, =i, _n_ = and therefore 
(a) N+ A F, == 0: 
(b) Fay. = 0: 
(c) me = 0. 


Conclusions (1.2.29) 


(a) IfE + Bdepends only onr + x, then dF, becomes (E + B)n; An; =. 
The system of equations accordingly allows Fs to vary freely in those 
directions; it is even possible for E + B to be discontinuous in the 
direction of n,. There is no other direction n€ E, such thatn A F, = 0 
orn A F_ = 0; the equations dictate how F , varies in all the remaining 
directions. This state of affairs does not carry over to g,, for which 
there are no real directions wheren A F, =Oorn a F_ = 0. 

(b) The initial-value problem would be formulated by specifying as the 
initial data the restriction of F; to some m — 1-dimensional sub- 
manifold N, in the hope that this might determine F. If ng), = 0 at 
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any point of N, then F , |, also vanishes at that point, making it impossible 
to choose the initial data at will. It is possible that they even leave F 
indeterminate. By fact (b) there exist F, 4 0 for which F, ın = 0 and 
dF, = 0. Ifn,\y # 0, the only condition on the initial data is d(F , in) = 
dF, y = (M — *J))y, which automatically vanishes (because there 
exists no 2-form on a one-dimensional N). 

(ce) By (1.2.23) the Lie derivative L,, in the direction x* is given by i,, od + 
doi, with e, = g,; dx’. Thus L,, with es = gn; = nz is the Lie deriva- 
tive in the direction n, (parallel to x = +t), and because L, F, = 
i dF, + di, F, =i,_ dF, = i,_(M — *J), the rate of change of F, 
in the direction n_ is determined. As we shall see later from the explicit 
solution, F is determined by an arbitrary set of initial data on N when: 


(1) n+ x Is different from zero at all points of N; and 
(11) every line t + x = constant intersects N at exactly one point. 


Anm — 1-dimensional hypersurface N (in other words, in two dimensions, 
a curve) that satisfies (i) and (ii) is called a Cauchy surface. It is nowhere 
tangent to the characteristics n;, and it must be large enough to determine 
E + Beverywhere. (See Figure 9.) 


t 


F , can vary in an arbitrary way 
in the direction of n, 







The variation of F , 
is determined in the 
direction of n_ 


Figure 9 Determination of F , from its restrictions to the Cauchy surface N 


Remarks (1.2.30) 


1. Not all surfaces that are everywhere spacelike and extend to infinity are 
Cauchy surfaces. (See Figure 10.) 

2. Observations like the foregoing can normally answer only local questions. 
Global questions are more difficult to treat effectively. Some seemingly 
innocuous manifolds, which are dear to the hearts of cosmologists, have 
no Cauchy surfaces at all. 

3. Since E + B can be an arbitrary function of t + x, one might want to 
risk using discontinuous functions, for which M +:ns|y, = Oare surfaces 
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where E + B has jump discontinuities. If such functions are admitted, 
theclassicalnotion of differentiation is fraught with unnecessary difficulties. 
For instance, the equation (0/du)(0/dv)® = 0 has the solution ® = o(u) + 
W(v), where ¢ is arbitrary and y is differentiable, but this solution does not 
satisfy (0/dv)(0/Ou)® = 0. 


To avoid these inconveniences it is natural to try to use distributions 9, 
defined by their integrals against suitable test-functions. It is then always 
permissible to differentiate, as defined through integration by parts: {fo™= 
(-1)"{ fo. 

A strict formulation of the problem requires the theory of locally convex 
topological vector spaces. As we shall not need the more profound theorems, 
we content ourselves with making the 


Definition (1.2.31) 





ir 0 | 
O(x) = I + ; 0 (Heaviside’s step function) 
Ax) = a (Dirac’s delta function), 

x 


and the 
Warning (1.2.32) 


Distributions form a vector space but not an algebra; they can be added but 
not always multiplied [22, 37]. 

A special distribution, the Green function,T is particularly useful for solv- 
ing the equations we have to deal with. This lets one exploit the linearity of the 
equations, the consequence of which is that the sum of the solutions for 
several individual sources is a solution of the equation with the sum of the 
sources. If the solution for a point source is known, then it can be used to 
construct the solution for an arbitrary inhomogeneity by superposition. 
Putting these ideas into practice as applied to E, requires a bit more algebra 
and replacing the sums with integrals. 

The first thing to do is to generalize the delta function so that when it is 
multiplied by a p-form and integrated it reproduces the value of the p-form 
at a point x € M (the set of all such values is denoted by Ex). Since we are 
only able to integrate m-forms, and the result ought to be in E,);, we need a 
dz € E,)z ® E,,— ,(M) such that t 


| 5; AF = F(x), forall FeE,(M). (1.2.33) 


+ We follow Jackson’s [1] lead and abandon the ungrammatical phrase “the Green’s function.” 


+ In de Rham’s terminology, 3, would be called a p-form-valued current. In the older literature 
one often encounters the term Green’s dyadic for the three-dimensional case. We shall write 
E,(M) even when the components are distributions rather than differentiable functions. 
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x v 
x Cauchy surface, = 
u 


not a Cauchy surface, 
because (1) is violated 





not a Cauchy surface, 
because (ii) is violated 


Figure 10 
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m 
189) 


The distribution ö, vanishes away from X and has the form (Problem 10) 


x dia raed (= ear! 1 1 2 —9 m =m 
dz = @;,...4, @ *e" ee: — X*)0(x* — 3) - O(x™ — X™), 
(1.2.34) 
in a natural basis e''"'r of a neighborhood of x, and where @;,...;, is the 


basis in E,); and x' are the coordinates to be integrated over. The Green 
function G; € E,); ® Em-„(M) satisfies the equation 

AG; = —6;, 12253) 
where A = dé + öd acts on x! with x fixed. In the cases we are interested in, 
we shall verify the existence of a Green function by explicit construction. 


Equation (1.2.35) determines G, only up to a solution of the homogeneous 
equation. Using G;, Green’s formula generalizes as 


F(x) = (—1)?*™ | [dG, A OF — 6G, a dF] 
N 


= | [6Ge A-Fo+ (— 1" "dG. rn FF] (1.2.36) 
aN 


which expresses Fe E,(M) at the point X in terms of dF and öF on some 
m-dimensional submanifold Ns x and the values of the restrictions of F 
and *F to ON. (For the derivation of (1.2.36), see Problem 11.) 


Example (1.2.37) 


We return to (1.2.28). M = R’, p = 1, g = g_, and (-1)' = —1. Using the 
“lightlike” coordinates that diagonalize *, 


0 —-1 
= We ; for which g_ = K 0 
tdi Sa: *dv = —dı, *(du A dv) = —1, 
and (omitting the ® sign) 
Ox = (dx dt — di dx)d(x — X)d(t — Tt) 
= (dv du — du dv)d(u — u)d(v — D). 
The Green function can be written with the aid of the step function (1.2.31) 
as 


D et 








G; = (di du — dü dv)}O(a — u)OG - v), 
because 


dGz = 3[0(v — DOW — u)dö + Oö — v)d(H — u)du]du A dv 
6G = 5[0(v — HOH — u)dd — Oö — v)d(H — u)du], 
with which it is easy to verify that 


AG; = (du dv — di du)d(u — a)d(v — 0) = —6,. 
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If F = opdu + Wdbp, then the field equations dF = M, oF = J, explicitly 
read: 
dF = du A du(W,, — 9,) = M= du A duml(u, v) 
IFS" hy, 9= J(u, v). 
Now the integral over N of (1.2.36) contributes 
= feos SF Joon = -3 [au A dv(ölv — D)Olu — u)dd 
+ Od — v)d(u — u)di) J(u, v) 
+ 3 [au A dv(d(v — v)O(u — u)dü 
— Od — v)d(u — u)dü)m(u, v) 


u { ulm 0) — In Bae 
u(d) 


=o ik dv 4m(u, v) + J(u, v))du, 


v(u) 


if the submanifold ON is defined as {u = u(v)} = {v = v(u)}: 


(u, v) 


(u, v(u)) 





(u(v), 0) 


Figure 1! Variables for the fields at a boundary 


This contribution clearly satisfies 2y,,=m— J and 29, = —m — J, 
and approaches zero as (u, 0) approaches ON. To calculate the boundary 
term Fy = Jan: note that ON has the orientation of — dx for this boundary 


integral (see (I: 2.6.8; 1)): 
IGN E= =| (p du + W dv)d(v — D)Olu — u) 
ON 2 ON 
du : USE 
= 5 (p du + W dv)d(u — uO — v) 
Z ON 
| GAAP = 5 | (—-p du + W dv)d(v — v)O(u — u) 
ON 2 ON 


+S (—odu + Wdv)d(u — OG - v); 
2 Jon 
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since dv contributes positively and du negatively, the net result is that 
Fy = dd W(u(d), 0)O(a — u(v)) + di Pla, v(a))O(d — v(a)). 


As long as XE N, so that ©(a — u(ö))O(ö — v(ü)) = 1, this solves the 
homogeneous equation, because w is independent of u and ¢ is independent 
of v. It also clearly satisfies the boundary conditions. 


Remarks (1.2.38) 


1. It was not apparent in (1.2.36) that ON was required to be a Cauchy 
surface. However, the example shows that dG, can not be used as a 
distribution on ON if ON contains parts of the light-cone of x, which 
would contribute 6(0). 

2. The derivation relies on Stokes’s theorem, which we only know for forms 
of compact support. Since the support of G, remains on a light-cone, 
Stokes’s theorem may also be used here for non-compact N. 

3. At this point (1.2.36) appears as an identity for a solution of the field 
equations. It may be used to construct a solution from its initial data, but 
gives no information about how arbitrarily the initial data may be chosen. 
In the example, if ON is a Cauchy surface, then the solution meets all 
requirements with arbitrary W(u(v), v) and g(u, v(u)) on CN. The initial 
values can be specified independently, since CN never contains two points 
of the same light-cone, while information about an initial condition only 
propagates along its characteristics. If the metric were g,, then the 
situation would be quite different. The solutions would be analytic func- 
tions of x + it, and would be determined everywhere by their values on an 
arbitrarily small curve segment. 

4. The equations of constraint mentioned in (1.2.29(b)) arise in 4 dimensions. 


In particular, Formula (1.2.36) solves Maxwell’s equations, and electro- 
dynamics consists largely in working out special cases of it. The normal 
detour via the introduction of potentials is inconvenient as well as un- 
necessary, as one really wants to express F in terms of the boundary values of 
F and *F, and not of the potentials. Unfortunately, the canonical formu- 
lation of the equations of motion, and hence also quantum mechanics, use 
potentials. Yet even the potentials can be obtained from (1.2.36). On the other 
hand, the currents analogous to J and M appearing in Einstein’s equations 
depend nonlinearly on the fields, so in that case (1.2.36) is useful only in the 
linear approximation. 


Problems (1.2.39) 


1, The metric g = dp? + p? dp? + dz? in cylindrical coordinates for R3\{0 x R%. 
Calculate w;, for the orthogonal basis e' = dz,e? = dp,e* = pd. Write V x Aand 
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V - Ain the components of this basis and of the natural basis. What is the connection 
between them? 


2. The same question for spherical coordinates and R*\{0 x R}, for which i 
dr? + r? d9? + r? sin? 9 dop2. 


3. Calculate A from (1.2.20) for p = 0 in the natural basis, and specialize to the cases of 
cylindrical and spherical coordinates on R’\ {0 x R}. 


4. Prove the normalization * o * = (—1)?"~?)*51. Using (1.2.16). 


Gn 


. Derive the rules (1.2.18): 


ne be IE lg] 
*oeli---IP — all... gieripeiptl- me „le 
e g Gig se cred 


e, A Felt Je =P (1 Pod Hel desiree ip 
i, IR ip = *odt ini, 

6. Verify (1.2.21). 

dee Verity (1.2.22): 

8. Check 1.2.2062). 

9. Derive the transformation law for the w’s (1.2.26; 3). 
10. Show that 6, from (1.2.34) has the property (1.2.33). 
11. Prove (1.2.36). 


12. Find a manifold M and a Je EM) for which the equation dF = J has no 
(global) solution, although dJ = 0. 


Solutions (1.2.40) 


1. Orthogonal basis: nj, = 0, 0 = de’ = de’, de’ = e**/p. Hence only 3, = 
=n, = e/p #0, and de’? =de*? = 0, de’ = —w** re’. Letting A = ae‘, 
dA = (a, » — a, ‚Je? + (a, 3/P — a3, 2 — a3/p)e? + (a3 — ay a/pe 
*dA = (a, > + a3/p — a, „/p)e! + (a1 3/p — a3 1)e? + (2.1 — 44, 2)€°, 
+4 = a,e7> + aze?! + aze!?, *d*A = a, + 42,2 + Q3,3/P + a2/p. 
Natural basis: ‚/|g| = p. Let A = A, dz + A, dp + A, dg. Then 
*A = p[A,dp \ dp + A,dp n dz + p *A, dz a dp], 
*d*A = p-*[(9A,)2 + PA), + (0 Ao), 0, 
*dA = pP Ay — Apw)d2z + (Arg — Ap.2ddP + P*(Ap2 — Ar. dp]. 


The connection is that (A,, A,, Ay) = (41, 42, Pa3). 
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2. Orthogonal basis: e! = dr, e? =rd9, e’ =rsin ddp, de’ = 0, de? = dr nd, 
de? = r cos 9d9 a dp + sind dr A dp > Wy, = e?/r, @y, = Sind dp, 32 = 
cos I dp > de!? = 0, de!” = —e?3/r tan 9, de?” = 2e??/r. Let A = ae’. Then 


a2 43,3 
——_+——_, 
rtand rsind 


«dA » 03.3 ra ay bs 42.3 e! af 91,3 = 23 — (x Je 
r rtand rsind r sın 4 if d 


a, 41,2) 3 
+ a21 + 2 Se | ES 
i [2 


Natural basis: ./|g| = r? sin 9. Let A = A, dr + Ag dS + A, dg. Then 


2 1 
*d*A =a, al u RD) ir 
r ” 





*A =r? sin 9[A,d9 a dp +r ?Aydp a dr + r"? sin”? 9A, dr A d9] 


d dg : 
SA 2 > (Aus a Aso) al Q (A,o Ex Agr) ate dp sind (Ag, = A,,3); 
r* sin 9 sin 9 





*q* 4 = 





Ag 
G sin 9A,), + (sin YAg) g + ( ) | 


r? sin 9 sin 3 


The connection is that (A,, As, Ay) = (a,, raz, r sin 9a;3). 


3 MER Dr 
: Tr Seg vg 





6? 0 © u] 


Cylindrical coordinates: A= - + — 
ylindrica rdinates 752 ap” ap Pe: 








1 fe) ra) re) ö OT ACG 
Spherical coordinates: A = ——— | — 72 sin 9 — + SINE é 
p r sin 9 E FERNE gp tgs 69 “Besins JA 


4. From (1.2.16) we infer 
<*o|*o> = <*oli,e) = <w A *wl|e) 
= (EP PAKET Dal, Del: 


The fact that **w can differ from w only by a sign is a general property of duality. 
Therefore **o = (-P""P*°y is equivalent to <w|w) = (-)«K*w|*w). It is 
obviously enough to show this for a basis 


eines ch, 
such that &= &, A é,_, With i, &,-) = 0. Then 
EACH, 
= <ele><e,|€,) = (—)*<e,le,>. 


5. In a basis we have 





1.2 The Mathematical Formalism 


where 


g = Det gx = (Det<e'|e*>)~?. 


Then (a) follows from the definition *@ = ie and the rules (1.2.16) for i. (b) and (c) 
are a consequence of (1.2.17(iii)). 


Olen Spree ae mer NESE ok a Sete le 


BR 


P 
== ic [Ieee sles: a) Y Ka Neuer Fr (em 1)/* | 


"pP — az: 


pP 
— N gg oe een iy a) 
j= 


1 


p 
do fer = > Be rue, 


Mal 
g=4 
. P f a . 4 
dd( fe ip) 2 ee ty alps “te — 1b) 
j=0 
N En 
k=1 
7. (a) dA = dod = Ad,öA = 6 dd = Ad; 
(b) Or = eae Pyle Pt ATS: (= 1)?*d, d* = ol (— UI ES (= [ye eis 
(c) dor = {= 1)'d*d = "6d; dd® = (= 1)" **0%0 = *d6. 


8. Letting w,' = 7'4@,;, we start with the identity 


i i i pee 
UD etn op Oe ata ae 182 ar Oeics, = = wv 


Vico ees m;...;k,, = 1,...,m. To verify this, consider the three cases: 


(i) All k; are different. Then i must equal the k that is missing in ¢, and oy; = —w;: 
since 7 is diagonal, w,' = 0 if i = k. 


(ii) Two of the k; are equal, say k, = k,. There remains 


i in = 
By En 3 0 el: 


(ii) Three k; are equal. Then all the é’s vanish. 


If the identity is multiplied by e**' "*" and the indices are relabeled, then 


i Koran kp ikp +2" km 
Onn 21 Ekı:kpikp+ a mE ue = WwW ieky ok (4 


Mm ’ 


in the orthogonal basis. In general, because of (1.2.18(a)), 
(m = p)!d*et" Je — yk eur WERE, nr dekr+ 1" "km 


j j + i ok k ke kml 
== — pith RER ree eat OF i gite+2 mt... + q@ rae, p+r1'''Xm i 


Jiki ... yipkp i i ayer 
Y EN Oyo Ki Byte Stash Ca SER cin ying acinar 
i kp+ikp+2'',k 
SE dm up ah z Ai “‘ 


— lik... yivk i Ah: i Kp +1°'k 
n aa (Re + Oy, an a Re PE 4 is 
= — pt, *elarn En 


arm — p)). 
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On Let 
e = Ai, ek: dé! _ dA’ (A 5 tne a= Anoka yee = De 
en o>, == Ala (A = yA =A ee dA}, 


because this also satisfies the second defining equation: 


g=A~“gA~! dg = A~“(dg)A_'-— AYgAdA)A 
g g g g 
—A~“dA‘\A~ "GA! = go + ga)’ 
= A~“gwA-1 — 4A~“gA~1(dA)A~! + A~“(ga)'A~' — A“ “(gA~*d AJA. 


10. According to (1.2.18), 
1 


eye A ea ir], 
p! 


Thus 

ri, @ LS elite Pay a ec “dp ae ie A gk 
Integrating this | dx, --- dx, yields 
(x). 


"ip 


fo. ner, SE PON 


6G, A dF = (—1)?*™*![d(6G, A F) — (ddG;) A F], 
dG; A OF = (—1)"*™*5d*F A *dG, 
= (=—1)"?t™**[d(*F A *dG,—(—1)" ?*F A d*dGz] 
SL dF AUGE DIE HG RE 
= (- 1yrotmtsgeF a *dGz) + (-1)”*!*PödGz A F 
> (— 1)P*"fdGz; A OF — 6G; A dF] 
= —(dd + dö)G; A F + d(6G; A F + (-1)"*P**F a *dG;), 


=e 
and when this is integrated over N, we get (1.2.36). 


12. M = T'andJ = dp e E,(T'), where g is the angle on the torus. If F e E,(T'), then 
it would be y-++ constant, which can not be defined continuously over all of T!, even 
though do exists on all of T?. 


1.3 Maxwell’s and Einstein’s Equations 


Field strengths are described by 2-forms, the exterior differentials 
of which in the electric (respectively gravitational) case are the 
3-forms of charge (resp. energy and momentum). These 3-forms, which 
function as the sources of the fields, are exact, a fact that implies 
differential and integral conservation theorems. 
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Maxwell wrote Faraday’s discoveries in the form of the equations that now 
bear his name (Table 1), and which describe all electromagnetic phenomena. 
The way they fuse space and time, and the electric and magnetic fields, is so 
awe-inspiring that Boltzmann, quoting Goethe, exclaimed, “Was it a god 
who traced these signs?” } It is regrettable that Cartan’s calculus did not exist 
at that time, as it has perfected the notation in which all the facts of electro- 
magnetism are so concisely formulated. 

As discussed in detail in (I: §5.1), the electric and magnetic fields E and B 
are combined in a single 2-form F, which is written in the natural basis of R*, 
with coordinates x° = t,x = (x!, x’, x3) and in vector notation, as 


PSP ur Ad = de A (dx ER) — dx” A dx*Bs 
A ax’ Bs — dx Adx’ B;. (13.1) 


Table 1 
Maxwell’s Equations in the Course of History 
The constants c, fg, and &, are set to 1, and modern notation is used for the com- 
ponents. 
The Homogeneous Equation The Inhomogeneous Equation 


Earliest Form 





























OB. GB, GB: GED eE, ch 

Sah = GE =a) a) 
0x ey 02 Ox oy 02 
0 OB : 
oe ee ag ae 
ey Oz oy 0 
Win ale i OB, Sl $ 

ee -—=j,+E 
Oz 0x By Oz 0 Jy z 

OB, OB, : 
GIRL ae: en =j, +E, 
Ox oy Ox oy 
At the End of the Last Century 
V-B= V-E=p 
VxE=-B VxB=j+E 


At the Beginning of This Century 


Mid-Twentieth Century 
dF =0 OF = J 


+ Faust, part I, Dr. Faust’s first soliloquy. 
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The Homogeneous Maxwell Equations (1.3.2) 


These are the basis-free statement that F is closed: 


dF = 0. (1.3.3) 


By (1.2.11) this is equivalent to 
0 | F, (1.3.4) 
ON3 
if Fin, € ES(N3), and N; is three-dimensional. To illustrate this concentrated 


notation, let us examine some 


Special Cases (1.3.5) 


to€R,|x| < R} (aspherical ball) 
to, |x| = R} (a spherical surface). (See Figure 12.) 


1; Ne=Htsxyen it 
ON = {(t, x)ER*:t 


Then (1.3.4) says that there are no magnetic charges: 


| B-dS = 0. 
|x|=R 


The differential version of this statement, V- B = 0,amounts to d(Fin,) = 9, 
which follows from (1.3.3) because d commutes with restrictions. 


2: Ne {bE xeR™=, =Fs tee = 0x) = RY Geylmder): 
ON =H SCR is Sts ty. oe Se Ra De: 


b= tye = ONS Rd eta te Oe = RI 





Figure 12 N, of (1.3.5; 1) 
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EyebyRes NS) INS Foie (iste 2) 


(the outer cylindrical surface plus top and bottom). (See Figure 13.) Then 
(1.3.4) ıs the integral form of the law of induction: 


The vanishing of the differential of F,,, means that 
=a Bt (Vx EN, 


As already mentioned, closure is equivalent to exactness on starlike 
manifolds, and specifically on R*. This implies that there exists a 


Vector Potential A e E,(R*) (1.3.6) 


F = dA. (Pa) 


er (1.3.8) 
N2 ON2 


In integrated form, 


if Fe EX(N,). 
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Special Cases (1.3.9) 


1. N, = {t,x)eR*:t=x’=0,|x|<R} (a disk) 
ON, = {(t, x)e R*:t = x° = 0,|x| = R} (acircle). 


Then (1.3.8) expresses the magnetic flux as a line integral over the 
spatial part of the vector potential. Writing A = A dt — A dx, 


i dx’ n dx’ B; = { ds: ff. 
|x|<R WiEk 
x3=1=0 en 
22 N, = {(t, x) E Re, = t = bi; x! — x? = 0}, 
ON = {((t, x)ER*:t = ty, x1 =x? =O} U {,eRt:t=t,, 


x! = x? = 0}. 


We have been looking only at compact submanifolds, thereby trivially 
fulfilling the requirement of compact support. If F vanishes outside some 
compact region, or at least goes to zero fast enough at infinity, then 
(1.3.8) still holds, and implies 


t2 
| dt A dx? Ex = [ dx? Hz zz [ dx? A . 
tı t=lo t=; 


Remarks (1.3.10) 


1. Equation (1.3.7) determines A only up to a gauge transformation 
A>A+ dA, where AeE,(R*). Because C(6N,) = @, there is no 
contribution from A to the integral (1.3.8). 

2. The statement (1.3.8) is on the whole stronger than (1.3.4). There exist 
manifolds N,, without boundaries, that are not themselves boundaries 
of compact submanifolds N;. For instance, the field of a magnetic mono- 
pole, 


e x 


E=0 a 
; An |x|?’ 


satisfies (1.3.3) on M = {(t,x)e R*: x # 0}, but gives rise to no vector 
potential: If N, = {(t,x)¢R*:t = 0, |x| = R}, which is compact and 
has no boundary, then (1.3.2) would lead to the contradiction 


0=- | F=-| B-dS = -e‘. 
Na |x|=R 


N, is in fact the boundary of N; = {(t,x)e R*:t = 0,0 < |x| < R}, but 
since N; is not compact, one cannot conclude that 0 = fy, dF = [y, F: 
for (1.3.4) to be applicable, F must have compact support on N 3. The 
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physical significance of this is that any magnetic sources have been re- 
moved from M, whereas the field in M is that of a magnetic monopole. 
There are theories that also claim there are no electric charges either, but 
that some complicated structure of M makes it appear that there are 
electrical sources. 

3. M = R*\{(t, x) € R*: x! = x? = 0, x? < 0} is starlike with respect to 
every point of the positive z-axis, and is contained in the M of Remark 2. 
Therefore the field of a magnetic monopole satisfies dF = 0 on M, and 
there ought to be a vector potential. In fact, 


gael nn 
An Ss Fy ery 





reproduces the field of Remark 2 and is differentiable on M (Problem 6). 
Equation (1.3.8) does not lead toacontradictionif N, = {(t, x)e R*:t = 0, 
|x| = R} OM, since N, is not compact. Physically, A is the potential of 
an infinitely thin solenoid along the negative z-axis, which has been re- 
moved from M. We conclude that the empirical absence of magnetic 
monopoles indicates that the manifold in which we live has none of the 
pathologies described here, at least on the small scale. 


The inhomogeneous equation describes how F is produced by the sources, 
which are the charges or, more correctly, the charge densities. Since the 
charge density ought to yield the charge present in some three-dimensional, 
region when it is integrated over that region, we describe it as a 3-form *J. 
The corresponding 1-form J consists of a temporal part, the charge density 
p, and a spatial part, the current density J: J = —pdt + J dx. In terms of 
J we may write down the 


Inhomogeneous Maxwell Equations (1.3.11) 


oF =J, or d*F = —*J; (13:12) 


and in integrated form, 


-| =| *J Fe E9(N3). (1.3.13) 
ON3 N3 


Remarks (1.3.14) 


1. The formulation of these equations requires a manifold with some addi- 
tional structure, which defines the *-mapping. We do not require the 
concept of a covariant derivative, which will come up later. 

2. Since none of these equations make reference to a chart, we are not 
restricted to the use of Cartesian coordinates. We shall even postulate 
the same form of Maxwell’s equations for use on more general manifolds 
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than R*. This will cause the interaction with the gravitational field, and 
will make the equations describe such things as the bending of light by 
the sun. 

3. The Poincare transformations of R* are the ones that leave the form of 
the metric n,,, and consequently also * and Maxwell’s equations, in- 
variant. 

The equations of (1.3.11) do not have solutions for an arbitrary 1-form J. 

On the contrary, because of (1.2.6(c)), their first corollary is 


Conservation of Charge (1.3.15) 


oJ =0,). of d*J = 0, (1.3.16) 
When integrated, this is 


j *J=0, if *Je E(N,). (1.3.17) 
ON, 


Special Cases (1.3.18) 


1. Ng = {(t, X)ito <t < t,, |x| < R}. Then (1.3.17) implies that the charge 


that flows out through the surface equals the change of the charge contained 
in the sphere between the time fy and t;: 


[ a@xe- [ @xo= | a | dS - J. 
to 


|x| <R |x|<R |x|=R 
t=to i=t] 


2. Let ON = {(t,x):t = 0} U {(t,x):f = (t - vx!)/,/1 — v? =O} =AVB. 
This fails to be the boundary of a submanifold, because it has sharp bends 
(see Figure 14), though, as already mentioned, the bends could be smoothed 
out without changing the value of the integral much. It also fails to be 
compact, so let us assume that J has spatially compact support. Then 
(recalling that *dx° = —dx! A dx? A dx’, so that J, ona. *J = | d°x J° 


= | d°x p), 
ike = 1% = 0. 


If we calculate the integral over B in Lorentz-transformed coordinates, 
x’ — ut ss t — vx? 
un 2 2 x3 3 
then we find that 


Q= at BR (lint 
0 


= 
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Figure 14 The Lorentz invariance of the total charge 


since (J°, J'), the components of J, transform as (x°, x!). The total charge Q 
is therefore a Lorentz invariant; the increase in the charge density by 
= v? is compensated for by the Lorentz contraction of the volume ele- 
ment. One must bear in mind, however, that such concepts as scalar, vector, 
etc., are not defined for integrated quantities, because the transformation co- 


efficients in general depend on the position. 


Remarks (1.3.19) 


1. The equations (1.3.11) imply more than (1.3.16); conservation of charge 
necessarily implies the existence of a 2-form *F such that *J = —d*F 
only if the manifold is starlike, or has some similar property (cf. (1.2.39; 
12)). If t is defined globally on M, and the submanifold N, = {t = 0} is 
compact and has no boundary, then it follows from (1.3.11) that 


Q = u *F=0, 
N; ON, 


since ON; = @. Hence a closed universe must have zero total charge, 
a conclusion that goes beyond mere charge conservation. The underlying 
reason is that in this case the lines of force emanating from a charge can 
not go to infinity, but must terminate in some opposite charge. The fact 
is that matter appears to be neutral to a remarkable degree. If the charge 
on the proton were increased relative to the electron charge, then the 1/r? 
gravitational force would in effect be weakened for protons and strength- 
ened for electrons. Since it is empirically known that the two forces are 
proportional to the masses and are weaker than the Coulomb force by a 
factor 10~ °°, matter is neutral to at least this accuracy. 
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2. If F is a periodic 2-form and N, the periodicity volume then the contri- 
butions from the opposite boundaries to |,y, *F cancel and Q = 0. We 
shall meet periodic F’s in plane wave solutions and thus the total charge 
in the periodicity volume has to vanish. The usual plane wave solutions 
actually solve Maxwell’s equations for J = 0. But there are many wave- 
type solutions of a plasma coupled to the electromagnetic field and we 
see that one can get strict periodicity in this case only if particles of both 
signs of charge are present. 


The physical manifestation of the field tensor F is the electromagnetic 
force, i.e., the exchange of energy and momentum between the field and the 
charge-carriers. In field theory even the energy and momentum are introduced 
as local observables, and described by vector fields 7”, where 7 ° is the energy- 
current and .7/, j = 1, 2, 3, are the momentum-currents. The components in 
a basis define the energy-momentum tensor T?;: 


F* = Tze. (1.3.20) 


Ifthe corresponding dual 3-forms are integrated over a spaceliket submanifold 
N;, the result is the energy P° and the momentum P’ contained in N;: 


p? = "72 (1.3.21) 
N; 


As in classical mechanics, the Lagrangian formulation of the field equa- 
tions makes it possible to construct a field energy. 

In fact, there will be some close analogy to the expressions we met in 
Volume 1 except that field theory is richer in components. The coordinate 
q is replaced by the vector potential A and d by dA = F. The Lagrangian 
34” becomes the 4-form —$F m *F and the dual —*F = 6/6 dA plays 
the role of p = 0L/dg. The sign is dictated by the requirement that the 
energy density Tu, be positive. The counterpart to the energy H = gp — Lis 


*JT* = dA ni*F + #L, 
T* =1*(i*F) , *F — (i*F) - F) 
= —(F*F*, + 46%, F, Fe) dx*, (1.3.22) 


where i” stands for the interior product (1.2.15) with dx*: i7F = F%, dx’. 
It has the job to pick out the components. We shall derive (1.3.22) in two 
ways. First by a consideration similar to classical mechanics where the 
invariance of the Lagrangian under translations produces a conservation 
law. Later, we shall see that it also equals 0Y/de*. This shows that change 
e* + L*,e* of the basis produces the homogeneous transformation law 
ZT* + L*%,7°" for the energy momentum currents of matter and of the 


+ A submanifold is called spacelike (timelike, lightlike) if g is positive (negative, zero) when re- 
stricted to it, 
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electro-magnetic field. Only the Lagrangian of gravity contains de which 
produces an inhomogeneous transformation. 

As with charge-conservation, the change in the energy-momentum is 
determined by the codifferential of the currents, 5.7%. The rate of change in 
time of P* equals a four-dimensional integral over d*7* and a surface integral 
over the spatial parts of the energy-momentum currents. For example, if 
N; = {(t,x):t = +T, |x| < R}, then 


SUN Cea 88 | d*T* — { ga (1323) 


- T<t<T EUR 
|x|<R |x|=R 


If F is coupled to a current, then energy and momentum are exchanged 
between the field and the current in amounts determined by the codifferential 
ofthe energy-momentum currents of the field. This codifferential is determined 
by Maxwell’s equations and is known as the 


Lorentz Force (1.3.24) 
Of =a Pd 
or, In components, 


| dasa — FR Jo. 


Derivation of the Equation for the Lorentz Force 


In the natural basis of R", 

Law = (Kod + doi*)a,,...j,e ? = @,,... 
and hence L,.*w = *L,.@. Defining L* = L.., this means that 

LAE ASE) HE) AFE EA LP 
Sy Pes ie = OS As 
(cf. (1.2.18)(a) and (1.2.23)). Therefore, using (1.2.6) and (1.3.22), 
a*¥FJ* = —d[siX(F A *F) — (*®F) A *F] 

= —41L°(F a *F) + (L°F) A *F —@F A d*F =F A *J. 
According to (1.2.18) (b) and (c), v A *o = *j o(—1)P*!, for ve E, and 
we E,. Hence 

DIE EEE TS SAC Ay eer > 


kod np 
Jp e > 


Remarks (1.3.25) 


1. It is important that the i? in (1.3.22) be an interior product with a natural 
basis e*. The *-mapping does not commute with L* in an arbitrary basis, 
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which spoils the above proof. It is also not possible for (1.3.24) to hold in 
every basis, because if e* > A?,(x)e, then the right side would transform 
linearly with A, while the left side would gain a term containing dA. A 
physical consequence of this is that fictitious forces must be added to the 
Lorentz force in an accelerated reference system. 

2. If z(s) is the world-line of a particle (see (I: §4.1)), then its current is 


J (x) = e [ ds ö*(x — 2(s))Z,(s), 


where 6*(x) = 6(x°)6(x!)d(x?)d(x?) (cf. Problem 7). The Lorentz force 
with this J, 


e | * ds (x — FE), 


equals — dt’, if we choose the energy-momentum currents of a particle 
so that the energy becomes | *t° = mz° > 0: 


jes 


I 


+m | ds 2°2,(s)6*(x — z)dx?: 


@ 0 
ot? = +m | ds Lie 6*(x — z(s)) 
ae Ox 


I 


—m is ds Er ö%x — z(s)) = m ic ds z*6*(x — z(s)) 


=€ I ds zg FP*(z(s))ö*x — 2(s)). 


Thus the total energy and momentum are formally conserved. Yet 
the singularity of the field of a point-particle at z(s) results in inconsis- 
tencies (cf. §2.4), which are resolved only for continuous matter in §3.1. 
Note that the Lorentz force is concentrated on the world-line of the particle, 
and that the equation ö(7° + t*) = 0, with the replacement of 6*(x — z(s)) 
by p(x — z(s)) for some continuous function p, is no longer true. Hence 
there is no local energy-momentum conservation for an extended charged 
particle, unless other forces hold it together. 


If 7* is defined in an arbitrary basis by (1.3.22), then it transforms as 
e* under a change of basis: 


CS eal es. er (1.3.26) 


The energy and momentum are combined into a vector-valued 1-form. Thus, 
if 0(7* + t*) = 0, then a global Lorentz transformation treats P* as a vector 
(Problem 5). If the A%*, are allowed to depend on x, then this statement 
becomes meaningless, however, and the conservation equation 6(7% + 7%) = 
0 is false. In fact, in this case 


HT + #) = dA, A A *(F? + P). 
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Choosing e* as the Cartesian dx* of R*, 1.e., setting the @°, of (1.2.25) to zero, 
makes 


Gr, arr (dA) A), (19.27) 
according to (1.2.26; 3), and therefore 


KT +1) = -(8 |’ + PY (1.3.28) 


Remarks (1.3.29) 


1. Itseems odd at first that with general bases there are only nonconservation 
theorems; they are due to fictitious forces in accelerated reference frames 
and hence are to be expected on physical grounds. They provide a clue to 
an understanding of the structure of Einstein’s equations. 

2. If (1.3.28) is compared with (1.3.24), one sees that w plays the same role 
for fictitious forces as F plays for the Lorentz force. w acts on 7 + t as 
F acts on J. 


Example (1.3.30) 


A rotating basis. Let 


eo = gi 

é* = dx cos vt + dysin vt 

e~ = —dx sin vt + dy cos vt 
6° = dz. 


This basis is orthogonal but not natural; 
de! = vdt a 2, de? = —vdt a e!:0,= —vdt = —@*,. 
It makes 
AMTES) Vidi A Co, 44" 15) 
GCI se) —Vat aC ri); 


or, if P,(t) = Jyo-,(*7,, + *t,), then it follows from Stokes’s theorem that 


Pe Pas [ dt P(t) 


P;(t,) — P;(to) = | dt P,(t). 


These are just like the equations P, = vP,, P, = -vP, of the mechanics 

of point particles (cf. (I: 3.2.15; 2)) in a rotating system. 
Einstein’s theory introduces gravity in (1.3.28) via the principle of equiv- 

alence. The gravitational potential is represented by the metric g. In other 
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words, if we use orthogonal basest, so that g = e* ® en. then the 1-forms 
e* are analogous to the A of (1.3.7). Formula (1.3.28) replaces the Lorentz 
force (1.3.24), and is assumed to hold not only in Minkowski space, but also 
in the pseudo-Riemannian space determined by g. 


Remarks (1.3.31) 


1. As there are four 1-forms e* representing gravitational potentials, there is 
not just one current, but four entering into the force. 

2. The w’s are the new field strength, although they do not transform linearly 
under a change of basis, as F does, but inhomogeneously according to 
(1.2.26; 3). As a result, they can always be transformed to zero at a point. 
A physical realization of such a system would be a freely falling elevator, 
in which there is no gravitational force. 

3. Theories have recently been proposed [16] in which the w’s are analogous 
to A; however, it would take us too far afield to explore this analogy. 


If w plays the role of F, then 
de* = —w%, ne, Oup = — Opa, 


can be viewed as the counterpart of the relation F = dA. To construct the 
inhomogeneous equations, one might try to equate the codifferentials of 
2-forms linear in w to the energy and momentum currents. 

Since now there are four currents they ought to be codifferentials of the 
same number of 2-forms representing the field strength. They should be 
linear in the w’s but cannot be identical because the w’s are six independent 
1-forms. The right combination turns out to be 

Pi= Hi, em. 11922) 


Map 


Einstein’s equations are the counterpart to inhomogeneous Maxwell’s 
equations and assert that dF’ equals the energy momentum currents. How- 
ever, there is the problem that according to (1.3.28) the currents of matter 
and electromagnetism alone are not conserved in an arbitrary basis and 
OF’ = const(7’ + t’) would be mathematically inconsistent. This non- 
conservation is due to fictitious gravitational forces and can be compensated 
by adding to the contributions from matter and electromagnetism the energy 
momentum currents of gravity ¢. It turns out that they are constructed 
following the pattern of (1.3.22) where de* replaces dA and F* replaces F: 


1 
FE de AR 
Tan, [de DG ei]: 


t As will be done throughout the rest of this chapter. Then indices are raised and lowered by 
means of 7: 45 = Nz), etc., which at most changes some signs. 


1.3 Maxwell’s and Einstein’s Equations 41 


Here x is the gravitational constant which relates the geometric to the 
physical quantities. The gravitational Lagrangian 


is such that 


om, 


* Fe g 


~ éde, 


These calculations will be done in detail in §4.2. For the moment we just 
want to show in analogy to the inhomogeneous Maxwell equation we have 





Einstein’s Equations (1.3.33) 


OF? = 45(i,,, 7”) = 8nK(F’ +0 +2). 


Ocf 


Remarks (1.3.34) 


i. The analogy with (1.3.12) is not quite perfect. Einstein’s equations do not 
contain the codifferentials of de = —*i,,,,*e*, but, instead, the 3-form 
*eP is replaced with e*”. The left side of (1.3.33) equals Ae’ only in special 
bases. 

. In $4.2 (1.3.33) is compared with the form used by Einstein where only 
the curvature appears. 

. Equation (1.3.28) follows from (1.3.33) in the same way as the Lorentz 
force follows from Maxwell’s equations. 

4. Since ¢’ contains w, it does not transform under a change of basis 

according to the linear law (1.3.26). Such a law would be inconsistent 


with the continuity equation 


1597 


w 


KIT" + % + 2) =0 


arising from (1.3.33). In particular, in a basis where all the w’s vanish 
at some point, ¢* also vanishes at that point. Physically speaking, this is a 
consequence of the principle of equivalence: Since gravity can be trans- 
formed away at any point, it can have neither energy nor momentum 
definitely localized at a point. On the other hand, ¢ may be nonzero even 
in the absence of gravity (flat space), if an unnatural basis is used. This is 
to say that fictitious forces produce fictitious energies and momenta. 

5. Under a change of basis, Equations (1.3.33) transform linearly because 
the inhomogeneous contribution to ¢’ is compensated for in the trans- 
formation of the left sides of the equations. 
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6. There is, of course, not just one 7’ for which the continuity equation 
(1.3.28) holds; it is always possible to add a closed form to it. With an 
orthogonal basis, our ¢’ agrees with the pseudotensor used by Landau 
and Lifshitz. At this stage, our definition of £’ as the source of the term 
lee e*P’ may not seem convincing; we shall see later that in some familiar 
cases it reproduces the gravitational energy of the elementary theory, in a 
basis that is as Cartesian as possible. 


While nonlinearity makes the equations harder to solve, there is no 
difficulty in drawing general conclusions by using Stokes’s theorem and 
restricting to submanifolds. As with the inhomogeneous Maxwell equations, 
we obtain some 


Corollaries (1.3.35) 
if FILE + 427) = 0. 
ON, 


If a timelike coordinate t is specified globally on M, and the energy and 
momentum fall off sufficiently fast at infinity on the submanifold t = 
constant, then the total energy and momentum are conserved: 


Pt,) = P’(t,), 


PE y= WITTEN, 
t=1ı 
2. Equations (1.3.33) allow us to make an even stronger statement, 


1 
FIT ee | Dag A EM. 
N3 162K Jen, 
More specifically, if the submanifold t = to is compact, space-like, and has 
no boundary, then 


Pty) = 0. 


In analogy with (1.3.19; 1), this means that the total energy and momenta 
of a closed universe are zero. 


Remarks (1.3.36) 


1. A rough, order-of-magnitude estimate shows that the negative gravi- 
tational energy may well balance the rest energy of the matter in the 
universe. The average distance between galaxies is about 6 x 10° light- 
years. Since the universe is some 101° years old and about as many 
light-years across, there are ~ 10!! galaxies in all. If each one has about 


1.3 Maxwell’s and Einstein’s Equations 43 


10! stars at 10°? grams apiece, then the universe has a mass of perhaps 
10°° grams. Hence the gravitational energy (in cgs units) is on the order of 


M 
-M ~ —M: 1055 .10-7:10°2® ~ —M 102°, 


where the radius of the universe R ~ 10!° light-years ~ 1023 cm. This 
falls short of the rest-energy Mc? ~ M x 10?! by about a factor of 10, 
but there are large uncertainties in our calculation, owing to our ignorance 
about how much of the energy of the universe is detectable. Later we shall 
again have occasion to convince ourselves that ¢’ indeed contributes a 
gravitational energy x —M?xk/R. 


. Because of the complicated dependence on the basis, there is no intuitively 


appealing observable corresponding to £’. The total energy and momen- 
tum P’ are less sensitive to the choice of basis, as they may be expressed as 
integrals over ON, according to (1.3.35; 2). Changes of basis leave them 
invariant as long as nothing is changed on the boundary. If the space is 
asymptotically a Minkowski space, then these observables transform as 
vectors under any transformation that asymptotically approaches a 
Lorentz transformation. 


. The question of when the energy-momentum forms can be defined globally 


even if it requires more than one chart to describe the manifold will be 
discussed later (4.2.12; 8). 


So much for the structure of Maxwell’s and Einstein’s equations. In the 


remainder of the book, after this preview, we study them in greater detail, and 
will not only guess a few particular solutions, but also see what general 
statements can be made about the solutions of these equations. 


Problems (1.3.37) 


ik. 


What are the consequences of (1.3.13) for N3 = {(t,x):t = 0,|x| < R}, and of (1.3.12) 
restricted to N3? 


. The same question for N; = {(t, x):to <t <t,,x* =0,|x| < R}. 


. According to (1.3.18; 3), there is a Lorentz-transformed system with a nonzero 


charge-density Jo, if J) = 0 but J, # 0. Explain physically how a neutral system with 
a current appears charged when seen from a moving reference frame. 


. Show that on R" the Lie derivative with respect to the natural basis, Ly, = i4,,° d + 


d > igx,, of er simply yields 
fle oe jj 
Ly @j,...j,€" a Dj. jp kOe ’, 


in the natural basis. 


. Discuss how P* = jy, *.7* is affected by Lorentz transformations. 
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6. Calculate F with the potential given in (1.3.10; 3). 


7. Verify that 6J = 0 for a current of the form 


ne | Eile), pe BAUR). 


Solutions (1.3.38) 


18 0 B, B, B; 


Thus (1.3.13) implies that 
{ dS - E er d’x p(x); and d(*F \y,) — ihn, 
|x|=R,1=0 |x|<R.t=0 


means that V- E = p. 


5 [a [ 4-B= | dS -E — [ as-E+ | dt [si 


x3=0 t=t1,x3=0 t=to,x3=0 x’=0 
|x|=R |x|<R |x|<R |x|<R 


or Vx B=j+E. 
3. A neutral current consists of oppositely charged currents flowing past each other. 


Because of the differing definitions of simultaneity, the two currents seem to have 
different charges in the moving frame (see Figure 15). 





Figure 15 At any point of time t = constant, x sees 7—’s to 7+’s. At any point of time 
t = constant, X sees 5—’s to 7+'s. 


id = Gin. gate ee ea pes Ae fia i 
4. U dw = o,,..,,jle = Ose 8 = PO ange = 


_ dio = pd(wr,, ... e224?) = pok, ‚el2 ip, 


2° ipl 


1.3 Maxwell’s and Einstein’s Equations 45 


5. Since the natural basis transforms according to dx” = L*, dx, it is also true that 
T* = L*,7*. Now note that N , looks different in the new coordinates. For instance, 
if N, is the hyperplane t = 0, then in the new system it is not ¢ = 0, but f = vx. It 1s 
only if 67° = 0 and .7* vanishes fast enough at infinity that 


RUSS). 


6.r?=x?+y? + z?: then 








Ost, ex 1 2? ene 
Be = 3 =a it >) = 
Oz Anrx” + y“ r Arı 
68, ey 
Be = = 
5 nz 4nr- 


Be: a, 2) ze +9) 1 7 2x° 
Sk Oy Ara +97) Sur x? + y2 








" 1 aye) ee 
Bea ae 
7 a] ds abe - 090 = - [ds 20,5 atx - 269) 
2 axe BR s P(x — 2(s))z"(s) = ye 5S), ap Px z(s 


= — i ie ee vere 
ee OS 


No boundary terms appear from the partial integration, if the world-lines are infinite 
and p € Ej. The normalization <2|2>= —1 is irrelevant: öJ = 0 even if the particles 
move faster than light. 


The Electromagnetic Field of 
a Known Charge Distribution 


2.1 The Stationary-Action Principle and 
Conservation Theorems 


If the field equations originate from a stationary-action principle, 
then a conserved current can be constructed for each parameter of an 
invariance group. 


Field theory may be regarded as a generalization of the mechanics of point 
particles, in which the dynamical variables q,t) are replaced with fields 
(x, t), such as E(x, t) and B(x, rt). The discrete index i goes over to the con- 
tinuous variable x, and, accordingly, the sum )’; is replaced with an integral 
[d’x. A direct transcription of the formalism of I, §3, leads to infinite- 
dimensional manifolds, which we would prefer to avoid. Instead, we merely 
generalize the stationary-action principle (1:2.3.20) in order to find the 
analogues of the constants arising from the invariance properties. It is clear 
that in field theory the action | dt L(q, 4) involves an integral over a four- 
dimensional submanifold N,, and thus requires a 4-form, which allows the 
construction of a chart-independent integral. 


The Lagrangian Formulation of Field Theory (2.1.1) 


The action is given by 


W= | YO, dO), 
Na 


46 
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where ZeE, is the Lagrangian. The field equations result from the require- 
ment that OW = 0VN, compact and Yö® such that ö®,,y, = 0.+ 

If we strengthen the homogeneous Maxwell equations to F = dA, then 
in pseudo-Riemannian space, the appropriate 


Electromagnetic Lagrangian (2.1.2) 
is 


P= —1dAn*dA—AxK*J. 


Proof 


Making a variation A > A + 6A and using (1.2.18) (a), one finds 


=a = | 5A a [XJ + d*dA] + arr 
ON4 


Na 


which vanishes if dA)sy, = 0 and d*F = —*J. U 


Remarks (2.1.3) 


1. The variational formulation offers no guarantee of existence or uniqueness 
of the solutions of the field equations. Nowhere has it been assumed that 
d*J = 0, though without this condition it is not possible to satisfy 
dW = 0 VöA such that 0A),y, = 0. The reason is easy to discover. With 
the gauge transformation A > A + dA, where Ajay, = 0, W changes by 
Jy, A d*J, and is linear in A not only for infinitesimal A. As a linear 
functional, either W has no stationary points, or else, if d*J = 0, it has a 
plateau. Accordingly, either there are no solutions at all, or else the 
solution is not uniquely fixed by any boundary condition whatsoever, 
because there is always the possibility of a gauge transformation. 

2. According to (I: 5.2.8), 


—4F A *F = —4F,,F?*1 = KIEL? — |B)?)*1. 
The sign of ¥ has been chosen so that the interaction 
—-Anv *)= =A = —J*A,*1 


of a point particle moving along the world-line z(s) (cf. (1.3.25; 2)) has the 
same sign 


—e | ds 2*(s)A,(z(s))6*(x — z(s))*1 


+ We use the symbol 6 in§ 2.1 for variations, rather than for codifferentials. 
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as in (1: 5.1.8). If a term 5m i ds 2*(s)z,(s) were added to the action, then 
both the field equations and the equation of motion could be derived from 
the same stationary-action principle by varying A(x) and z(s). The coupled 
system of equations suffers from difficulties due to the reaction of a particle 
on itself, as will be discussed more fully in §2.4. 


The advantage of the Lagrangian formulation is that every one-parameter 
invariance group of ¥ furnishes a conservation theorem. In field theory the 
argument goes as follows: If the 4-form Y depends on the p-form ®,, then 
a variation of / (taking 0Y/0®, with dB commuted through to the left) 
produces 


: [av aL 02 
er, (30; - er |+4 (2 5®, en) (2.1.4) 


and the field equations require that the term in the square brackets [ ] is 
zero. If the variation 6 is that of a Lie derivative L,, ve E,, then by (1.2.23), 
of = L,¥£ = di,/, because the exterior differential of a 4-form vanishes 
on a four-dimensional manifold. (We think of 6 as a kind of derivative, and 
not as an infinitesimal quantity.) Hence (2.1.4) says that a certain 3-form is 
closed and thus, by use of the * mapping, that there is a conserved current. 





Noether’s Theorem (2.1.5) 


Suppose that v€ E;, 6® = L,® and bY = L,Y. Then 
OL 
VB) Ba eye 
21.0 N Ado) =i en) 


Remarks (2.1.6) 


1. The validity of (2.1.5) is premised on the variation ö including everything 
that is affected by L,. For instance, even if J = 0, the £ of (2.1.2) involves 
not only dA but also the metric g, through the * mapping, and g was not 
allowed to vary below (2.1.2). Since we supposed that 6*F = *6F, 
Noether’s theorem (2.1.5) applies to (2.1.2) only if J = 0 and L,* = *L,. 

2. If L, is a translation, then (2.1.5) defines what is known as the canonical 
energy-momentum tensor. 

3. The field equations remain unchanged when an exact 4-form is added to 
LY, L+>L + dG, where Ge Es, since the addition only contributes a 
boundary integral to 6W. However, the 3-form in the square brackets in 
(2.1.5) gets a contribution, which, if G depends only on the fields ® and 
not on their derivatives, is di,G (Problem 1). As an exact 3-form, it does 
not contribute to integrals over submanifolds without boundaries, but 
it can affect the conserved observables locally. This difficulty is not 
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encountered in classical mechanics, which is formally a one-dimensional 
field theory, and where G would be in Ey, and hence i,G = 0. Indeed, an 
additional dG such that 


d 0G 
does not change the Hamiltonian 

AG 5 

a: 0g; 


at all. 


Application to the Electromagnetic Field (2.1.7) 


If J = Oand L,* = *L,, then 


dl —(L,A) A *dA + 3i,(dA a *dA)] 
= d[—+(i,F) A *F + 3F a i,*F — (di,A) A *F] = 0. 


Remarks (2.1.8) 


1. As can be seen above, if v = e?, then in addition to the electromagnetic 
energy-momentum forms *7* given in (1.3.22), there is a new term 
(di; Aja *F, U I=0, then this.jis an exact. 3-form,(di,A) A TF = 
AG AA"EI LANA *J, so that (2.1.7) is a: special case of, (1.3.24); 
Unfortunately, the new term contains A as well as F, and thus depends on 
the gauge. This does not contradict the gauge-invariance of Y (assuming 
J = 0): Even in the mechanics of point particles the angular momentum 
m[x x x] fails to be translation-invariant, although Y = m|x|?/2 is. 

2. The nonuniqueness mentioned in (2.1.6; 3) consists of an additional 
d(F A A) =F a F in £. Since the corresponding G depends on dA as 
well as A, the extra term in the conserved observable is changed to 
2d((i, A) A F) (Problem 5). This is conserved independently of whether 
*]., = L,*, because F A F makes no reference to the metric structure of 
space-time. The expression d((i, A) A F) not only depends on the gauge, 
but it also has the wrong reflection property. For example, the energy 
density would have a term ~ B- VV, which changes sign if (t, x) > (t, — x), 
as (V, J) > (V, —-V) and (E, B) > (—E, B). In the so-called gauge 
theories, similar expressions determine what are known as topological 
charges | F A F, which characterize the topological structure of the 
bundle. 

3. The local energy is defined by the coupling with gravity, and the formula 
for it is derived by letting the metric vary in £. This variation has no 
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contribution from F A F,and F A *F gives rise only to the 7% of (1.3.22), 
which is gauge-invariant (see (4.2.8)). 

_ If J #0, then adding L,*J to the variations in (2.1.2) results in the 
Lorentz force. If d*F = —*J, then from (2.1.2), 


Tae 


II 


—d[(L,A) A *dA] —A A L,*J 
—d[(i,F) A *F] — (di, A) A *J — AA L,*J. 


II 


On the other hand, due to the rules governing L,. 
Leo = cal LT ee 

Together, these facts imply the formula 

=0'7,=4d Ff a ifP—G,F) A FY =o 6 
for any vector field such that *L, = L,*. 
. If d*J =O and Y is as in (2.1.2), then Jy, £ is invariant under A > A + 
dA, Ajey, = 9. The gauge group is then a huge (Abelian) invariance group, 
and is not even locally compact, since it contains arbitrary functions. This 
leads one to think that there must be an infinite number of conservation 
theorems. However, they always reduce to trivialities, or rather to iden- 
tities that hold independently of the field equations. By the way, this is not 
a characteristic only of field theories, but also occurs in point-particle 
mechanics (Problem 3). In (2.1.2) the variation 6A = dA (and d*J = 0) 
produces 


6N4 


C= ow = = aan + | A(*J + d*F). 
Na 


Since Ajan, = 0, this means that d(d*F) = 0, which is true regardless of 
whether d*F = —*J. 


As we have seen, there is a conservation theorem for each v whose Lie 


derivative does not destroy the structure of £ determined by the metric. 
Such vector fields are important enough to merit a 


Definition (2.1.9) 


A vector field v satisfying L,g = 0 on a pseudo-Riemannian manifold with 
the metric g is known as a Killing vector field. 


Remarks (2.1.10) 


1. Because L,L, — Ly Ly = L,,„where[ , ] is the Lie bracket of vector 
fields: (see (I: 2.5. 9: 6)), the Killing vector fields form a Lie algebra with 


[ , J]. (But not a module: fv, with fe E, is not necessarily a Killing 
vector field if v is.) 
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2. If an orthogonal basis e' (= = EQ e/n;;) is used to decompose the Lie 
derivative of the e' as L,e' = A',e’, A';€ Eo, then v is a Killing vector 
field iff A, = —A,,;, where Aj; = ny Ak, 

. Problem 2 is to show that *L, = L,* for Killing vector fields v. 

4. It is possible for *L,@ to equal L,*w, we E, (for particular values of p), 
even if v is not a Killing vector field. For Semple. L,e! = fe’, f€ E,, makes 
Lei Je = pfe J» and L,*e Je = (m — p)f*e J», and so = 
L,*o for all weE,„,„,. Yet L, generates the conformal transformation 
L,g = 2fg, and v is not a Killing vector field. 


Ww 


Examples (2.1.11) 


M is taken as R* with e* = dx* and g = e @ en,, in these examples. 
1. The rigid displacement v = e* leaves g invariant: 


Lie = die" + ide" =0. 


The 7, of (2.1.8; 4) becomes the 7% of (1.3.22), and (2.1.8; 4) reduces to 
the en er 24): 
2. v = x’e* — x7e* generates a Lorentz transformation 


L,e = xin de’ + d(x*i,we”) — (ao Bp) = — 9? dx" +” dx’. 


The A of (2.1.10; 2) becomes 4” = nn?” — n"’n°, and it satisfies the 
condition of antisymmetry that characterizes Falling vector fields. 


Because fae oe product is linear, the 7, of (2.1.8; 4) is simply 
x?* 7° — x"*TP. Remark (2.1.8; 4) means that 


A(x? *§ F* — x**TF*) = x%(i,nF) A +) — xia F) A *J, 


which implies with (1.3.24) that dx’ a *7* — dx? a *7* = 0. Because 
dx; A *dx’ = 6’,*1, the energy-momentum tensor must therefore be 
symmetric; i.e., T,; = T;,. Although (1.3.22) is symmetric, the canonical 
energy-momentum tensor (2.1.7) is not; to be sure, the canonical energy- 
momentum tensor is also conserved if v = x’e* — xe", but x” can not 
simply be factored out of the gauge-dependent term di, A, which contains 
dv, and the conserved quantity is not TB ET 

3. v = x,e* generates a dilatation, L,e’ =e’; and if Fe E,(R*), then 
according to (2.1.10; 4) L,*F = *L,F. Then 7” can be used to formulate 
a new conservation theorem. 


7 RE eh TUE cee a 
From this and (1.3.24) we conclude that dx A *7* = T,7*1 = 0. We 


again observe that (1.3.22) satisfies this equation, whereas the canonical 
energy-momentum tensor (2.1.7) does not. 


SZ 
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4. The conformal transformation L,g = 2x’g is generated by v= 


an 
xPxe% — Axx, eF: 


= , ) VB.x. 
Lie’ = xPe? + xe? — nx, e%, 


and the last two terms cancel out in the expression for L,g. According to 
Remark (2.1.10; 4), it is again true that L,*F = *L,F for all FeE,(R*), 
and d*7 , is 

APF * = tx * TP) = (Oxia = CLAP) ATE 
The resultant equation 

O =. x,dx? TERN FTP + xP dx, RT 


contains no new information, because the final term vanishes as in Example 
3 and the first two vanish as in Example 2. 


Remarks (2.1.12) 


Ike 


The vector fields generating conformal transformations (2.1.11; 4) are not 
complete (Problem 6); these transformations are not diffeomorphisms of 
R*, as they have singularities. This is not serious for the uses we make of 
them, as we need only the infinitesimal transformations. If a group of 
diffeomorphisms is desired, then R* must be compactified by the addition 
of points at infinity [17]. 


. The Lagrangian d® ~ *d® for a massless scalar field De Ey has no in- 


trinsic length, but even so it fails to be invariant under the dilatation 
(2.1.11; 3). As a consequence T*, # 0 for the energy-momentum tensor 
of a scalar field even if m = 0 (Problem 4). 


The Properties of the Energy-Momentum Tensor (2.1.13) 


Let e* be an orthogonal basis of a pseudo-Riemannian space (g = —e° @ 
a2 wel@ellandilebn2 = SEN FE Fr Ian 
cause of the component representation 


Too = XIE! + IBD), = Mo =H, j=123; 


where 


SF = [E x B] is Poynting’s vector, 


we find that for all x, 


(a) Too(x) > 0, and = 0 only if F(x) = 0; and 
(b) || P(x) || < Too(x). 
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Remarks (2.1.14) 


1. If (a) holds in every Lorentz system, then (b) follows. A Lorentz trans- 
formation treats P* = |*7* as a vector (1.3.38; 5), and the equation 
P° >0 would be violated by the transformation PP > (PP — y-P)/ 
/1 — v? unless ||P|| < P®. 

2. In the orthogonal basis, Y/ = T’, = Ty’ doubles as a momentum density 
and as the rate of energy flow: The change in the total energy can be 
written as 


The physical interpretation of (b) is that electromagnetic energy can never 
be transmitted faster than light. 

3. The positivity of the energy is expressed mathematically as follows: Let 
N; be a spacelike submanifold, and define * with the restriction of g to 
N ;. Then * converts a 3-form into a numerical function, and the positivity 
of the energy means that *(T°,y,) > 0. 

4. The signs in (2.1.13) arise from the signature of the metric, and thus 
depend on the relationship to the standard basis. However, the equations 
Te = T'and 1, = 0) which follow from (24.11; 2) and (2,1:11; 3), 
hold in any basis on account of the transformation law (1.3.26). 


Since the existence of a limiting speed of energy transport follows solely 
from the structure of the energy-momentum tensor, it is possible to prove the 
uniqueness of the solution of the Cauchy problem without further analysis 
of the field equations. Nonuniqueness would contradict the causal prop- 
agation of the field at the speed of light. To make this impression mathe- 
matically precise, we make some intuitively reasonable 


Definitions (2.1.15) 


(a) A continuous mapping of an interval I > M is called a causal curve 
iff no two of its points can be connected by a spacelike curve. It is said to be 
nonextensible iff it is not a proper subset of a larger causal curve. 

(b) Let M be orientable in time, that is, the forward and backward time 
directions can be defined smoothly over all of M. The future (respectively 
past) domain of influence D*(N) (resp. D (N)) of a spacelike hyper- 
surface N is the set of all points p of M for which all nonextensible, 
causal curves through p oriented toward the past (resp. future) intersect 
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N.D(N) = D*(N) v D’(N) is called the domain of influence of N, and if 
D(N) = M then N is a Cauchy surface 






—> causal curve 


Figure 16 The domain of influence of a hypersurface N <= M 


The uniqueness of the Cauchy problem is the statement that F is uniquely 
determined on D*(N3) by Fyy,, *Fiy,, and J. If Fine, # O but J = Fiy, = 
*F\y, = 0, then F would have to propagate from somewhere outside D*(N3) 
to within D*(N,) without encountering N,, which would be possible only if 
the propagation speed were greater than the speed of light. Since there exist 
complicated manifolds M for which the shape of D* is confusingly tortuous, 
let us be contented with the 


Uniqueness of the Cauchy Problem in Minkowski Space (2.1.16) 


Let N be a three-dimensional, compact, spacelike submanifold of (R*, n), and 
suppose that F, and F, are two continuous solutions of Maxwell's equations, 
dF, = dF, =0, and oF, = 0F, = J. If Fyjy = Foy and *Fy\y = *F yyy, 
then F , and F, are also equal throughout the interiors of D*(N): Fy \inı = m = 
Flint D+ (N)* 


Proof 


Let xe Int D*(N). Then there exist e > 0 and Xe D*(N) such that 
XEN Sy eS Rea k= tye ea) Sie aya: 
SAve Rs | Sie (2.2 
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Figure 17 The region of integration used to prove the uniqueness of the Cauchy 
problem 


Hence 
(N'n D*(N)) U {ye N: |X — yl? — (& — y°)? < —67} = ON,, 


where N, is a compact, four-dimensional submanifold (see Figure 17). 
If F = F, — Fj, then dF = 6F = 0 and Fy = *F,\y = 0. The 7* formed 
from F therefore satisfies 67* = 0 and Ty = 0, and so 0 = Im d*J°® = 
Ivap+ım *7°. Since N’ is spacelike, 7° is a nonnegative measure on N’, and 
the vanishing of the integral implies that 7°)y-,.p+(y) is zero almost every- 
where. Since it is a continuous function, 7°)y,p+(y) = 0; and because of 
(2.1.13) (b), Fi~-.p+ m = 9, and in particular F,, = 0. The proof for D’(N) 
is similar. el 


Remarks (2.1.17) 


1. Formula (1.2.36) proves uniqueness by explicit construction, but it 
assumes the existence of the distributions Gz, dGz,y, and *dGz|n. The 
advantage of the proof given above is that it can be extended to more 
general manifolds without the necessity of facing the difficult question 
of the existence of the Green functions. 

2. Positivity of the energy is sufficient but not necessary for the uniqueness of 
the Cauchy problem, which can also be proved (see §3.2), for instance, for 
the scalar field of Problem 4 with m? replaced with —m?, although T°, is 
then not positive. 

3. The electromagnetic current J has no positivity property, and there is 
no proposition like (2.1.16) for it. Because charges can cancel out, it 
could happen that J = 0 for all t < t) and #0 for all t > to. More 
specifically, nothing in Maxwell’s equations prevents a charge from moving 
faster than light. 
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Problems (2.1.18) 


I 
2: 


Show that (L,®,) n(0£/0 d®,) — i, Y = di,G, if Z = dG(P). 
Show that if v is a Killing vector, then L,* = *L,. (Use (1.2.26; 2) and (2.1.10; 2).) 


. The action W = | ds[- 2°(s)2,(s)]'’? is left invariant not only by s > s + constant, 


but even by s > f(s), for f such that 0 < df/ds < ©. What is the resultant conserved 
quantity? 


. Calculate 7° for Y = —4[d® x *dD + m?®*®], De Eo, and investigate which 


of the properties (2.1.11) and (2.1.13) this 7° has. 


. Calculate the conserved quantity (2.1.5) for Y = dA a dA,AEE,. 


. Integrate the equations Ox(t)/öt = —a<x(t)|x(t)> + 2x(t)<a|x(t)>, which generate 


the (local) flow of a conformal transformation. 


. Suppose that 6(7*% + t*) = 0 and that 7* + ı* is independent of time in some 


system and falls off sufficiently in space. Show that in this reference system 
| ren 
SET 


forj = 1,2,3,anda = 0, 1,2,3. (In particular, the “self-stress” terms | d*x Tj; vanish.) 
Conclude that 6(.7* + t*) can not be zero for the point charge (1.3.25; 2). 


Solutions (2.1.19) 


i, dG = LG + ide = 4,6. 





0G 
PUD AL © EO 


¢ J J 


. First note that L,et "*r = J, AM eb hk eke — 1) +1, The identity of (1.2.40; 8) 


continues to hold when 4*; is substituted for w*,, because A*; has the same anti- 
symmetry. Hence 
L,*ek Sk 3 AB eek “kjkkj+1 ko — 1/1, 
j 
and consequently 
FL (Og, ok he AP) ee (Epi eee Corres 


Oye ee 


pP 


.Is=5+ f(s), then asf > 0 with f = 0 on the boundary, 





W = | dill + [POLO - FFORO 


= w+ [alr ron - 1 OO) + 01% 


Vv -2°9)2°(5) 





Integrating this by parts leads to the identity 





9265) 


/ —#(8)2,(8) 








2 / —2%(s)2,(s) = 


which also holds if z # 0. 
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4. 7% = (i,dM)  *d® — 5i,[dD A *d® + m’®*®]. Then T,, = T;, (Lorentz invari- 
ance), but not T*, = 0, even if m = 0 (no dilatation invariance). Tog > |®@V@| and 
T°, = OV,®, iffm? > 0. 


£ OL 

5. (LyA) 0 5 u = ALpA) A F — iF A F) = Adi,A) A F = di, AP), 

6. Letting x = x(0), x(t) = (x — at<x|x>)/(1 — 2tXx|a) + (x|x><alayt?), because 
Ox u —ac¢x|x> A at¢x|xX>)(«x|a> — <x|x><alayr) 


Gi Pa Dla lodalae® ~~ — Dexia (x|x>Kalayr2)2 


= —ac¢x(t)|x(t)> + 2x(t)<a|x(t)>. 








For any t > 0 there exists x e R*, namely the x for which 
1 — 2t<a|x> + t?ala><x|x> = 0, 


which gets sent off to infinity. 


I 


. Integrate x/ d*(7* + 1%) = dx? a *(F* + 1°) + d(xi*(F* + £2) over 
Nn SS KOs SRO) ie 


In the rest-frame of the charge nothing depends on time, and only t° # 0. Since 
dx, A *Z* = 0 (2.1.11; 3), we obtain the contradiction 


3 
=}: dvd +7! = | ibe? py 82 SO, 
J=1-4 01s Tf. O<t<T 


2.2 The General Solution 


The characteristics of Maxwells equations are hypersurfaces with 
lightlike normals. The Green function is easy to construct in Minkow- 
ski space (R*, n), and solves the initial-value problem explicitly. 


If the argument of (1.2.28) is applied to the physically interesting case m = 4, 
p = 2, one finds that the Minkowski: metric 


contains the g, of (1.2.28) as its spatial part and also g_ as a spatiotemporal 
part. Since in the present case *o* = (—)?™~”)** = —1, the combinations 
of the fields that diagonalize * are F + i*F, and when these are written ex- 
plicitly, both real and complex characteristic directions are found, so there is a 
combination of both of the cases of (1.2.28) (Problem 1). We have remarked 
that the characteristics may in general be surfaces of discontinuity for the 
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solutions. If such a hypersurface is specified by u(x) = 0, for ue E,(V), 
V <M, then there should exist solutions that behave locally like ©(u). 
The exterior differential d&(u) = d(u)du is then singular at u = 0, and if J 
is a regular function, then the singular contributions to the left sides of the 
equations dF = 0 and 6F = J must cancel out. These contributions are 
proportional to du, so we are interested in finding solutions for J = 0 that 
depend only on u: F = c,,(uJe”. For such solutions the equations say that 
the exterior and interior products of F’ with du must vanish, because 
dF = duc; A e) = du a F’, d*F = du a *F' = —*i„F‘) This argument 
leads directly to a 


Condition for the Characteristics (2.2.1) 


Let F be discontinuous where u = 0, but suppose that J is continuous there. 
Then the equations dF = 0 and 6F = J imply that at u = 0 


du sE =0- and i,,F =0; 
which are satisfied only if <du|du> = 0 or F’ = 0. 


Proof 


Ifdu A F’ = 0, then ina local basis using du, F contains du as a factor, that is, 
F' = du x f, where f € E, is independent of du. The second equation then 
requires that iz,du A f = <du|du> f — <du| f> du = 0. Because f and du 
are independent, we conclude that <du|du> = <du| f> = 0. CJ 


Remark (2.2.2) 


i. In other words, either the normal to the surface is lightlike, or else there 
are no discontinuities in F. 

2. This is only a local statement. Whether u can be defined as a global 
coordinate depends on the large-scale structure of space-time. 

3. A by-product of (2.2.1) is the statement that fields with discontinuities must 
have a special structure; they are the exterior products of two 1-forms, of 
which one (du) is a null field, and the other (f) is orthogonal to it (also 
in the sense of the metric 7). Both invariants vanish for such fields: 


*(F «A F)=*du nf ada vr f)=0, 


and *(F A *F) = i„irF = (<du|f>)? — <du|du><f | f> = 0. If the space 
and time parts are separated, then du=dt+n-dx and f =dt+ 
f -dx, which requires that |n|? = 1 = (n-f). In terms of the field strengths, 
E=n-f and B=[nxf], so this means that (n-E) = (n-B) = 
(E- B) = 0 = |E|? — |B|?. The field (1.1.4) was of this form with u = 
De ah 
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4. We also note that if (du\|duy = 0. then it is not sufficient to specify F and 
*F at u = 0 in order to solve the Cauchy problem: It is possible to choose 
F not identically zero. such that f(0) = 0. 

5. Whereas a field satisfying du n F = i,,F = Ocan vary arbitrarily from one 
hyperplane u = const. to the next, the Lie derivative L, in the direction 
g du tangential to u = const. is determined by Maxwell’s equations: 


LF = di,*F + ig, d*F = —i,7J. 
The higher Lie derivatives can similarly be calculated, which determines 


F everywhere. if F and *F are specified on some surface that can be trans- 
lated with e"* so as to cover all of M. 


After studying these local questions, we will evaluate formula (1.2.36) for 
Maxwell's equations. This requires the explicit form of the Green function, 
which can be written down only for the simplest manifolds. 


The Construction of G, in Minkowski space (2*. 7) (2.2.3) 


If 2 is the natural and orthogonal basis. then according to Equation (1.2.34), 
G, has the form 


G, = hag B* PDA»), 
for p = 2. and where D, e E,{R*) satisfies the equation 
-D,,' = F(x - 3). 
The translation-invariance of Minkowski space allows the partial differential 
equation to be reduced to an ordinary diflerential equation, by expanding 


it in a series in the eigenfunctions of the translation operator, ie. a Fourier 
series. For the delta-function this expansion is 


W(x - 3) = Qn) dd pores (224) 


where k and x’ are regarded as the components of vectors, and ( | > stands 
for the Lorentz scalar product (1.2.14) with g = n. In Fourier-transformed 
space the Laplacian (ic.: „”) produces a factor ik,ik" = —<k\k) = —k’, so 
that, finally, D, has the Fourier integral representation 


DAx) = Qx)~* [ © hte EOF. 02.25) 
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Remarks (2.2.6) 


1. Thek integrals do not converge in the classical sense, but as distributions — 
this is the content of Fourier’s theorem. We have unscrupulously inter- 
changed integrals by k with derivatives by x. Fortunately, distributions 
are so agreeable that they put up with manipulations that classical analysis 
considers criminal. 


2. Because of the translation-invariance of Minkowski space, D, depends 
onlyoonx =X. 
3. Since k? = (|k| — k°)(|k| + k°), the integrand of (2.2.5) has poles, and 





it must be decided what to do about them when they are in the integration 
path. We are not restricted to integrals along the real axis: the analyticity 
of the integrand of (2.2.4) allows the integration path to be distorted into 
the complex plane. We use the path denoted as 


fo 


Es ge ES 


which passes above the poles in the complex k-plane. Other choices of 
the integration path would produce integrals differing by the contributions 
of the residues. This nonuniqueness should not be surprising, because the 
equation in (2.2.3) determines D, only up to a solution of the homogeneous 
equation, and 


22 
ap ° eK x— kr) _ gy 


Ox? dx? 





f= kn 


The path shown in Figure 18 is chosen on physical grounds, since the 
Green function it produces corresponds to physically realistic initial con- 
ditions. It is denoted D(x — x), and an elementary integration (Problem 2) 
produces the 


Retarded Green Function (2.2.7) 


d= 1) 80) 


TO x — 
© Arr 2n 





O(t). 


ret l 4 aps aA 7 
Gr’ = 4,68 !e PLR — OLE — 1), 


r = |x|, x? = (x|x). 
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Figure 18 The path of integration for D™ 


Remarks (2.2.8) 


1. For the second form of D"*' we made use of the formula 
2 l 
Of (x)) = y= 5 we) x) = 0, 
to write 


O(x*)@(t) = O((r + t)(r — r))O(t) = un? + t) + d(r — t)) 





re) 


> Alt). 


2. The integral (2.2.5) singles out no particular Lorentz system, and thus 
D'*' depends only on (x — X)? and ©(t — #). The preference for one 
time-direction enters through the choice of the integration path; the path 
nr would result in D*4"(X — x) = D(x — X). 

3. Because G is supported wholly on the negative light-cone of xX (see 
Figure 19), the integration over infinite space-time regions is justified 
painlessly. 


The means by which the explicit forms of the field strengths can be cal- 
culated from (1.2.36) are now ready. The field is the sum of two integrals, one 


t 


x 


support of G* 


Figure 19 The support property of the retarded Green function 
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over N and one over ON, which we call F'“ and F°°"4*"’, F'* depends only 
on J, and FPewrdary depends only on the boundary values of the field. 
We first consider F'“', which can be calculated with the aid of the formula 
BURN * oa NP ORDER * oa = (nn = nn’P)*1 


(cf. (1.2.18) (b)) and the elementary rules of calculation (*1 > rip ond Cay oe oh) Ba 
= —(0/dx)D™): 





d 
F(x) = | IGE A l= se, | = = x RER te! Ke) 
N nw OX’ 
“ | del) 35 Dee = x) = 01), (2.2.9) 
N OD 


A(x) = — | ax D(x = x). 


N 
Remarks (2.2.10) 


1. F' is precisely the exterior differential of a vector potential A™. It is 
common to solve for F by first setting F = dA, and then using öF = J 
to determine A. Equation (1.2.36) with p = l and A in place of F shows 
that A); does not depend only on Ajzy, *dAj;n, and Jıy, but also on 
Ay. If we rewrite Jy OG; A dA as | Gz A 6dA + San: = JyGg AJ + 
Joy..., then there are three contributions to A(X), viz., fr G, A J ds in 
(2.2.9), Jy dG; N 6A, and ie .... Gauge invariance makes it impossible to 
fix A in terms of J and the boundary values of A and dA; the equations 
leave open the possibility of a contribution from dA. The solution of the 
boundary-value problem is unique if we impose the additional condition 
that 0A = 0 (the Lorentz gauge). 

2. The A‘™ of (2.2.9) satisfies 


SAX) = -| DE =i)" LO) = JR), hea); 


ON 
(Problem 4), so F'' satisfies the equations 


dr“ = 0, 


OFT! 


OdA™ = AA™ — g6A™ = — [ace AJ =—dj=Jf— dj. 


3. Since the support of G; is on the negative light-cone of X, we are not re- 
quired to choose N compact. If N is taken as {(t, x): to <t < t,}, then 
by (2.2.7), the integral for A‘ reads more explicitly 


2) 


S 
As) = - | = 


Ix-81< tn An IX R| © 
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support of GEF" 


Figure 20 The region of integration for F'(x) 


This integral always converges for bounded J,, even if J does not have 
spatially compact support (Figure 20). 

4. Although the use of a different Green function, say D**’, does not change 
F(x), it does change the integrals |, and |,y. For example, with the N of 
Remark 3, FPvrdary has contributions only from t = fg, while only the 
boundary values at t = t, would show up in D**’. If we want to know F in 
the half-space later than t = tg, then D™' is more useful than D**", because 
we can let the upper (later) part of N go to infinity. The limit t, > © 
would not necessarily exist for D**’: If we insisted that F),, = 0, then 
without the upper boundary term all that would remain of F would be 
8 dG°®’ A J, which does not vanish at t = t,, and thus requires that 
there be a contribution to |;y at t = t,. Since the equations are invariant 
under time-reflection t > —t, the appropriate Green function for the 
time-reversed question would be D**”. 

5. With the aid of Green functions with p = 3, we can write (2.2.9) in co- 
ordinate-free notation as 


BASEL =; IK; I ofl 
N 


In order to study F°°'"“*"’, we use (2.2.7) to write it more explicitly as 


po ease) ae en (OG a #dG- A *F) 
ON 


0 0 
aS ek Bel + ay) JDECN OS == Fo * 
. {la nn ox? Er: 


10 


Toe 





D(x — OF "| (2.2.11) 


(Problem 5). 
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Remarks (2.2.12) 


1. As in (1.2.38: 1), we see that the boundary ON is not arbitrary. If it con- 
tained part of the light-cone of a point x € N, i.e., the set specified by the 
equation f(x) = f — |x — X|, then the integral over CN would diverge, as 


ret/> 0 d’x 7 = 
| DER = x)re" = m öt(x) -E- |x — X) ~ [oo 
ON ene %| 


2. If N is bounded by two Cauchy surfaces (1.2.29) (c), then on the earlier 
surface FPoundary takes on the boundary values of F, and F'“' goes to zero. 
The first of these claims is proved as follows: If N is given in Cartesian 
coordinates as t > t(x), thenf 


Ot 6 Ct 
Kemer Aa nax(t ES AS ) 


The Lorentz system may be chosen so that x is the origin and 0t(0)/dx/ = 
Because 











wy 5 z 27 ae er 
lim | d’x f(x) I. = 6°, f (0) 
i10 Arır in 
(see Problem 6), 
lım preys =x) f Ge) = 99°, FO). 


x10 OR ox! 


If this is substituted into (2.2.11), the two first terms cancel out as x| 0, 
leaving only F(0). On the other hand 


Pica cial Bd Jet 0 8 


x10 


ret 


support of Gg 





Figure 21 The displacement of the later boundary of N 


‘Olen 123 2 “ 5 
t *e® = —e!?? but ON, as the lower side of N, has a negative orientation. 
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because the integration region shrinks to zero (see (2.2.11; 3)), so that if 
J is bounded, nothing is left over. 

3. In Problem 7 it is shown, using the explicit form (2.2.11), that in fact 
dFeounsery = (0) and 5F°™"*Y — dj, because d(Fjay) = 0 and d(*F jay) = 
Zr (et 2 2.0.2). 

4. Although the boundary values normally propagate by D‘ along whole 
light-cones, particular F\,y and *Fj,„ can be found for which the propa- 
gation is approximately along a light ray. In this somewhat vague approxi- 
mation, the problem of how light propagates reduces to the easier problem 
of the motion of a massless particle. We made use of a similar simplification 
in (I: 5.7.15) to calculate the bending of light by a gravitational field. 

5. By using D™', one can take N as the whole half-space later than some 
Cauchy surface, without changing FT or F?"?", if the upper boundary 
is displaced to t > + % (Figure 21). 


In our verification that d(F'* + F°'"'Y)=0 and d(*Ft!+ * FPoundary) = 
ZELTE, 


im FFIR) = lim FF") = 0, Immerhin) 


xix Kit Xx xX 


lim * pbourdary(x) = *F(x) VxeEdN, 


x|x 


we needed to know only that d(Fjay) = 0 and d(*F jay) = —*Jjon. Whereas 
to use (1.2.36) it is a priori necessary to assume the existence of a solution F, 
the explicit construction demonstrates the 


Existence of the Solution to dF = 0, dF = J, 
for Given Initial Values (2.2.13) 


Let N be the half-space later than a Cauchy surface ON in (R*, n), and suppose 
that He E,(ON), KeE,(CN), and J € E,(N) satisfy the equations 


dH = 0, dK — nr 
Then 
Fa) = | dG. a J [6G; AH — *dG; AK] 
N oN 


is a solution of dF = 0 and 6F = J on N, for which F approaches H and 
*F approaches K as x approaches ON. 


Remarks (2.2.14) 


1. On a Cauchy surface ON, Fjay and *F)ay are linearly independent, so the 
boundary values H and K do not depend on each other. If N had character- 
istic directions, then the above construction would not work, because 
6G, and *dG, are not distributions on lightlike surfaces. 
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2. H and K satisfy the restriction of Maxwell’s equations to a spacelike 
hypersurface; V-H = 0 and V-K = p. Thus they may be taken as 
H = V x v, andK = V x v, — Vf p(x)/|x — X|, for arbitrary v, and v,. 


Often J is sufficiently localized that even JgsdG, A J converges. Then the 
remaining boundary in (1.2.36) can be taken to tg = — ©. If F'* is to con- 
verge in this case, F°°'"“*"Y must also converge, and in fact it approaches a 
solution of the free equation (J = 0), because F™' then solves Maxwell’s 
equations. This incoming field will be denoted by F'", and in the time- 
reversed situation, using D**’ from (2.2.8; 2), it will be called F°“. 


Definition of the Asymptotic Fields (2.2.15) 


F = F'" dk Frrct = ies ee ys 


if the integrals 


e 


BE i AGS and Eas | Ge ae 
RA 4 


/R 
exist; in which case 


dF = dF = dF” = dF = oF = dF“ =0, dF = 6F*’ = J, 


Remarks (2.2.16) 


1. The existence of F’ is guaranteed if J is localized well enough in space 
and does not evolve too nearly along a light-cone. We shall learn from the 
hyperbolic motion in §2.3 that it is possible for F'' to converge pointwise 
while öF'“ 4 J, because the limit as tp > —oco does not exist in the 
appropriate topology. 

2. If there exists a T such that J = OVr < T, which is, of course, possible 
only if the total charge Q = 0, then F = F" Vt < T. Roughly speaking, 
F™ is the field that existed before J was switched on, and F°" is the 
field that remains after J has been switched off. 


If N = R*, then F™' is the differential of the 


Liénard—Wiechert Potentials (2.2.17) 


Po ea 


where 





AS) at IE J,tt == |x de 5s) 
4n|x — x| 
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The Static Case (2.2.18) 


If J is independent of time, then 


Ome - 
ARTE) sn d’x J (x) 


4n|x — x|’ 





and, in particular, the Coulomb potential 


rd xwp(x) 
J 4nx|x — x|° 





V(x) = AR) = 





p(x) = I(x) = —JIo(x). 


A necessary condition for the existence of this potential is that p fall off faster 
than 1/r?. 

We close this section with a different application of (2.2.15), to rewrite 
Equation (1.3.23) for the work expended. To this end we assume that J is 
sufficiently well localized in space so that N may be set to R*. Then 


PT) — P(—T) = [ N (2.2.19) 
maid N & 


The energy and momentum are thus affected partly by the incoming field and 
partly by the field caused by J alone. The latter contribution is explicitly 


i [6 6) 
| CP AAI = | d*x } RUHR) 
se Jes SS J— = 


x PO) zu a —x)- Jp) 5 I preys — x)). 
;; (2.2.20) 
If J has compact support (0 = 0), then we can take the limit T> oo. By 


integration by parts, the first term on the right side of (2.2.20) contributes zero, 
because 6J = 0. By symmetrization x > x, in the second term 


ö ly 
ze DIG ae x) 
Ox 





is changed to 


— eng x) 


l 
Dice) Die a x)= Oe 





Introducing the radiation field 


ee = jee: =; adv = Ton me Fin 
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allows one to write 
Po») — P,(— 0) = { („F" + hoe a sds Wee 
R4 


0 


ax? 





= firm Ar] = [ats dx J’(X)J (x) == D& — x). 
(2.2211 


The convolution (2.2.21) becomes a product when Fourier-transformedf: 
aa fats HAT (x) = J s*(—k). 
Since D has the Fourier integral representation 
Do)=- OH - [ack d(k? (O(k°) — O(—k®))e'k1? (2222) 


(Problem 8), there results an expression for the 


Energy and Momentum Lost by the Radiative Reaction of the Field (2.2.23) 
If Fi" = 0, Je E9(R*), then 


Pi) = P= oo) =r) far O(K°)5(k?)(|I(K) |? — | ICA) |PDK* 


Remarks (2.2.24) 


1. Because Fi$(k) = (ik, J g(k) — ikgJ,(k))/k?, the field reflects the frequency 
distribution of the source. This allows the integrand to be interpreted as 
the energy and momentum lost to the field with wave vector k. In particular, 
as the time becomes infinite, the factor ö(k*) makes the loss go mainly into 
the free field, characterized by |k|? = (k°)?. 

2. If the sources are strictly periodic, the assumption that Je E® is violated. 
This shows up as a delta function in J and a 6? in (2.2.23). The physical 
significance is that a periodic process radiates an infinite amount of energy 
in an infinite time (cf. (2.3.29; 7)). 

3. In Fourier-transformed space, 6J = 0 reads 


Jk = JR 


If|k| = |k°|, then |J| > |J°|. Since with « = 0 the rest of the integrand is 
nonnegative, P°(co) > P°(— 00). This is a consequence of the positivity 


t We shall write * on the right side to denote the complex conjugate. 
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of the energy. If Fi" = 0, then P°(—.o) = 0; thus energy can only be 
released from the current to the field. 


Problems (2.2.25) 


1. Write F + i*F out explicitly, and show that E, = B, = an arbitrary function of 
t+2z,andE,=B,=E;, = B; = 0 solves the equations dF = oF = 0. Show that 
the field can be written as du A f, where (du|du) = <a yj > = U0) 





. Calculate the integral (2.2.5) for D', using the integration path (2.2.6; 3). 
. Use D’ to find the Green function for Laplace’s equation in three dimensions. 


. Calculate 6A for the A of (2.2.9). 
. Calculate 6G; A F — *dG, A *F with the G, of (2.2.7) and F = Je ,,. 
. Show that 


N an Ff W N 





lim [ate rc 2 er N) 
a Anr 





a = 0°, (0). 
7. Write (2.2.11) for CN = (0, x) explicitly in terms of the components E and B of 
Feoundary and calculate E, , and B, ,. 


8. Find the Fourier integral decomposition of the D of (2.2.22). 


Solutions (2.2.26) 


ile F a= i*F = +E, => B,)(dt = dx) (dx, —idx,)+4Eı — B,)(dt— dx;) (dx, +idx,) 
+4(E,+B;)(dt+dx,)(dx,—idx3)+H(E2 — B3)(dt—dx,)(dx, +idx;) 
+H(E; +B,)(dt +dx )(dx3 —idx,)+3(E;—B,)(dt —dx )(dx3+idx,). 
The individual terms of this sum are of the required form. 


2. If t < 0 (respectively >0), then the path of integration can be closed in the upper 
(resp. lower) complex ee so that 











ee =, 
ak dk Ko © sin kt. 
— k)(k®° + i= k 
There remains 
, Ot) . ot) Ari) 
On)? fan eikx : sin kt =; ah dk sin kr sin kt =~) ot). 


3. Because (62/ét?) — A)D''(x) = 64(x), the function [%,, dt D(x) = 1/4nr satisfies 
the equation — A(1/4nr) = 6°(x). 


0 re ret 
4. —6A™'(x) = [ ats ALCS) ax DU =x) = | aeso: = j SE 
N x N oN 
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70 
5. Using the abbreviation D., = (6/0x*)D™(X — x) = —(6/0x*)D"(x — x) and Rule 
(1.2.18)(b), 
dGz = 42,,¢” A *e*D, = ED a*eg 
"dG; A *F = —4é°D,e, A He = O°D Feste 
5G, = 42*#(dD A egg) = 32°D."*C yap 
5G, AF = 42,,D Fe A“ *e™ = —@,,D ,[FO%e — $F? *e"]. 


If these equations are combined, then 
0 
SHG IEA KG IKE re D(X — x)F,(x)*e" 
1x 


6 1 6 
Di Ki eee gi a oF score’ 
20x, 


0% 


Y 


oo 2 a %) = 
ee | ee, 
0 OX; 4nr 








cil mad ae ast—0o 





= | dr AM f (0)2x; SE SO) 2x x, + rö,) ++.) 
0 


= ee, 
a=0: [ dr dQ(f (O)r? + f,(O)r?2x, + +++) ree ö(t — r) = f(0) + O(t) > f(0) 
0 


as t—0. 
ER) = [xD = EC) + Amd NE ~ Bu] 
BAS) = | @Px(D - XB) ~ eamDNE ~ DER] 
a Ger é 3 
EL - { dx. DIE EEE xy = E7 | Cx rs EICH 
B,..(X) = [ d°x D’(& — x)B, (x) = 0, 


since E and B must satisfy the restriction of Maxwell’s equations to ON. 


8. D(x) = (D'*(x) — D’*(x)) 
zen) | d*k ef 8? lim | A 
Ik]? — (k° + ie)? Ik]? — (k° — ie)? 
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=n) 7 | d*k ID 5(k?)[O(k°) — O(—k°)]. 
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2.3 The Field of a Point Charge 


There is an expression in closed form for the field of a point charge 
undergoing any given motion. It contains all information about the 
radiation emitted by an accelerating charge. 


Our first application of the formulas derived in the preceding section will 
be to calculate A’ and F"“ for the current (1.3.25; 2); J and D'* will be 
respectively a four-dimensional and a one-dimensional delta function, 
which allow the integrals over d*x and ds to be done. Using the rule ö( f(x)) = 
yi; (x — x) f(x)", where the x; are the zeroes of f, we obtain 


A= | atx DINX — x)J (x) = —e { ds z,(s)D"'(X — z(s)) 


u = z9(s)<x0 7 BR En e 2456) 
= oe [. Ca aay 





(2.3.1) 


F=-2z N = N= 285). 


Remarks (2.3.2) 


1. The negative sign makes (2.3.1) consistent with ¢2(so)|X — 2(So)> < 0. 

2. So is a function of X (see Figure 22). 

3. If we consider X,, Z,(So(X)), and 2,(so(X)) as the components of vector 
fields x, z, and 2, then (2.3.1) may be written without indices as 


AS _— = wea FY 
~ An <alx—z> 


After the x-integration the coordinate will be called x, rather than x. 

The way that s, depends on x must first be known before F™ can be cal- 
culated from A‘. This dependence can be determined by noting that 
x — zeE,(R*) is a null field: 


oe 
Saxe 


=> ds) = (x - z)<2|x — 27). (2.3.3) 


.„ OSo 
0 (x — 27(So(X)))(Xe — Za(So(X))) = Xp — 2 — 2 aac (Xp es) 
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i 2(s) 





Figure 22 Determination of z(s,) on the world-line of a charge 


The exterior differential of the constituents of A can be calculated from (2.3.3) 











as 
dz =d8y AZ = (% — 2) K Zee|x = Zz), 
ie 2" OS; a Re OSo 
a Co ez) 2 ai of le 2, ER, 
zIx -z 1 
2 ie ee her 
<z|x — z> 
(2.3.4) 
where we have used the normalization 2*2, = 27 = <z|Z2) = —1 and have 


also considered Z,(so(x)) as the components of the vector field 2. Combining 


the above formulas produces 


The Retarded Field of a Point Charge (2.3.5) 


FP = © (Kölx — 2)" 1dö + G2|x — 2)772 0 dölx - 2) 





; Lf (<2 Hin 
= 7 älx- 2) (is an = -3) A (x — 2). 


Remarks (2.3.6) 
— 1 for the world-line z(s) we assume that 


1. By using the normalization 2? 
the charge never reaches the speed of light. 
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2. The 2-form F'“ is of a special form, as the exterior product of a null vector 
field x — z with another vector field 2¢2|x — zy !«älix- z) + 1) — 2. 
In contrast to the field in (2.2.2; 3) with discontinuities, the interior product 
of these fields is not O but 1. 

3. F™' is the sum of two fields, one of which, F®, contains the terms pro- 
portional to 2, and the other, F', contains only 2. The two fields have 
different asymptotic behavior, as expected on dimensional grounds; 
F the field of the near zone, falls off as a Coulomb field (1/r?), whereas 
F the field of the far zone, falls off only as 1/r. 


We note some of the special 


Properties of F'' for a Point Charge (2.3.7) 


(a) Ft a Feta 0 = F® ON fal FY R F® 

(EFF AR = z)=0= F? A (xe — z) = FO 2 & = 2) 
(C) i PO = Fe 2) ARP) = 0 

(d) F® rx * FP) = 0 > Fe A * F(Z) 4 Fret N Fa) 


Proof 


(a) This holds for any element of E, that is an exterior product oftwo vectors. 
(b) F'*, F®, and F® contain x — z as a factor. 


(c) The interior product of the two factors of F“ vanishes, and x — z is a 
null field. 
(d) This follows from (c) because of the factor x — z. U 


Remarks (2.3.8) 


1. Since F A F ~ E-B, Property (a) implies that the electric and magnetic 
fields are always perpendicular to each other, and this is also a property of 
F® and F® considered separately. Therefore it requires more than one 
charge to produce a magnetic field parallel to an electric field. 

2. Because *((x — z) A F) = i,_,*F, Property (b) implies that 


ECHT. 


For & = 0, this means that B is also perpendicular to the 3-vector con- 
necting the reference point (where the field is measured) to the position of 
the charge at the retarded time so. 

3. If F® is considered separately, then Remark 2 still applies, and because 
of Property (c) it applies even if F and *F, that is, B and E, are inter- 
changed. Therefore the electric field stemming from F®), which dominates 
in the far zone, is also perpendicular to the 3-vector from the reference 
point to the position of the charge at the retarded time so. 
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4. According to Property (d), because F A *F ~ IE]? — |B|?, in the far 
zone | E®| = |B®|, and if z(s,) = 0, then 


y 
E®) = iB x " and B® = * x 2a. 
r r 


The Lagrangian F' a *F' = F® A *F has contributions only from 
the near zone. 





The Field in the Rest-Frame of the Particle (2.3.9) 


Let us choose the Lorentz system in which z(s,) = 0, 2(s0) = (1, 0, 0, 0), and 
2(So) = (0, 2). Then for x in the positive light-cone of z(so), the field (2.3.5), 
written in components, is expressed as 


e x x 2 
Eur su Ze) 


e x 
BER 
Arır c : | 


The magnetic lines of force circle the charge, and the electric lines of force 
leave the charge initially in the radial direction, and later bend to become 
perpendicular to Band to x in the far zone (Figure 23) 





E®) 


Figure 23 The fields in the near and far zones 


2.3 The Field of a Point Charge 75 


Warning (2.3.10) 


The description in (2.3.9) is not an instantaneous picture of the field, but 
specifies the field at a given position x at the time tf = |x|. The field in the 
spacelike section at t = constant does not depend on 2 and Z at a single 
value of s, but on a whole segment of the particle’s trajectory. It can be 
written down explicitly only for special kinds of trajectories. 


Examples (2.3.11) 


1. Uniform motion. Let 


10S DR ZU 
a 


Er 
\ v 


BERUFE Ss: 





Then 


(c= 255) = x = 86 — 2x So, 


and thus 


Se rei» = = Clay Kel ee 


This means that 

















2 = es & 
4x ./<z|x>? + Me 
2 = yf 
= — 5) Xa = OF 
ae es) ( A ) + x3 + ] 
An \ I = u | =p) 
e NZ 
ret = = 
An (216? + x)? 
0 a ee X3 
e |—XxX, + uf 0 — X 0X, 
ae UX, 0 0 
= Ka UX3 0 0 
1-2 
x . 
oy = 007 le WO ee 
Note that 


(i) If v = 0, the above expression reduces to the usual Coulomb field, 
A, = e/4nr, A = 0; E = ex/4nr’, B = 0. When v is not zero, the 
Coulomb field is simply transformed according to the transformation 


76 


(11) 
(iii) 


(iv) 
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law for E,(R*) (ef. (1: 5.2.7)), whichis automatically taken into account 
by the covariant notation. 

The electric field points at the simultaneous position of the charge, 
not to its retarded position. This fact was used in (1.1.5). 

The denominator contains the spatial distance to z(s,) in the rest- 
frame of the charge, viz., 


ea 


ae. 1/2 
(Ax = 25 = (7 Fr? = Be +x3+ 3) ; 


This is equal neither to the distance ((x,; — vt)? + x} + x3)'/? from 
the simultaneous position of the charge, nor to the distance from 
z(so), which would be <dt|x — z>. On the spacelike section r = 0, 
(Z|x — z) equalsr = |x| for the points perpendicular to the direction 
of motion (i.e., x, = 0), and is otherwise greater than r. The increase 
of the denominator is compensated for by the factor 1/,/1 — v* of 
the Lorentz transformation, and the net effect is that the static 
Coulomb potential is altered as shown in Figure 24: A° is increased 
perpendicular to the motion and left unchanged in the x,-direction. 
The oblately squashed potential produces an electric field increased 
with respect to x/4zr? if x L v and decreased if x || v. The increased 
range of the Coulomb field makes a charged particle at nearly the 
speed of light cause greater ionization. 

Of course, the decrease in the field in the forward direction changes 
into an increase when the charge gets near the reference point. At 
the time t = r, the denominator <z|x — z) becomes 


(x, — ovr)? 
1 — v? 


(r — x,v)’ 
+x og 





Equipotential line of the moving charge 


Equipotential line of the charge at rest 








Figure 24 Lorentz contraction of the Coulomb potential 
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Figure 25 The lengths involved in the field of a point charge 


and for x, =x, = 0 is decreased compared with r? by the factor 
(1 — v)/(1 + v) (Figure 25). Incidentally, this factor causes the radia- 
tion to bunch strongly in the forward direction (Problem 3). The 
expression (Z|x — z) must be evaluated at the retarded time, and 
radiation, once emitted, is not affected if the particle flies off afterwards 
in some different direction, never to come near the reference point. 


2. Uniform acceleration. Hyperbolic motion, like that of a charged particle 
in a constant electric field (cf. I §4.2), is characterized by z(s)? = constant. 
Let 


zs) = (Sink s; Cosh 5,0, 0) = 2,2 = (Cosh s, Sinh 5.0, 0) = z. 


Then s, can be calculated from (x — z(s0)) = x? + 1 — 2<x|z> = 0. 
Although the equation for s, is transcendental, it is easy to calculate that 





= 2 = 2 
eee (" ART > 2) Sie as oe ) 0, 0) 





ae 
where 
ee ee 2) 
Then 
A „lead + x2), x,é — 11 + x2), 0, 0] 


An E(t? — x 
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ift> —x,, and otherwise 0. The general expression (2.3.5) simplifies due 
to the special properties of the motion 2 = z, (2|z) = 0, and (x|z(so)) = 
(ray 2: 





ra _ € ,; Ne os 
F ae Al, (sats ) A (x — 2). 


Substitution from (2.3.12) reveals (Problem 1) that, using cylindrical 
coordinates about the x,-axis, p? = x3 + x3, the only nonzero compo- 
nents are 


e [ (x? - ı\2 3/2 (x2 _ | 
(EE, Be) = Z| 5 +0] = = ax) (2.3.13) 


L 








ift > —x,, and otherwise these too are zero. Note that 


(i) The part of space where t + x, < 0 has no field, because it can not 
be connected to the world-line by any light-cone (Figure 26): 


! z(s) 








Figure 26 Hyperbolic motion 


(ii) As a practical matter, motion is never strictly hyperbolic. If hyper- 
bolic motion is combined with uniform motion at a velocity —v 
(respectively v) at the point (—v, 1, 0, 0)/,/1 — v? (resp. (v, 1, 0, 0)/ 
\/1 — v?), then the results of Examples I and 2 in the appropriate 
regions are simply combined (see Figure 27). Interestingly, this 
field does not converge to (2.3.13) as v > 1, as there remains a con- 
tribution from the initial uniform motion: 


(ay 2 Oe ev Ne) 
vai 4m [(x, — d + vt)? + (1 — v2)p?P?’? 


_ € &%, +1) 
2x 1+ p? 








(0, P, —p) 
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e (x, — d — vt, p, pv) 


-d- vt)? 3/2 
Vise EIER 


l-—v 
2(s) 














x? = 1 : 
6 Az PT PX 1, pt 


[ey ve] 









(x,—d + vt, p, —vp) 


e 
4x °—— | (x, — d + ur)? : = 
we N el 








(E,,E,,B,) 


l-t 


Figure 27 Hyperbolic motion followed by uniform motion 


(see Problem 5). This field, which has accumulated on the surface 

x, = —t, must be added to (2.3.13), and it also shows up in other 

physically meaningful limiting processes, such as when the hyper- 

bolic motion is that of one of the particles of a pair-production [38]. 
(iii) Equation (2.3.13) is not acceptable mathematically, because 


Re e (x, + t) 
OF a pe 1.0.0) 
The apparent surface current vanishes if the field of (ii) is added to 
F'*. Taken by itself, F'* is neither the limit of the F of(i) as v > 1, 
nor the limit as T> © of an F¥' that would result from using the 
half-space t > — T for N in (2.2.9). As noted in (2.2.10; 2), Ft‘ — Jin 
= —dj, but the right side of this equation approaches zero as T > © 
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(Problem 6), while dF" — J ~ d(x, + 0). Itsintegral over x, does not 
tend to zero, although the integral of dj does. 

(iv) If we write the field of a uniformly moving charge in the notation of 
(2.9515); 





| 


( xX, — vt p vp 
x oy . 5 
Pre ie v? „A =, Al —p: 


then we see that the term (x, — vt)/,/1 — v* is replaced in (2.3.13) 
with (x? — 1)/2and that E, contains an additional term — p?[...] **. 
This is the compression factor of the intuitive picture (1.1.5). 

(v) At the time when x? = 1, the fields become 


e [(x, — vt)? Tee 
(Ex Ey, Be) = Z| — 2 +9] 











e > 
(Ey Ey, 8) = ae (- Bee 1+(1+ ae"). 


The maximum field strength over time consequently falls off only as 
1/p as a function of the distance p to the line of flight of the charge. 

(vi) Except for the condition t+ x, > 0, E, and B, are even in x,, 
while E, is odd. The fields are just as large where x, < 0, where the 
charge never goes, as where x, > 0. The total radiation field over 
the line t = —x, is therefore just as large as the total Coulomb 
field over the line t = x,, which the world-line of the particle 
asymptotically approaches. 

(vii) Again disregarding the condition thatt + x, > 0,EisevenintandB 
is odd. In particular, the magnetic field is zero throughout space at 
the time t = 0. 


. Rotating charges. If 











5) /R 5/ 
AS) = (eon Rcos =... R sin cB 
af EZ 


=v ler V/ v 


0) (2.3.14) 


the determination of so(x) is more difficult than in Example 2, and there- 
fore one usually looks only at the limit v + 0, R > 0, e > %, such that 
v/R > wand e = 1/Ro*. In order not to be encumbered with the infinite 
Coulomb field that results, one considers two opposite charges in mirror- 
image paths about the origin (Hertz’s dipole). In this limit, s) = t — r, 
zZ—x=(r,x), Z = (1,0,0,0), ez = —(0, cos w(r — t), sin w(r — t), 0), and 
the fields become 


_el2x x] Er _[Bxx] 


B 
4nr r (2.3.15) 


ez = (cos w(r — t), sin w(r — t), 0). 
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These examples illustrate F in three representative cases, for free motion 
and linear and circular acceleration. Often of greater practical interest than 
the field strengths are the energy and momentum forms created by the charge. 
These will be sums (1.3.22) of two terms quadratic in F. Since each component 
of F is itself a sum of six fractions, it seems that blind substitution would 
produce 72 fractions. Fortunately, the special structure of the F of a point 
charge can be used to reduce the algebraic complexity. 


The Energy-Momentum Forms of the Field of a Point Charge (2.3.16) 
With the rules (1.2.18), 7, can be rewritten 
ey 
oS (Gey = sh APS hee OES Oy rk: 


Our F is of the form 





Fa <3)x = Dorn, v=zZ 3 nd; n = (x =z), 
Ar 


and so the invariants are 





n> = 0, Calo 1, Ye =e = ( 


(use 27 = —1 and (2|z) = 0). To calculate 7, we need the equations 
oan Ha) = ii, Aw SOA = on 1,0 
and 
beat A A= uno) = n,nv? — v<n|v)>). 


By substituting for the scalar product, one finds that 


gr i ea =, 2 Pix 22) 
BEE (&) <2|x — 2) 1c = 2) a re | Ze ) ) 


+ Zee 2), 2) 2g Ne = Zu, 2)2,) 


1+ <Z|x-—z & 
Gi = +2. 








Remarks (2.3.17) 


1. We have only used F“, which corresponds to the initial condition F" = 0. 

2. The terms that contain 7 quadratically are recognizable as the 7, of 
F®. At large distances they would dominate, as they decrease as Vinee 
The contribution from F® goes as 1/r*, and the mixed term as 1/r?. 
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3. The structure of 7, shows T,, = T;, and T,* = 0. 


Poynting’s vector “; = [E x B]; is useful for visualizing how the field 
energy flows. This can best be understood by returning to the representative 


Examples (2.3.18) 


1. Uniform motion. In cylindrical coordinates, F of the form given in (2.3.11; 
2), paragraph (iv), makes Poynting’s vector 

EN. pv(l — v2) 

An) [oq = 0 +l =e 

The streamlines of energy are circles p? + (x — vt)? = R* around the 

(simultaneous, not retarded) position of the charge vt. The field energy 

flows toward the future positions of the charge, in other words, along with 


the charge. (See Figure 28.) 
2. Uniform acceleration. From (2.3.11; 2), 


—x, + vt, 0). 





Car ae Za) = 


e 


S pt UN ee se 
(Fe) = ae a 3 3 1X%ıP, Po + aa 5 
rn + p? 
ar 


in the notation used above. The streamlines are again circles, p? + 


(x, — /R? + t? + 1)? = R?, but as the radius R increases, the center 
of the circle moves ahead of the position of the charge. This makes the 
flow of energy point more and more outward as p increases with fixed x, 
(Figure 28); this occurs because E has a stronger component in the 
direction of the motion. 

3. A rotating charge in the dipole limit. With (2.3.15), we get 


2 
fines ee G = (::*) = ane — sin? 3cos?(w(r — t) — g)) 


in polar coordinates. The energy flows radially outward, and the flow is 
strongest perpendicular to the direction of the acceleration at the retarded 
time. 





uniform motion uniform acceleration 


Figure 28 Streamlines of the energy 
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Remarks (2.3.19) 


ie 


If we return to the case of uniform motion at the velocity +v joined to 
hyperbolic motion, then we have to add the streamlines of Examples 
1 and 2. In the spherical shell 


v 2 1 En 85 v : 
Sa ees ee 
1—v Ween l= 
we would obtain an increased flow of energy outwards. 
Opinions differ as to whether a charge in hyperbolic motion emits 
radiation, owing to the different possible definitions made when posing 
global questions like that of radiation to infinity. In §3.4 a local definition 
will be introduced, using the reaction of the radiation on the charge. At 


this point we summarize the facts supporting the various opinions, and 
leave the reader to make up his own mind: 


(a) Max, || falls off only as 1/p?. 

(b) Expressions like Ik dS - f(t = R), where K is a sphere of radius R 
centered on the position of the particle, tend to positive values as 
Rx. 

(c) Allthe streamlines are closed, and none of them run to infinity. 





Since the field equations are linear, the spectral distribution of the sources 


is inherited by the field. We therefore end this section with a brief discussion 
ofthe 


Fourier Decomposition of the Current of a Point Charge (2.3.20) 


Jk) = [atx EAE BG) — e | ds Eigen ee, 


Examples (2.3.21) 


i 


The sudden acceleration of a charge, 


ZH) z= ———(1,W 
V 


2(s) = 


I 
is if s<0, =) 


The distribution J,(k) turns out to be 





= 2 Z 
> . li a ed > a h 
ae we eae +i ld = A 
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Consequently, 

(i) if ¢=2, then J,(k) = e2nz,(<k|Z>), and if v=o =0, J,(k) is thus 
~ (k°). 

(ii) The use of this J(k) in (2.2.23), although it does not satisfy the assump- 
tions needed to justify that formula, produces 


4 


d k N a ¢ 
Po) Pos) Se 5 ölk?)k"O(k®) 


. 2 
> Z 


Zik»  <ZIk) 


It might at first be thought that (2.2.19) could not be used for a point 
charge, since the field at the position of the particle, and hence also 
F'*' a *J, is infinite. As we shall learn in §2.4, however, F™* A *J remains 
finite, and so under the right circumstances (2.2.23) is also applicable to 
point particles. It should furthermore be no surprise that the integral 
diverges for large |k|, as 2, and consequently also F‘’, become infinite 
for this motion. It can be hoped that if the acceleration were made gentler 
during a time t, the integrand could be suppressed for |k| > 1/t, allowing 
the integral to converge, while not essentially changing J for |k| < Iyr. 
With this motive, let us leave the integral as it is, but rewrite it by using 
the continuity equation for current, 











This brings the spatial components J, of J that are perpendicular to k 
into play: If k* = 0, then 





Defining w = v/(1 — |v| cos 9), 9 = x(k, v), and defining W analogously, 
makes the energy loss 





F R ‚[ dk |w— wii 

IRRE | Qnp2|kP 
If |v| and |¥| <1, then |w — wi? = |v — v|[? — <k|v — ¥)2/|k|?, and 
thus the maximum occurs for kLv — v; for wave-vectors perpendicular 
to the acceleration there is enhancement. For relativistic motion, the 
denominators | — vcos § and 1 — bcos 9 strongly favor the directions 
of v and v(see Problem 3). The frequency distribution has the characteristic 
spectrum d°*k/|k|* ~ dk of bremsstrahlung; the same energy is radiated in 
every frequency interval. 

2. A rotating charge. Whereas the field of a Hertz dipole (2.3.15) is purely 
harmonic in time, the fields of charges rotating in circles with finite radii 
also exhibit higher harmonic frequencies. Thus it comes about that 
highly energetic electrons in a magnetic field emit a characteristic x-ray 
spectrum. Let us calculate the energy emitted at a given harmonic 
frequency. 
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A formula analogous to (2.2.23) can be derived (Problem 7) for the energy 
lost per period w by a current with periodic time-dependence. The only 
essential change is the definition of J, as we now use a Fourier series in time: 


2n/@ 


= 100 
J*(no, k) = 5 { det “gd xeqo s(x), neZ. (2.3.22) 


0 R3 


There results 





Qn ms d’k x 
(=) iad = (2r)° 270(|k|? — (n@)*)nw 


- JP(no, k)J 4( —nw, —k). (2.3.23) 


If the current (2.3.14) is written as 


Fre e | ds 2°(s)ö*(x — z(s)) 
= e(l, -v sin wt, v cos wt, 0)d3(x — z(t)), 
then 
; BE Seen 
J(nw, k) = ew = en “1, —v sin wt, v cos wt, 0). (2.3.24) 
o 2 


Since the radiation is concentrated in the plane of motion within a sector of 
opening angle ~/1/v — 1 (Problem 3), it is interesting to calculate the 
frequency distribution for k in the plane of motion, let us say in the x,- 
direction. According to the argument in the preceding example, only J' 
contributes to the energy loss. The integral (2.3.24) becomes a Bessel function 


2n/@ dt 


J (no, 0, nw, 0) = —ewv [ >: sin creer vine) = —_ jeR)/(nv). 


0 


2355 


To discuss this result, it is necessary to distinguish the cases nv < | and 
nv > 1. In the former case, one can use the well-known expansion ([20], 
cf. (3.4.3) and (3.4.4)): 
1 mw\" 3 

= — _|— 1+0 a) 2.3.20 

OD rey (3) (1 + O((nv)?)) (2.3.26) 
This shows that the frequency distribution of (2.3.23) is ~(nv)?"/[(n — MN 
which has a strong maximum at n = 1 ifv < 1. Ifv = 1, the simple formula 


2/3 


2/3 


J,(n) > 


(see [20], 9.4.43) could be used, and the spectrum would be n2|J |? ~ n?/, 
Since v < 1, however, this formula is not valid for high n, and the better 
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asymptotic formula, 


IL = u An ee) 
su) > = = ( aE 2/3 


n 





ME pep! {= ZENSUR 
ee . Re = 
vol 


1 
» 3137) 


a 1 = 3/2 
zi/4, (2/3)z 


2/n 


as z>0 (2.3.27) 


Ai’(z) 
as 29% 


must be resorted to. This modifies the spectrum to 
nexp (—4n(1 — v?)?’?) 


for n?'?(1 — v?) > 1. Therefore the spectrum has its maximum at n ~ 
(1 — v?)"?/? = y?, after which it decreases exponentially. 


Remark (2.3.28) 


3 can be understood as follows: 


The reason that the maximum is at ~y 
An observer O first sees the light that is emitted in an angular interval ~~ '. 
(See Figure 29.) Since the beam of radiation sweeps just barely ahead of the 


charge, the light arrives at O within a time interval 


At=(1—v)y '‘R~y3R 
(if v > 1), and hence 





Figure 29 Radiation from relativistic motion in a circle 
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Problems (2.3.29) 


1. Substitute from (2.3.12) into the expression for F'“. 


2. Calculate the field and Poynting’s vector Y for a charge moving in a straight line at 
the speed of light. 


3. Calculate the energy distribution Tu, of the radiation of a fast-moving charge 
[2(so) = 1/,/1 — v? (1,0, 0, v), z(so) = 0] in the far zone at x? = Oand 





(a) longitudinal acceleration (Z(so) > (v, 0, 0, 1)); and 
(b) transverse acceleration (2(sg) ~ (0, 0, 1, 0)). 


At what angle, in the usual polar coordinates, is the maximum as v > 1? 


4. Calculate |,-. 77 for the field of a uniformly moving point charge (2.3.11; 1). Use 





X = (x,/\/1 — v?, x2, x3) as the integration variables, and define the classical 
radius of the electron by the divergent integral 


l ik dax 


Ie 2 felt 
Show that this destroys the vector transformation property of (1.3.37; 5). How come? 
5. Show that 
. ed? (x, + vt — d, p, —vp)O((p? + 1)d/2 — x, — vt) 
a Am [(x, + ot — dy? + p? 42” 
ee 2p 
 4ni+top 








5 A(t + x1)(0, 1, — 1), 


5 


where d = \/1 — v2. 


6. Calculate j(x) = |,- 7 d’x D’*(x — x)Jo(x) from (2.2.10; 2) for a point charge, and 
take the limit as T > © of j for hyperbolic motion. 


7. Calculate P°(2z/w) — P°(0) for a J that depends on time periodically, by using the 
Fourier series (2.3.22). 


Solutions (2.3.30) 
1. (x? + 1)/2<2|x>)z — z = —(2/€)(x,, t, 0, 0). 


—8 
Fret = eB 0 ie, (Oh 0) 





ex) ’ We? =x An 


Spas x,(t? —xi + p?+1)-té ie 
A Xa Xa} 7 

n 
Using x - dx = x, dx, + p dp, we find (2.3.13). 


2. The limit as v > 1 of the fields of (2.3.11; 1) is 


e 1 
(E,, | dpe E,) == Ir (x 5 DA i 193 
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and this satisfies dF = J with 
J = ed(x — t)d(y)d(z)(, 1, 0, 0) = lim ed(x — vt)d(y)d(z) (1, v, 0, 0). 


vol 


¥ points in the direction x,, but because of the factor 67, this infinitely Lorentz- 
contracted field has an infinite energy-momentum density. 


(1 — v2)* sin? 9 : Il. m 
3. (a) or > Ona oe! Ee. 


r2(1 — vcos 9)°’ v 


en) 


r(1 — vos 9)6 [1 — vcos 9)? — (1 — v?)sin? 9 sin? E)]. 





(b) Too ~ 





4. 1+v°/31 4/3 1 
(m [a= / „re | 7% = OU = 


2 
Ip, an 


The condition that 6.7% = 0, used in the derivation of the transformation law, is 
violated at the origin. Even adding a t* for the particle will not avoid the problem, as 
P* equals (m/./1 — v2, mv/./1 — v?). Thus 6(7% + 1”) is only formally zero (cf. 
(swore and (Qa lsa7))s 





5. If x; # t, then the three components approach zero; on the other hand, with « = 
(x + vt)/d — 1, 


{hi dt do ) ie + p?)/2—x, dt d? 
al er dr, [(x, + ot — d)? + p? d?]”? 








“ney dx 
ie 2 213/2 
D iw este") 


1 x (e2—1)/2 


35 vp? (a? + p2)"? 











x 








1 2] 2 
oo, (: $F = = : 
vp? p> +1 1+ p? 
6. If zis the point at which the world-line z(s) crosses the hypersurface at t = — T, then 
any Se 2\Q(y0 0 
= a OZ) JOO S27) 
TT 
If the motion is hyperbolic, 


=v 1 
2=( ——— | 0,0), 


Jl-—v? S/l—-ov 





andasv—|, 


Ox? el = 2 Zz) n/t ee l=) sO. 
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7. Substituting the Fourier series 
3 


ae 
I)=% | ~ * Fine, k)e'®‘x non 


nez (22)? 


into the integral 


P°(2n/@) — PP(0) 


| RT 
O<I<2n/o 


a 
d*xJ®(x) | ax ICH u D(x = &) 
m/w R’ ex? 


“0 <i<2n/ 


Ö 


J g(x) ayo D(x s) 





and using (2.2.4) and (2.2.5) yields 


i(k X — nwt) 


e 


kes 
I*x pt Ne = x)J° RE N? IE fi D, k rn RENTE : 
| : a (2x)? un |k|? —- (no + ie)? 


iat 
neZ © 


Then, finally, 





‘Qn d’k > 2 
po(— — P90) = ¥ | 276 (|k|? — (nw)*)nwJ*(no, k)J,(-no, —k). 
n21 


© GE 


2.4 Radiative Reaction 


The radiation of electromagnetic energy causes a reactive force on a 
charge. The calculation of this force for point particles is tricky, as it 
involves divergent integrals. 


The product of J and F appears in the Lorentz force (1.3.24), but it is not well 
defined for a point particle, since the field is singular at the particle’s position. 
Let us first look into the less problematical matter of the energy-momentum 
of the emitted radiation, as we slowly work up to the infinities in the equation 
for the total energy and momentum. 

The starting point is Stokes’s theorem for the electromagnetic energy- 


momentum forms: 
| HOG = i IB (2.4.1) 
N aN 


We choose N as the four-dimensional region bounded by the light-cones 
L, = {xe R*: (x — 2(8,))* = 0, x° > 2°s,)} 
L, = {xe R*: (x — z(s,))? = 0, x° > 2%s2)} 
and the cylinder 
K = {xe R*: (x - 2(s,))? + <2(s1)|x — 266? = R’}, 
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Figure 30 The hypersurface used for CN in (2.4.1) 


in order to be able to follow the radiation as it goes to infinity (Figure 30). 
We first calculate the part of (2.4.1) coming from the piece of ON contained 
in K. For this purpose R may be increased to ©, andds=s, — s; > 0; 
the result has the interpretation of the amount of energy-momentum that 
is lost by the charge between s, and s, + ds and escapes to infinity. In this 
limit fayax *7 „ consists only of the contribution of F® to 7, (cf. (2.3.16)) 


Ta» _ een Ned 5 Z Ian! 
T® = (<) CZ = Zp =o = 248 = 3) h 


the integral of this is asymptotically independent of R, while the other terms 
all have higher powers of R in the denominator. The external surface ON AK 
has a height ds above KNL,, and in the limit as ds > 0, we need to know 
*7 , only on K 1 L,. If we write x — z = R(z +n), ne E,, on that surface 
(see Figure 31), then from xe KO L,: 


0 = R~*(x — z)? = —1 + 2¢2z|n> + nr? 
and 
1 = R*{(x — 2)? + <2|x — z)?} = (-1 4+ <z|n))? 
it follows that n? = 1 and <z|n> = 0, and hence that 
—<2|x = 2) = R and En 2 = RK2Z| nd. 
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Figure 31 The quantities introduced for the evaluation of (2.4.1) 


Consequently, 


nn Be. EEE EN 
49 |.) Er mG, + ne = zn RE =; 


where n varies over the spatial unit sphere in K 4 L,o. The 3-form *(z + n) 
acts in the integral | *7, as R* ds dQ, (dQ is the element of solid angle on 
the unit sphere). By symmetry, all odd powers of n, and hence the part 
containing n,, drop out of the integral | *.7,. By taking the average over 
the unit sphere we simply replace <2|n>? with 27/3, and in this limit we obtain 


Larmor’s Formula (2.4.2) 


Remarks (2.4.3) 


1. Formula (2.4.2) is the covariant generalization of (1.1.8) for the loss of 
energy-momentum. 
2. In the rest frame 2(s,) = (1, 0, 0, 0) only energy is lost, and 
NSS 2 22 
df 4030 
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Figure 32. How N is allowed to increase in (2.4.3: 3) 


3. The reason Jay,x *7 „is asymptotically independent of R for large R 1S 
that |,, *7% vanishes, because *(x — z),,,=0 (Problem 1). (See 
Figure 32.) 


Since the equation d*.7, = 0 is valid away from the world-line z(s), 
| ney) = | #78 = | te) = fe ae a 
Kı K2 Lı 


Examples (2.4.4) 





1. Hyperbolic motion. If 


z(s) = a '(Sinh as, 0,0, Cosh as) and 2(s) = (Cosh as, 0, 0, Sinh as), 
then 
dB toe 


epee 
—=--— 24. 
ds 2 An 


The energy contained in the radiation field always increases, while mo- 
mentum is transferred to it in the negative z-direction when s < 0, and 
in the positive z-direction when s > 0. Therefore the charge always 
radiates forward along its direction of motion. 

2. Synchrotron radiation. With the current ofa rotating charge (2.3.14), 


z = ———— (|, —vsin wt, v cos wt, 0), 
1 — v? 


ee, 
zz Te (0, cos wt, sin wt, 0), 
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where w = v/R. As a consequence, SE, the energy loss per period - ?r, is 
ae e? v2 


30m "on (1-02 


If we use the value e?/4rh = 745, this is ~ wh(v?/200)(E/m)*. So long as 
E/m ~ 1, the charge clearly needs to undergo more than 200 revolutions 
to give off a quantum at the ground-state frequency. If v > 1, the rate of 
energy loss increases rapidly; for, e.g., 5 GeV electrons, (E/m)* ~ 10'°. 
Accordingly, fast electrons moving in a circle lose quite a bit of energy in 
the form of synchrotron radiation. 


Although 7 does not contribute to the integral over the light-cones 
L, and L, in the calculation of the right side of (2.4.1), the other terms in 
TI „have infinite integrals! They decrease asr * andr *, which diverge when 
integrated over all space. In order to isolate the causes of the problem, we 
write 


d*F „= (FR +48 + Art + FY) AR (2.4.5) 


(cf. (2.2.21)). The first term is the Lorentz force from the incoming field, and 
causes no trouble. We discovered that if the current in (2.2.21) had compact 
support, then aside from F'" only the radiation field F™* contributes to the 
loss of energy-momentum in the limit of infinite times. For this reason, we 
next evaluate the contribution of F"“ to the left side of (2.4.1) for the point 
charge. It will turn out that this term is finite, and all the difficulties stem from 
the last term. 

Since J is supported on z(s), we must evaluate F™4 on the world-line of the 
charge. After some simple algebra (Problem 2), we can write the radiation 
field as 


oo d a u 
Fig(x) =e [ : ds D(x — 2(s)) a ees - (ao n| (2.4.6) 


We wish now to let x carefully approach some point of the world-line, say 
z(0). To do this, we expand the integrand of (2.4.6) about s = 0: 


2 3 
As) — z(0) = st ee z= (0), etc. 
52 
H)=2+ Et zit... (2.4.7) 


and call x — z(0) = A. In order that x stay between the retarded time and the 

advanced time (Figure 33), let <2|A> = 0 thus A is spacelike as it approaches 

0. Since 

(x?) 
2n 





D(x) = (O(x°) — O(—x°)) 
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Figure 33 The limit A > 0 


and 


eae 
(x — 2(s))? = ( — sz — 2) + O(s*) = A? — ZU + (AlZD) + 068°), 





2 
if A > 0, then 
Du 
Dox = x) = E00) - 0-9) = 2,66 - 4) - 6 + A) 
A= (AlAy!?>0. (2.4.8) 
If the rest of the integrand of (2.4.6) is also a abouts = 0, 
[ ]= “ + A(A) + sB(A) ee Ci) 
(2.4.9) 
d N(A 
ee = 4 + sC(A), 


then as A > 0, (2.4.6) becomes equal to 


: ni (4 [ ler <0 Ise-a) = 220) 


ae er 
Substitution of the series (2.4.7) reveals that 
C(O) = 4,2, — Z,2,), 


with which we obtain a formula for the 


Radiation Field on the World-Line (2.4.10) 


1 Fra z(5)) = = 3(s) A 36). 
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Remarks (2.4.11) 
1. The radiation field is purely electric in the rest-frame of the particle: 


4(E™ ae | Dianna = zZ, 4(B™ fm B**’) =), 


Wry 


e 

4n 

2. In the result (2.4.10) it is understood that the term —2/r in E of (2.3.9) 
contributes the limit 


lim 


r>0 





-Us-r)+Zs+tr) .” 
=% 
Dr 


foe, 

When averaged over space, (x(x-%))/r°> in like manner contributes 
— 2/3, and the Coulomb field of the near zone and the magnetic field 
disappear from (2.3.9). Formula (2.4.10) should a priori be averaged 
over the different possible directions from which z(s) is approached, but 
we have noted above that it is independent of the direction of A provided 
that<zlA> =D. 


If we use (2.4.10) in Equation (2.4.5), and conclude from <z|zZ> = 0 
that <2|2> = —2?, then we get a formula for the 


Energy and Momentum Lost to the Radiation Field (2.4.12) 


2 


dPy? —-d ae ee ape ea ee 
| ur" = SHOP HMO) = 5 a2? - 2) 


ds  2ds 





Remarks (2.4.13) 


1. The limit ds > 0 is understood in (2.4.12), and N, contains the part of z(s) 
between s and s + ds; thus on the right side the derivative of z is taken at 
the proper time s. 

2. The first term on the right is precisely the energy-momentum vector that 
flows to infinity (2.4.2). It would not be possible for this term to be the 
whole energy-momentum exchange, because e2%z’F%%* must equal zero 
and not — (e?/6n)Z?. The deficiency is made up by the second term. 

3. Although the first term has a definite sign because 2° > 0, and represents 
an irretrievable loss of energy, the second is a total differential and con- 
tributes nothing to an integral by ds, provided that the initial value of Z 
is returned to at the end. This vector represents retrievable energy- 
momentum stored in the near zone, and for that reason it is not present 
at infinity. 
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4. In the rest-frame 2 = (1, 0, 0, 0), 2 is (0,2), and 2 + (2/2) = O> 2 = (2’, 2). 
The two terms in the energy loss cancel out, as the particle has no energy 
to lose. An accelerated particle that is momentarily at rest borrows the 
energy that it radiates from the field in the near zone. 

5. If 2 = (1/,/1 — v?, v/./1 — v?), then the z* term of the reaction on the 
charge acts like a frictional force retarding v, while the term with z tends 
to increase the acceleration of the particle. This leads to all sorts of 
paradoxical consequences, which we shall return to after having discussed 
the remaining contribution ~ F™* + F**”. 


Examples (2.4.14) 


1. By taking more derivatives in Example (2.4.4; 1), 


2(s) = a(Sinh as, 0, 0, Cosh as) 
2(s) = a*(Cosh as, 0, 0, Sinh as), 


we see that the two terms of (2.4.12) exactly cancel, and dP™*/ds = 0. A 
charge in hyperbolic motion radiates on credit; the energy is not supplied 
by the particle, but comes from the near zone. Of course, the debt must be 
repaid later, once the acceleration stops. For example, if the charge is 
accelerated from rest to the velocity v = Tanh aso, 


2(s) = O(—s)(1, 0, 0, 0) + O(s)O(sq — s)(Cosh as, 0, 0, Sinh as) 


= v2 ai — py? 


1 . 
+ @s — 5p) 4: 0,0, 4): 


and then 
2(s) = O(s)O(s, — s)a(Sinh as, 0, 0, Cosh as), 
2(s) = s)O(so — s)a?(Cosh as, 0, 0, Sinh as) + 6(s)(0, 0, 0, 1) 


v 1 
~i(s —s ‘erect 0, 0, |) 
0 /1 + v2 wit iz v2 


Hence 


22? — Z = —06(s)(0, 0,0, 1) + Hs — s0)( ams, 0, 0, ==} 
al =o 1 — v? 
The force on the particle is the negative of the rate of change of the energy- 
momentum of the field. At first the particle feels a jolt in the direction of 
the acceleration from F"*, and later the radiation force operates in the 
opposite direction, and F'" has to pay the energy bill. 
2. For the rotating charge of (2.4.4; 2), 


v> 


a Rd 0 (0, sin wt, —cos wt, 0). 
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The second term of (2.4.12) causes no additional loss of energy in this 
case, but it does intensify the braking action of the first term, opposing 
the velocity of the charge: 


3 

EIER v” 

I == RU 27533 (v, —sin wt, cos ot, 0). 
— U” Dr 





The calculation of the last term of (2.4.5) is simply a matter of replacing 
the difference appearing in (2.4.8) with a sum: 


D'*(x — z(s)) + D**(x — z(s)) = —— (öls — A) + öls + A)). (2.4.15) 


Hence the expansion (2.4.9) results in a contribution —N(A)/A? + B(A)/A, 
where 


2,4, a ZA, 
DZ 


And not only is N(A)/A? divergent as A — 0, but it also depends on the direction 
of A: If no direction has been singled out in Minkowski space, then the net 
result must be ~z,2, — 2,2, and the coefficient goes as 1/A for dimensional 
reasons. Actually the next term B(0) is (2,2, — 2g2,)/2 independently of the 
direction of A. Normally only the latter term is retained while N is swept under 
the rug by some averaging procedure; by this hocus-pocus, 


N(A) = 


FT + F*9")(z(s)) = ay ea (2.4.16) 
4n eae! 

Equation (2.4.16) is not very well defined, but at any rate the numerical factor 
c is positive when calculated in this way. Then attempts are made to argue 
away the resulting indeterminacy in the radiative reaction of the field along 
the following lines: Suppose that the three contributions of (2.4.5) are com- 
bined and set equal to minus the rate of change of the energy-momentum of 
a particle of mass m, during the time ds. Then there results 


2 





2 ET ee 2 
Mo Zp => Co aß => 2,3 &2 — Zp) a ömz,, 3 m 
öm = lim = - 

me ao Ani 


Next one calls m = m, + 6m (“ mass-renormalization”) and smugly solves 
the 


Renormalized Equation of Motion (2.4.18) 


2 
ee) 
ß 2B re 8) 
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Remarks (2.4.19) 


1. The mass m is clearly what would be measured by the inertia of the particle 
in an external field. In (2.4.18) there are no apparent infinities. 

2. It may seem peculiar that in a theory that is invariant under reversal of 
the motion, something so obviously not invariant under motion reversal 
as the radiative reaction force should occur. It arises because of the use of 
F'" and D'“'; it gets its sign from the initial conditions, and would have the 
opposite sign if F°" and D**” were used. By using (D’“ + D**’)/2, one can 
even find stationary solutions of the relativistic two-body problem [23] 
for which nothing at all is radiated. If the system has a finite energy one 
finds radiation damping for > +o. 

3. When discussing (2.2.21) we learned that for currents with compact 
support the total energy-momentum vector transmitted to the field 
originates in the Lorentz force with F"*. This result is carried over to 
point particles in (2.4.16), and it can be seen that (F™' + F**")/2 simply 
contributes 6m(Z(00) — 2(—00)), which is the change of the energy- 
momentum of the self-field attached to the particle. 

4. The self-field is eliminated in (2.4.18), and only the particle’s coordinates 
appear. To solve the initial-value problem of the total system, z, 2, F and 
*F must all be known at some time. One might therefore expect that the 
elimination of F would render it necessary to take the whole previous 
history, z(s) for s < 0, into account. In fact, the only extra quantity that 
shows up in the limit of a point particle is 7, and the solution manifold of 
the Cauchy problem is only increased by dependence on the three param- 
eters Z. But even so, the physically acceptable solution manifold will turn 
out to be of a lower dimension. 

5. The question arises of why we did not circumvent the difficulties connected 
with point particles by using charges spread over some positive volume. 
Unfortunately, it is not easy to obtain a theory in this way that has local 
conservation of energy and momentum (cf. (1.3.25; 2)). 

6. The result (2.4.18) can be explained as follows: The field of a point charge 
has an infinite energy, 


| 2 7 
5 [UEP + 1819 > «. 


and since the particle carries this energy along with it, it is subjected to an 
infinite mass increase 6m by Einstein’s principle that energy is mass. In 
order that m remain finite, it is necessary to start with an infinite negative 
“bare” mass mo, obviously a dangerous undertaking. The field E® = 
— eZ/r Causes a reverse acceleration, that is, a braking. This quantity was 
decomposed above into an infinite term —dmzZ and +2. The positive sign 
of the latter part comes from the use of D’“: The particle feels the field 
that was produced a short time beforehand, and if the contribution — dmz 
from (D'“' + D**")/2 is subtracted, the net force is in the direction of the 
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positive rate of change of the acceleration. This tends to make the particle 
fly on ahead, if the braking term is compensated for to a large extent by an 
infinite negative inertia. If a particle is accelerated so quickly that the 
“acceleration force” 2 is as large as the braking terms 22? and 2, then 
the particle takes off under its own steam. 


Unfortunately, mathematics can not be fooled by such simple tricks; 
the difficulties that were swept under the rug show up later as all sorts of 
paradoxical consequences of Equation (2.4.18). 


Examples (2.4.20) 


1. The run-away solution: 


2 =, (Gash)cg ae 1, Sink|eyae? "0; 0), 
T= >—, a arbitrary, 


solves (2.4.18) with F'" = 0 (Problem 3). The charge suddenly begins to 
run away (7, ~ 10 2° seconds for electrons). Since Z*= ae” it 
radiates a tremendous amount of energy; this is consistent with conserva- 
tion of energy because on the one hand an acceleration takes energy away 
from a particle with a negative mass m,, and on the other hand there is 
always energy to be tapped from the infinite reservoir of self-energy and 
pumped into the far zone. 

2. A well aimed shot can bring the flight of the particle to a stop. If F'" is 
such that 


eE,(z) = mat, Cosh[t,a]ö(z° — z°), 
then (2.4.18) has the solution 


2(s) = ©(-s)(Cosh[ t, ae’ ], Sinh[t, ae” '°], 0, 0) 
+ ©(s)(Cosh[t, a], Sinh[t, a], 0, 0) 


if z3(0) = z,(0), 0 = —27(0) = 27(0) (Problem 3). Such behavior is often 
felt to be acausal, because the particle starts to accelerate before it is 
brought to its senses by the pulse from F'" (Figure 34). 


Remark (2.4.21) 


Not all the solutions of (2.4.18) are crazy (see Problem 4). Attempts have 
been made to separate sense from nonsense by imposing special initial con- 
ditions (cf. [24]). It is to be hoped that some day the real solution of the 
problem of the charge-field interaction will look different, and the equations 
describing nature will not be so highly unstable that the balancing act can 
only succeed by having the system correctly prepared ahead of time by a 
convenient coincidence. 
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zZ = constant 


pulse 





preacceleration 


Figure 34 Motion with preacceleration 


Problems (2.4.22) 

l. Verify the claim made in (2.4.3; 3) that *(x — zZ), = 0. 

2. Derive (2.4.6). 

3. Show that the 2’s of Examples (2.4.20; 1) and (2.4.20: 2) solve (2.4.18). 
4 


. Solve (2.4.18) for F'" a constant electric field in the x,-direction and no magnetic field. 
Use the ansatz 2(s) = (Cosh a(s), Sinh «(s), 0, 0). Compare with (I: 5.2.19; 3) and 
(2.4.20; 1). 


Solutions (2.4.23) 
1. Let z(s)= 0: r,,, = tip, > dri,, = dt),,. Hence 

*x = x-*dx — ¢*dt = r*dr — t*dt =r dQ a dt —tdQ nA dr: "x, = 0. 
2. Let y = (X — z(s))?. Then 


dy ds d 


Au) = —e [ as: Eee 35 D(y)= -—e fas D(X — z(s)) - d 2,(s)(X — 2(5)) 


ds <2z(s)|X — z(s)) 





3. We shall verify Example (2.4.21; 2), and the solution of (2.4.20; 1) will appear as a 
by-product. 


2 = ©(-s)ae”"(Sinh[ ], Cosh[ J, 0, 0) 
= = @(—s)a7e?*"°(Cosh{ ], Sinh[ J, 0,0) + 3/to 
— 0(s)a(Sinh t, a, Cosh t, a, 0, 0) 
22? — ¥ = —2/t) + 0(s)a(Sinh t,a, Cosh Ta, 0, 0). 
Now, 





se ö(s) 


z’(s) — 2’(s)) = 70 ao Gan. a 
10) 


and hence ez*F 3} = ö(s) ma to(—Sinh To a, Cosh Ty a, 0, 0) and mig = ez*F i — 
mto(2g2? =I 5): 
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2 = o(Sinh w, Cosh w, 0, 0), = 02 
3 = @?(Cosh w, Sinh w, 0,0) + ö(Sinh w, Cosh w, 0, 0), 
—22? + Z= @(Sinh w, Cosh o@, 0, 0). 


Equation (2.4.18) requires that © = E/m + t)@, which implies that 
E 
w(s)=a+—s4+ctoe™, 
m 


where a and c are constants of integration. Only if c = 0, that is, for the special 
initial condition 2(0)* = E?/m?, is there no self-acceleration. 


The Field in the Presence 
of Conductors 





3.1 The Superconductor 


The superconductor is a simple model of a coupled system of equations 
for charged matter and an electromagnetic field. As a perfect con- 
ductor and diamagnet it excludes all electric and magnetic fields from 
its interior. 


Realistic situations do not very closely resemble the idealization discussed in 
the preceding chapter, where the charge distribution is prescribed. The field 
in turn influences the motion of the charges, so it would be more correct to 
analyze the coupled system. For a point-particle the analysis is subject to 
the difficulties encountered in §2.4. Moreover, the charge-carriers in matter, 
electrons and atomic nuclei, are governed by the laws of quantum mechanics, 
and their motion is a very complicated many-body problem. Every phenom- 
enological description of matter is of necessity either highly idealized or else 
so general as to contain little information. Notwithstanding that objection, in 
order to formulate the ideas of this chapter mathematically, we shall single 
out one of the many models for a superconductor, which can be cast in 
a simple mathematical form. It is good enough for our purposes, as we shall 
always consider an extreme case in the examples, for which the charge- 
carriers in matter are numerous and move about freely. By responding 
instantaneously to any applied field, they cause the net field within the 
material to disappear entirely. Later, when we treat the gravitational inter- 
action, this model will serve as our prototype of charged matter. 
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London’s Equations (3.1.1) 


Consider the hydrodynamic equations of an incompressible, charged, friction- 
less fluid in an electromagnetic field, calling the velocity field v(x, r): 





SE ae ee WectE+ivy<B). G12) 
= = x x he . ol. 
dt ot 2 m 
Then from the equation V x E = —B results the generalization of Helm- 


holtz’s circulation theorem, 
w=Vx{[vxw], where w=Vxv+—B. 613) 
m 


Therefore, if w is zero at any time, it is always zero. This means that the curl 
of v arises only from the vortices created when B is switched on (cf. I: §5.4), 
and the equations simplify to 





OV > e 
ve 
Ct e 2 m 
(3.1.4) 
Wnty sa aR; 
m 
If one now writes 
———— 5 (3.1.5) 
leat 1-v 
and if p is constant, then 
2 
pe 
Ina Jap = — Fag (3.1:6) 


to an accuracy of order v? < 1. This equation together with Maxwell’s 
equations will be the foundation of our model. It admits a coordinate- 
independent formulation, 


f= —, OF =J+j. (3.1.7) 


Remarks (3.1.8) 


1. The current j consists of charges not participating in the superconductive 
current J. We shall take j as given, and assume that öj = 0; then (3.1.7) 
implies that dF = oJ = 0. ® 

2. We shall ignore the heuristic derivation to the point of not requiring that 
<J|J> = —e*p?, which follows from (3.1.5). 
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3. For the present, p is regarded as a constant, known as the density of the 
superconducting electrons. There will later be a discussion of the variable 


p. 
4. Equation (3.1.7) shows that the manifold is not provided with any 
additional structure; for instance, there is no distinguished rest-frame. 


The Integral Form of the Equations (3.1.9) 


If F = dA, then (3.1.6) is equivalent to 


2 
| v-%4) 20 . Me 
ON; m 


Two important special cases are 


(i) N ={t=z=0,x? + y? < R?*}: 


2 2 
| ds-J = ds,Aj = - dS -B, 
x2+y2=R? 


m x2+y2=R2 m x2+y2<R2 


i.e., the current circulates in proportion to the magnetic flux (cf. Remark 
(1: 5.1.10; 1), with A, equal to minus the vector potential). 
WINE ezeln Ser 


2 tz 
| dx Je— | dx J, = | dt dx E,. 
t=12 t=tı m tı 


The rate of change of the superconductive current is given by the integral 
over the electric field. 


The Elimination of the Superconductive Current (3.1.10) 


From (3.1.7) we get a second-order equation for F, 


pe | 
-A+—-|IF = -d). 
( + = Jr dj (3:41) 
The solution of (3.1.11) requres a Green function satisfying 
e? 
(-s = eS Jor ae (3.1.12) 


with which 


F(%) = F*(x) — i GEA dj, 


; (3.1.13) 
(-a I er" =o 
m 
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We have assumed that j decreases sufficiently fast at infinity, so that the in- 
tegrals can extend over the whole manifold as in (2.2.15), without any 
boundary terms. 

In Minkowski space (R*, 7) it is easy to construct a Green function 
satisfying (3.1.12). As in (2.2.3) it has the form 


GE = 206, @ *ePA"(X — x), (3.1.14) 


where 
er: e2p\ ! 
Ax) = On) far eskl= G + =) é (3.125) 
m 


The integration path for k° again passes above the poles at + /|k|? + e?p/m, 
as in Figure 18, in order that A(x) = 0 for x° < |x|. The integral (3.1.15) 
can be expressed in terms of Hankel functions [22], and if A‘ is integrated 
over time, the result is a Yukawa potential, 


—r(pe*/m)1/2 


| as eee (3.1.16) 
A DN Ar 
(Problem 1). If (3.1.13) is written as 

F = Fi" + dat 


323.217) 
A(x) = — | Peart le, 


then in the static limit, 


3 2\ 1/2 
ALU) = -faetgon(- |x — xi (=) Jeo (3.1.18) 


An|x — x| 


Remarks (3.1.19) 


1. A bounded solution ~ exp(i<k|x>) for F" exists only for (k°)* = |k|? + 
pe?/m > pe*/m. The significance of the plasma frequency ./pe?/m is 
evident in the following electrostatic situation: Suppose charges e are 
arrayed along a line at the points nL, ne Z. If one charge is displaced 
slightly from equilibrium by x < L (see Figure 35), then it feels a force 
e?((L + x) ?-(L-x)"?) ~ —e?xL”° from its two nearest neighbors. 
If this is set equal to mx, the equation is oscillatory at the frequency 
(e?p/m)!/?, where we have identified the density p as L~ *. The oscillations 
are associated with solutions having k = 0 and k® = (e?p/m)'”. 


Figure 35 A chain of oscillating charges 
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2. There are no nontrivial static solutions (k° = O)for F”. According to Equa- 
tion (3.1.18), the field of a static charge does not penetrate a superconductor, 
but decreases exponentially within a skin-depth also given by (e’p/m)"'?. 
The cause is the induced current J, which can be calculated from (3.1.7) 
with the boundary condition F'" = 0 and (3.1.18) as 


d?x e- 1X *pe?/m)'? ae 
Bere = (X) — 
a(X) | 4n|x — x| JAX) = 





in the static case; it opposes the original current and completely cancels 
j at large distances: 


(x. = - [ax I, &). 


3. The connection between the Fourier transforms of the external and in- 


duced currents with the appropriate definition of (...)~ * is 


J= 1 aa Be 


Ifk = 0, they are equal and opposite. The 2-form G with Fourier transform 


2 
a Pea ~ 
al Er 
€ (1+ 45) 





satisfies Maxwell’s equations with no superconducting current, 
iG =) OG =jJ. 


Since p is constant, the fields D and H of phenomenological electro- 
dynamics satisfy these same equations, where the factor 1 + pe?/mk? 
corresponds on the one hand to a dielectric constant 

pe? 
mk?’ 


and on the other to a magnetic susceptibility 


e(k) = 1+ D = cE; 


=] 


k?m’ 


be 


x(k) = B=(1+ «JM. 





2 


pe 
Both e(k) and x(k) are Lorentz-invariant and commute as convolution 
operators with translations, but they depend on the frequency, because 
the relationship between F and G is not local. If k = 0, then e = co and 
xk = —1; EandB become zero within the material, as they are shielded in 
a perfect conductor and diamagnet. The theory with the field J does not 
distinguish a rest frame and the velocity of light is unchanged. Thus 
ce=1=ée1+k) and k>—-1 8x. Thus in a Lorentz invariant 
situation charge screening and expulsion of the magnetic field go together. 
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4. In our case G is just the field generated by the current j. In more realistic 
modes the connection between F and G is tensorial and nonlocal, even 
when nonlinear effects are neglected. If 


G(x) = | fas ex), 


then dG # 0 and G no longer satisfies Maxwell’s equations with the 
external current. 


Now that we have a useful system of equations for the field plus the 
charges, let us take the opportunity to study the conservation theorems 
for the total system, by using the 


Lagrangian Formulation (3.1.20) 
If we particularize (3.1.7) by setting 
F=dA, J="(dS+eA), SeE, 
m 


then the Lagrangian 


reproduces Equations (3.1.7) without j. 


Proof 


Making a variation of ¥ as in (2.1.2) yields 


oS d*J (=) 
[0 
e 





of = —6A a [d*F + *J] — d[6A A *F] 
(where 6 is the variation, not the codifferential). Hence the Euler-Lagrange 
equations are 


d*J = 0, hea =]. O 


Remarks (3.1.21) 


1. Even the “superpotential” S must be changed if a gauge transformation is 
made; if Fand J, and consequently Y, are to be invariant under A > A + 
dA, S > S — eA. 

2. It is possible to express J A *J as (d + ieA)p N *(d + ieA)p by use ofa 
complex field ~ = exp(iS). The effect of A in this scheme is to make 
the exterior differential invariant under > explieA(x))p. (See $4.1.) 
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Sy 


The scalar model discussed so far turned out to be of more importance 
in elementary particle physics than in condensed matter physics. It 
showed that in a gauge invariant theory a “mass term” can appear in 
Maxwell’s equations. Exponentially decaying Green functions corre- 
spond in quantum theory to particles with a mass and one stumbling 
block in the unification of weak interactions with electromagnetism was 
that the particles mediating the weak interaction did not seem to be 
massless. In fact, they were now found to be exceedingly heavy which 
is believed to come from their interaction with a scalar field. 


The Energy-Momentum Forms (3.1.22) 


According to Noether’s theorem (2.1.5), the 3-forms 


CES ew m 


FASER LLC I EIS 


Ce 2pe™ 


+ #((i,F) 0 *F — Fa i,*F) + d((i,A)*F) 


are closed for all Killing vector fields v (cf. Definition (2.1.9)). 


Remarks (3.1.23) 


IR 


ws) 


The gauge-dependent term, d((i, 4)*F), has again shown up. Since it is 
exact, the rest of the right side of (3.1.22) must be closed. As will be seen in 
(4.2.9), only that part interacts with the gravitational field, and will be used 
as the energy-momentum tensor. 


. All the generators of the Poincaré group can function as v. However, 


since J is a 1-form, the presence of matter breaks the conformal invariance 
(see (2.1.10; 4)); the skin-depth is a distinguished length. 


. If v is the generator 6, of a translation, then the 3-form (3.1.22) gets a 


contribution t,; dx” from the matter, where 


[xp AG == Jade me NapJ J”). 


The Properties of the Energy-Momentum Tensor of Matter (3.1.24) 


(a) lxp = Epes 


m ; , 
(Dies SB [Jo + |J|“] > 0, and = 0 only if J = 0: 
zpe 


3 


(C) to; = 0 x JoJi, coon = 5 toi’. 


i=1 
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Remarks (3.1.25) 


l. Property (a) follows from Lorentz invariance; but t,* # 0, because of the 
lack of conformal invariance (cf. (2.1.11)). 

2. Since there is the same positivity property as in (2.1.13) for the electro- 
magnetic energy-momentum tensor, the argument of (2.1.16) about the 
uniqueness of the Cauchy problem is still applicable. 

3. A relativistic fluid is described phenomenologically by the field ue E, of 
its four-velocity (<u|u) = —1), its mass-density p, and its pressure p. 
The energy-momentum tensor T,, = (P + p)u,Ug + Pgxp is by con- 
struction diagonal in the rest system (u = (1, 0, 0, 0)) and in no other. 
Its eigenvalues are (pP, p, p, p). By a comparison with (3.1.23; 3) one arrives 
at the identification 

ace ti pee iT 
2 pe 
In normal matter, p ~ the density of kinetic energy ~ 10° !°p, while for 
radiation p = p/3. Thus the pressure is unrealistically high in this model. 

4. Ife = 0, then S satisfies d Alembert’s equation AS = 0. The compressional 
waves, which may be thought of as sound, therefore propagate at the 
speed of light, as is to be expected from 0p/ép = 1. Thus S describes a 
fluid that is as incompressible as possible without allowing sound to travel 
faster than light. 

5. The reader may be wondering what happens to these sound waves if 
e #0. In that case S loses its physical significance, and can be made to 
disappear by a gauge transformation. It turns out that the sound waves 
then reappear as a longitudinal oscillatory mode of A, and if e = 0, then 
A can oscillate only transversally (Problem 3). 


In practically important problems, one part of space usually contains the 
metal and all the rest is a vacuum. In that case p is not a constant in the model, 
but instead it changes discontinuously to zero at the metallic surface. A 
slowly varying field with frequency k° & (pe?/m)''* would consequently 
not penetrate the metal, but would decrease exponentially at the surface 
within a depth (pe?/m — (k°)?)''*. For simplicity we consider the limit 
pe’/m — oo, thus disengaging ourselves from the details of the model. The 
only essential feature that is preserved is that the field F is excluded from with- 
in the metal. It is screened by a surface current J, which has a delta-function 
singularity at the surface, in the limit pe*/m > © (cf. (3.1.19; 2)). The equa- 
tions (3.1.7) of the model are replaced with the 


Metallic Boundary Conditions (3.1.26) 


Suppose that the four-dimensional submanifold CN is filled with metal, so that 
F = 0 on it, and let the surface ON be given locally by the equation u = 0. 
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Then the restriction (1.2.7; 3) Fjon of the field to ON must vanish, and F is 
screened by the surface current ö(u)(i4uF)jon- 


Proof 


It is only necessary to extend the arguments of (2.2.1) to allow the current 
to have a delta-function singularity. If F = O(u)F’, where F’ is continuous, 
then 0 = dF = ö(u)du A F and —*J = d*F = d(u)du A *F', where we 
consider only the singular parts. Because of the ö(u), it only matters what F’ 
is at u = 0, and all the terms containing a factor du drop out of the exterior 
product. What is left over is simply the restriction of F’ according to (1.2.7; 3), 
and so we conclude from the first of the two equations above that F’jay = 0. 
If we make use of du A *F = —*i,,,F in the second equation, the claim made 
about the surface current follows. CJ 


Remarks (3.1.27) 


1. If u=x,, making N = {x,eR: x, > O}, then dx,j;4y =O and Fyay = 
(E, dt A dx, + E3dt \ dx; — B, dx, N dx3)jey. Therefore E,, E3, and 
B, must vanish. The interpretation of this is that surface charges do not 
produce any discontinuous tangential components of the electric field, 
and surface currents do not produce discontinuous normal components 
of the magnetic field. 

2. The situation is drawn schematically below: 


ON 
CN N 
F=*F=0 FAO KF 
dk dB — 
tan 0 
Fon *J #0 
metal vacuum 





Since the surface current is not specified beforehand, it may be asked how 
the initial-value problem is to be solved. While the general solution (1.2.36) 
is always valid, it is not immediately useful, since *F occurs in the surface 
integral as well as F. It would seem to be necessary to know the restrictions 
of both to the surface, and we only know that F jon = 0. If we manage to find 
a G, such that *dG,),y = 0, however, then there are no unknown surface 
contributions, and the solution works as in Chapter 2. In other words, the key 
to the problem is 
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The Green Function for Metallic Boundary Conditions (3.1.28) 


Let M < R* be a part of Minkowski space bounded by spacelike hyper- 
surfaces 0M. Suppose that metal fills CN N M and that the current j is known 
in N < M and 6,N = 6N\ON 1 OM is the vertical boundary of N. If Gz 
satisfies the equations — AG; = ö, and *dGz)o,n = 0 Vx € N\ON, then for all 
x € N\ON the field strength is given by 


“N 6MNN 


Remarks (3.1.29) 


1. The situation looks as follows: 











OM = g OM 
0M AON 
M .6,N 
CN N M 
"X 
06M 7 ON 
6M = E 0M 
metal vacuum with j 


In (3.1.28) it is only relevant to know F and *F on the initial and final 
surfaces OM n ON, and not on Ö,N. In later examples G,, like Gi", will be 
zero outside the past light-cone of x, and thus only the initial surface 
affects the integral. The reason this G; is selected is that it expresses F in 
terms of the initial data, and it automatically takes care of the effect of 
the currents in the upper surface. 

2. Strictly speaking, N is not a manifold with a boundary, because it has a 
sharp edge. But since the integration by parts used in (1.2.36) can also be 
justified on regions of the form {(x, y)€R?:x > 0, y > 0}, this presents 
no real obstacle. 

3. The G, of (3.1.28) is not uniquely determined. However, as long as we 
possess some G, that vanishes outside the past light-cone, the formula 
(3.1.28) guarantees the uniqueness of the Cauchy problem. 


In the following sections we shall prove the existence of the G; used in 
(3.1.28) by explicit construction, making use of the well-known method of 
images from electrostatics. This static method is generalized by means of 
G; for charges in arbitrary motion. 
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Problems (3.1.30) 


1. Calculate the er : 1.16). 
2. Show that t,,° = J, F*,, with tgg as in (3.1.23; 3). 
3. Show that the enon 
e’p e’p 
dJ = — F, om —>(, 
m m 


have three linearly independent solutions ~ exp(i¢k|x >) if 


eee 
m 


> 


and otherwise have only the trivial solution F = 0. 


Solutions (3.1.31) 


1. If u = ‚/e?’p/m, then 


| dt(2x)~* fats een fare ke ey 


© k* dk : : 
= (2n)~? [ oS | dn ek 
= 


BAe ‘oe 


Be tet an ea” 


= (22)? \ 
en ter Anr 


. 








2. Because of (3.1.6) and J,” = 0, 
m 
tat = = ER = Je Ip] = F,,J° 
pe 


3. In the Fourier-transformed space the equations become 


> 





ak Kop KR Ne = Rn. 
Multiplying this by - k’, 
Seek So eRe 
m 


Since A, u S = —(m/e? p)k?F vanishes iff F = 0, either F,, = 0 or else k? = 
—e ia Then F is of the form Bi =k,Ä,— k,A,, which vanishes only MA, ky. 
Thus for the three directions other than k Gee are nonvanishing solutions. 
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3.2 The Half-Space, the Wave-Guide, and the 
Resonant Cavity 


The general solution of Maxwell’s equations with metallic boundary 
conditions is easy to construct for simple geometric arrangements of 
the conductors. 


Classically, the electromagnetic problem in the presence of metallic surfaces 
is usually conceived as the quest for particular solutions. Here we shall 
proceed directly to the more general problem, and solve the Cauchy problem 
by specifying the G, of (3.1.28). The interesting question will be what the 
causal structure of the Green function is. Like the G£" of (2.2.7), its support 
will be restricted to the full past light-cone of x, but unlike G“ not to its 
surface. This fact is due to waves that reflect from the metallic surfaces and 
return at some later time. Such echoes may apparently violate causality, as 
when they give rise to phase velocities greater than the speed of light. In 
all the problems discussed below we replace the conducting material with 
a metallic boundary condition. The currents induced on the conductors 
do not appear, so we may use the symbol J for the externally prescribed 
current. 

We begin with a trivial warm-up exercise, the problem of a plane metallic 
mirror. The method of solution introduced points the way to the procedure for 
more complicated problems. 


The Half-Space (3.2.1) 


In the notation of (3.1.28), let 
M= Werte >), 
N=ixte Mix SO}. 
The symbol R will stand for the reflection (x°, x’, x”, x?) > (x°, —x', x, x*) 


in M and at the same for the induced mapping on the space of tensors (1: 2.4.19). 
Then 


G; = (1 + RICH, 


with Gt?" from (2.2.7), is the Green function needed for this problem. 


Proof 


The rules for manipulating the diffeomorphism R of the space of vectors are 
such that it can be interchanged with sums, products, and exterior differentia- 
tion: 

R(@ + v) = Rw + Ry, Ria 7 Vy) = RO 7 Ky, wo, veE, 


: rants 
Reve pee) =e", =e 52°,.€"), e! = dx’. 
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However, R reverses the orientation so that R*w = —*Rw, Vwe E, (cf. 
Cea ee 


We now make use of a 
Lemma 
Ifa € E, and w = —Ra, then a,n = 9. 


Proof of Lemma 


Let 
t= Dy ae we We ON tier ue Ee 
m) 

If i, ---i, contains the index 1, then e'' "'\,ı-. = 0, because dxj),,-9 = 0. 
If i,---i, does not contain the index 1, then a,,...;,(x°, —x', x?, x?) = 
— j,...;,(x°, x", x”, x°), which must vanish when x’ = 0. 

This lemma implies the property *dG,),,y = 0 required in (3.1.28), 
because 

R*d(1 + R)GE' = —*dR(1 + R)GF' = —*d(1 + RICH“. 


Observe that none of the operations of this equation affect x, and that 
R? = 1. The property —AG, = 6; VXeN is proved by noting that the 
factor ö((X — x)?) has been replaced with 6((x° — x)? — (x! + x1)? — 
(x? — x*)? — (x3 — x?)?) in RG“. When A acts on this it yields zero unless 
x = (x°, —x!, x, x?). However, this fails to bein N\@N ifxeN\ON. D 


Remarks (3.2.2) 


1. Since R reverses the orientation, |„ Ro = —|y@VweE,. If supp j < N 
the integral |y(1 + R)dG"™' A J can be taken as fy R does not send 
points out of the integration region, and because 


j RdG weet = RdG” « RJ) = -| dG™' a RJ 
M M M 
the integral can be written as 


F(X) = GER j 
M oMnNN 


The components of — RJ are (— Jo(Rx), J (Rx), —J3(Rx), —J3(Rx)), and 
thus the field produced by J is as if there were a mirror-image charge of 
reversed sign at Rx € CN, undergoing the reflected motion. It is easy to see 
that its field taken together with the field directly produced by J satisfies 
the metallic boundary conditions (3.1.26) on 0, N (Figure 36). In actuality 
there is an induced charge in the metal, not in the interior of CN, but 
rather, according to (3.1.26), on 6,N. The surface current X" das Pian 
generates the field in N that would come from — RJ. 
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E of the image charge? &~ |“. SE of the charge 
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CN N 


0,N 


Figure 36 Ein the presence of a reflecting half-plane 


2. It is likewise possible to take Jay,y aS Joy, which involves only Gf", 
and the appropriate reflected initial data are to be used on 0M 1 CN. If 
F and *F\sy,n Originate in an incoming wave, then their values in N are 
the same as if there were no metal present, and the reflected initial values 
had been specified on 0M 4 CN. 

. The support of G, in N is contained in the full past light-cone of x (Figure 
37). Metallic boundary conditions produce echo effects, but never really 
violate causality. 


186) 









support of Gi" 


support of RG" 


Figure 37 The support of G, with a reflecting half-plane 
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Electromagnetic waves can be transmitted through metallic pipes by a 
continuous process of reflection. Wave-guides, as these pipes are called, are 
quite important in communications technology. They are not always made 
of superconductors, and the limit pe?/m— © is not completely realistic. 
The field seeps into the walls of the conductor, energy is consumed for Joule 
heating, and the waves are damped. Nevertheless, the model exhibits the basic 
mechanism whereby electromagnetic fields can be transmitted like water ın a 
hose. 


The Rectangular Wave-Guide (3.2.3) 
In the notation of (3.1.28), let 


M= tt, x, zen ob > tot 
ING NEM:0<X <a0 <7 = b} 


and let R,, Ry, T,, and T, be the transformations on the space of tensors in- 
duced by the diffeomorphisms 


Ri (t, X,-y, Z) => (t — xX, y; 2) 
REDET 
MAIER SIER Fa RE 
Tp :(t, xX, y, Z) > (t, x, y + 2b, z) 


— 


| 


of M. Then 
s=(+R)QU+R) YY TITZeH 


is the Green function of this problem. 


Proof 


The diffeomorphisms satisfy the commutation relations 


TT = T, das TR; =R; 1, TR, == R,T), 
R,R, — R,R,, 
T,R, = Rei T, R, == R, Va 


Note that 7, R, is the transformation x > —x + 2a, or(x — a) > —(x - a); 
in words, a reflection about x = a. Similarly, T, R, isa reflection about Bi, 
Since 


Gz = R,G; = R,G; = T,R,G; = T, R,G, 
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Figure 38 The support of G, in a wave-guide 


by construction, 
*dGz\x=0 = *dGz|,=0 = AG = 240, y=b = 0, 


as in the proof of (3.2.1). Moreover, the image of (0, a) under T? equals 
(2na, (2n + 1)a), and its image under R,T" equals (—2na, —(2n + 1)a), 
and similar statements hold for T, and R,. As a result, the only part of the 
sum ,m(1 + Rı)(1 + R2)T{T3 that sends a point of N\ON back into 
N\EN is the 1 from the term with n = m = 0. Hence that is the only term 
contributing to AG, if x and xe N, and therefore — AGz = 6,. el 


Remarks (3.2.4) 


1. Although N is not a manifold, because of its sharp edges, its structure is 
harmless enough that the integration by parts needed in order to use 
G; is easy to justify. 

. Once again, the support of G, in N is contained in the full past light-cone 
(Figure 38). This is why we were able to choose M as a region extending to 
t= -+ oo asim (2.2.10). 


N 


The structure of G; results from the infinite number of reflections of the 
field back and forth between the walls. Consequently, there are infinitely 
many image charges, as depicted in cross-section in Figure 39. Their periodic 
configuration gives rise to characteristic normal modes of oscillation. 
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Figure 39 Image charges in a wave-guide 


The Decomposition of G, into Normal Modes (3.2.5) 


If we write 


d*k eiskl¥— x) 





Geo te? ay ale (3.2.6) 
and use the invariance of e* under the diffeomorphism 
Til 3: (t, xX, y, Z) > (t, x + 2na, y + 2mb, z) 
then we find ourselves presented with sums of the form 
Serpe aa) Seep) gofk = =) = (3.2.7) 
n=— © ge 


Substitution of this into Gt and summing )_„ allows the integration | dk, dk, 
to be accomplished with the aid of delta-functions: 


ee 


n= = m=—co 4 


oo 
dk, dk, elkx(x + 2na)+k,(y+ 2mb)) 
oo 


1? 


on y 2 eirgıx/a+g2y/b) es) 
gi= 


== ONG a= 0 
The G; of (3.2.3) becomes 
Gz = 3&,5(1 + R,)(1 + R,)*e* 
dw dk ei oIngı/lat (9 = y)nga/b + (Z—z)k — (f-1)w) 


an) ab(an)? (ngı/a)? + (ng,/b2 + KR? — w? 





(3.2.9) 
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The Field Produced by a Current J (3.2.10) 
For the sake of simplicity we consider M = R* with no incoming field. We 


also suppose that the charges are concentrated within N, so that Joy = 0. 
Then, after an integration by parts as in (3.1.13), 


F(X) = -[6; noah 


The Green function G; contains the reflections (1 + R,)(1 + R,); if we 
always combine a reflected term with one having a g; of opposite sign, then, 
for example for (1 + R,), we get 


Pe aoe co a 
[arten Bee eye i. xng,/a:2 fax eg eax): 
i 


The integration over w can be doneas in (2.2.25; 2), leaving the explicit formula 


3 “eas A sin w(t — t) 
Pe. pt | [ax a 00 - na 


91,92 


; eik(2—2) 9 — xngı/a+ yng2/b) dJ**, (ee 1) 


where w = ((ng,/a)? + (ng>/b)? + k?)!/? and f”” are the normal modes 


0 IC 1S> is  —S4S>2 
—iC\s 0 CC ic, 
Be A (3.2.12) 
-i15;6 -0G46 0 iS1C> 
\ 5152 =—1C,;85 —18,C2 0 
C, = cos Xgın/a, s, = sin XgınJa, 
C, = cos ygz7/b, s, = sin yg27/b. 







— electric field 


+) magnetic field 


a 


Figure 40 The progression of the fields in a wave-guide 
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Remarks (3.2.13) 


1. The boundary conditions (3.1.26) are satisfied because fi, = 0. If, say, 
x = 0, then they can be checked by deleting the x’ row and column and 
noting that what is left is ~s,, which vanishes when x = 0. It is natural 
to ask what is meant by the tangential component of E or the normal 
component of B at the edges (cf. [2], $7). It turns out that all the com- 
ponents in question are zero at the corners since s; = 0, and only an axial 
magnetic field B; is left over. 

2. The term with g, = g, = 0 is an axial magnetic field. Electric fields first 
occur when g, = 0 and g, = 1 or vice versa. In the former case the field 
evolves as shown in Figure 40. The oscillation of the corresponding 
solution with J = 0 (see (3.2.18; 1)) has a minimal frequency r/b, and the 
fields depend on y. It is clear that a constant electric field can not exist 
within a metallic pipe, because the boundary conditions would require 
it to vanish identically. On the other hand, we know that waves of a suf- 
ficiently high frequency are able to travel through metal pipes, because we 
can see through them. 

3. Ifg,.. # Oare fixed, then Equation (3.2.11) describes waves moving in the 
z-direction at a phase velocity ((ng,/ka)? + (mg2/kb)* + 1)'/* > 1. It is 
a purely geometrical effect that this velocity is greater than the speed of 
light. It comes about because the waves do not pass directly through the 
pipe, but are reflected back and forth at the walls. A wave moving directly 
in the z-direction could not fulfil the boundary conditions; they demand 
interference from other waves at a certain angle to the z-axis. Such a wave 
~exp(i(k- x — ot)) with |k| = @ necessarily has w/k, > 1, as the inter- 
section with a plane of constant phase moves along the z-axis faster than 
light, see Figure 41. 

4. The group velocity 6w/dék = k/w is less than 1. Problem 2 establishes its 
significance as the flow of energy in the z-direction per energy. 

5. The question of whether the signal velocity is <1 is more pertinent. To 
answer it, consider the wave-packet 


g(z, t) = | dk e™*[g(k)cos w(k)t + g(k)w(k)~? sin w(k)t], (3.2.14) 
where g and g are the Fourier transforms of g and Ög/öt at t = 0, and 
E ‚2 211/2 2 ng,\” 7™g2\* 
ck) = (k* + m*)’”*, m” = |—] +1—]. 
a 


It is supposed that g is a reasonable function, meaning that it and its 
first derivatives are integrable, so that all the relevant integrals converge. 
If g represents a signal, then it must have a well-defined beginning; for 
instance, g and g may be 0 at t = 0, z > 0. Then the question becomes 
whether this “wave-front” moves at the speed of light. Indeed it does; 
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v = |/cos 3 






plane of constant phase 


aie BER 


Figure 41 Speeds faster than light in a wave-guide 


the above assumptions imply that g = 0 for all z > |t| (Problem 5). This 
does not depend at all on m? > 0, but holds also if m? < 0, i.e., for phase 
velocities less than 1 and group velocities greater than 1 (tachyons) the 
signal velocity is still 1. 


In a wave-guide there are waves with a continuous frequency-spectrum 
wk) > @nin- If the wave-guide is sealed off in the z-direction, then the 
electromagnetic oscillations have only a discrete spectrum. 


The Resonant Cavity (3.2.15) 
Let the sets occurring in (3.1.28) be 


M = {x*eR*: x°® = ig}, 
N =i’ eM:0 Ex = ¢.,t= 1,23}. 


Let R; denote the reflections x > —x', and T, the translations x' > x' + 2a', 
as well as the induced transformations of the tensor spaces. Then the Green 
function for this problem is 


3 oO 
Ge=|[ % (+ ROT*GS. 


i=1 


The proof proceeds exactly as for (3.2.3), and will not be repeated here. 
Since the earlier remarks about the causal structure are still valid, let us 
immediately make the 
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Decomposition of G, into Normal Modes (3.2.16) 


The formulas of (3.2.5) carry over directly to the case where N is also bounded 
in the z-direction, and after the w integration has been done, we find, in 
analogy to (3.2.9), that 


ae Je, ® I (4.* A Eile aby gidi- ur rag j/aj, 
Gx 


qj gi 


O(t — ie sin w(t — t), 
100) 


Zu 


By making a change of sign in the g; to replace the reflection of the x; with a 
reflection of the x;, as in (3.2.10), we can solve for the normal modes: 


ee y sin w(t —t 
Gy = Hag @Y [Pre ering — 2 


= 4194530 — 
This time, 
0 (645555 540353 —S {Sze 
C1883 0 iC1C2 53 IC1S2C3 
oi 40953 | =IG7Co54 0 ISıCaC3 
$482C3 = IC{87¢,  =ISiCHt; 0 


with the abbreviations 


Remarks (3.2.17) 


1. The boundary conditions are again satisfied at the edges by the disappear- 
ance of the relevant components, and at the corners fis identically zero. 

2. There are no static fields with J = 0 in a resonant cavity; if g; = 0, 
i = I, 2, 3, then f = 0. Consequently there is a minimal frequency 


Problems (3.2.18) 


1. Provide the f*” of (3.2.12) with coefficients for which there exists a solution of the 
homogeneous Maxwell equations (J = 0). 
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i) 


. For the f of Problem 1, calculate the averages of T°° and T°?, and verify that 
T3/T = k/w. 


3. Find the solutions corresponding to Problem | for the cylindrical geometry 
N = xe ya. 


and how does w- _ times 


min 


4. What type of oscillation in the cylinder has the lowest win, 
the cross-sectional area compare with the rectangular case? 


5. Suppose that the norms 


Ill 


Ig 





x 0 
| dz|g(z, 0)| ar g(z, 9) | 


lal, | - 


} dz 


are finite for the g of (3.2.14). Show that fg = g = Oat t = 0,z > 0, then g(z, t) = 0 
for all z > |t|. 


and 





Ö 
a, 0| = |Ig'll 


- 


Solutions (3.2.19) 








ie 
kg, kg, 
vl C435 pee ee (w? — k*)s,s, 
a b 
(ug 7 
0 1 sh CıS3 
a 
ff = In 1 -exp(iwt) or f — *f 
(Wg 2T 
i Sic 
b 1 
a a] ee ee Te er NER ze 























For this f, B, = 0, and it is known as a TM (transverse magnetic) solution, and hence 
for *f, E; = 0, which is a TE (transverse electric) solution. 


2. Because c? = s? = 3, etc., we find that 


7% a w? (w? x k2), To by kw 


7 =, (w? — K?). 


4 
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[087 


3. If J, denotes the n-th Bessel function. then 


la 








{ Zz 9 p 
(02 — k?)p kn ikp 2 
p op 
nw ! 
(—w? + k?)p 0 ae 
p KONZ 
0, EEERBZENT 100 at k2). 
p . ; 
es a 0 0 
p p 
0 0 
—ikp ap —iwp ap 0 0 
0 0 I (09) 
ia— | n 
Em 
3 ' 
0 0 ik— | kn 
1 1 op i(kz+ngp- wt (eo 2 
oz Ze EN N 
P 7) 6) 
— iO En —ik 20 0 ' w? = k* 
p ' 
—nw —kn k? — w? 0 








Solving Maxwell’s equations for f| zy = 0 means that the parts enclosed in the dotted 
lines must vanish when p = a. This implies that 


ar k? + ja; 
J,(a/w? — k2) = 0, ie, = + [> 


where j,; is the i-th zero of J,. Interchanging f and *f produces a TE solution, for 
which it is required that 


Ji(a,/w? — k?)=0, where Ji(p) = d J,(p)dp, 


1.€., Omin = Jni(a), Where j,; is the i-th zero of J}. 


. Because jo, = 2.40, jo, = 3.83, and j,, = 1.84, the TE solution with n = 1 has the 


2 


lowest Wins and its On a’n = n(1.84)?. This is always somewhat larger than the 
analogous product fortheg, = 1,9, = O oscillation with a square cross-section: 


1 2 
(*) ‚a = 03.14 < 7. (1.84)? = 2-338. 
a 
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5. One can analytically continue g into the upper half-plane, where it goes to zero as 
|k| 1, because 








du + iv)| = } dzie™ er 0 = | ase "a 9olz0) a 
al ee cae Hse Ue 
ig’ de 
ee Yue Rive R*. 
YA ithe 


Similarly, g is analytic and bounded by |g] where v > 0. Since cos[o(k)t] and 
sin{c(k)t]/w(k) are entire functions in k, the k integral of (3.2.14) can be deformed 
into the upper half-plane. If we decompose 


| dk into | 


vv — — 


r—R 


20 oo 
dk + | idg Rexp(ig) + | dk, 
oo ett is R 





where k = R exp(ip) is on the semicircle, then |% and | go to zero as R > «©. The 
remaining integrals are of the form 


nt ae % JIERA 1p 
| dp exp[(z + t,/1 + me 7'°/R*)R(i cos @ — sin on BRIERE | 
0 


(1 + m?e” 7!*/R*)G(Re’?) 
Since | Rg(R exp(ip))| and |g(R exp(ip))| remain bounded as R> 01,0<9 <2, 
such integrals go to zero if z > |r|, by the Riemann-Lebesgue lemma. 


3.3 Diffraction at a Wedge 


This was the first diffraction problem to succumb to a rigorous 
treatment. Not only does it confirm the general outlines of one’s 
naive expectations, but it also displays the wave nature of light with a 
weaith of complex detail. 


The solution of boundary-value problems in somewhat complicated geo- 
metrical settings is fraught with difficulties even in the two-dimensional case. 
For a long time people had to settle for an imprecise theory as handed down 
primarily from Kirchhoff. The procedure was to substitute into certain 
exact integral equations the field that would be present if the conductors were 
removed. By so doing, one obtains a solution of the field equations but 
violates the boundary conditions. Since the solution involves oscillatory 
integrals, i.e., the small differences between large positive and negative terms, 
it is nearly impossible to estimate the errors incurred if one makes a small 
change in the integrand. Yet the result exhibits the features of experimentally 
known diffraction patterns, and thus the approximations have remained 
popular down to the present day among young and old alike. It must none- 
theless be counted as a great step forward, that A. Sommerfeld succeeded in 
solving a nontrivial diffraction problem in 1895; it was only then possible 
to determine when the approximate theory of diffraction was good, and when 
it failed. 
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image charges at —p + 2y — 2n 


Figure 42 The image charges for a wedge 


That problem concerned the diffraction at a wedge, where the metallic 
surface consisted of the planes where ~ = 0 and where g = 7 > a. A plaus- 
ible attempt to solve this problem would proceed by mimicking the solution 
of the problem of two metallic mirrors at x = 0 and x =a. Following §3.2. 
image charges at x + 2na would produce a solution with period 2a, and then 
by a reflection at x = 0 the boundary conditions on both mirrors could be 
satisfied. The hitch in trying to transcribe this procedure to the wedge is that 
if x is the variable, the image charges always remain outside of O <x <a 
when reflected by R, but if ~ is the variable on the torus T’, then because it is 
periodic with period 27, the image charges at — @ + 2ny would at some point 
enter the region 0 < m <x (mod 2z). Sommerfeld’s brilliant stroke was 
to forget about the periodicity with period 27, and to seek a solution with 
period 2y. His solution has branches, in the sense that by continuation through 
the metal xy < g < 2z the variable would not return to its initial value in 
(0, x), and consequently image charges could appear there. The problem 
does not require the absence of images at such values of the coordinates; the 
solution in 0 < y < x has no way of knowing that ¢ is actually a variable 
Onde: 

The most convenient way to construct this ramified solution is to write 
it as a complex integral. The sums ), T” that have appeared above can be 
represented for analytic f as 
[ dx’ —f(x’) 

IE PO) SO fee) Jc 2a 1 — exp(2ni(x’ — x)/2a)’ 
(3:31) 


where the contour C goes around the poles of the integrand at x’ = x + 2na. 








The path of integration in the integral representation of a sum 
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The expression (3.3.1) always has a period 2a in x, as long as the contour C 
is flexible enough to avoid the poles as x increases to x + 2a. The best choice 
of C depends on the analytic properties of the function f. 

If we try to apply this procedure to the Green function, we soon run up 
against the difficulty that D™ is not an analytic function but only a distribu- 
tion, o(r — t)/4nr. However, it can be approximated by analytic functions, 
for example by 


(ea) ir —t+1e)o 
Rx) =m Re | dina — 532) 


Dee: 
Pane) 0 GAY 


where the limit is taken in the sense of distributions. Since the expressions 
that we require are of the form 


[or — x) f(x)dx, 


the integrand will be multiplied by the Fourier transform of f, and for 
suitable f the integral | dw will be convergent. The integration becomes 
rather insensitive to the limit ¢|0, and therefore we may interchange 
é | 0 with other limiting processes without worry. If we use the above ex- 
pression and the notation of (3.1.28), we arrive at 


The Green Function for the Wedge (3.3.3) 


In cylindrical coordinates 
x =, 06059; p sin 9,2), 
let 
M = {x"eR*:t > fo}, N= eM ln oy}. 


If R, is the transformation of forms induced by > — , then the Green 
function of this problem is 


Gz = —4€. @ (1 + Ry)*e* lim Re | fone A Dar 
(0) 


etO 





do'/2 v iS a 
} 1 ao g(L(Z — 24 p° + p? — 2pp cosy je) 
ee 


where 


iwr 


g(r) = A 


The integration contour C consists of two curves, one in the upper and one in the 
lower half-plane, which come in from infinity, enclose the zeros of the term in 
brackets [ ], avoid the zeroes of the denominator, and then return to infinity 
(Figure 43). 
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branch cut 


the plane of 
gy =u + iv 


Figure 43 Paths of integration in (3.3.3) 


Proof 


Let 9 =u+ iv, so cosy = cosucoshv - isinusinhv. The zeroes of 
[ ]=r where u=0 and cosh v = ((Z — z)? + p? + p*)/2pp require 
the branch cuts drawn in the figure. Because w > 0, exp(ior) decreases ex- 
ponentially if Imr > 0. If ¢’ is far from the real axis, then r has an imaginary 
part ~sin u sinh v. Therefore g decreases in the upper half-plane if0 <u <2 
or —2n < u < —7,and inthe lower half-plane if -n < u < Oora <u < 2n. 
Since the denominator is small only in the neighborhood of o = @-—@ + 
2nx, ne Z, the convergence of the infinite integral is verified if x # x. If p 
increases by 2x, then the poles move along the real axis, which, however, 
does not interfere with the integration contour. This immediately implies 
periodicity in ~ (and @) with period 2y, and thus that the boundary con- 
ditions are fulfilled exactly as in §3.2. 
It remains to verify that — AG; = 6;. Note that 


eialx-xI-i+n 


|x — x| 


for all x # x, and in particular for complex x. If we treat y’ as a complex 
part to be added to @, then we see that the wave equation is satisfied if x # x. 
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Ifx > X, then the two branch points and the pole move to the origin and pinch 
the integration contour in two. The integration path is then unable to avoid 
the point @ — @. In order to see better what the value of the integral is in this 
limit, let us deform C into the paths drawn with dotted lines in Figure 43 
and a circle around @ — @. The integration over the circle just produces 
D'*(x — x), of course, while the other two parts are not affected by the singu- 
larities in the limit x > x. This means that G, differs from G' only by a 
solution of the homogeneous wave equation, and consequently it satisfies 
everything required of it. a 


Remark (3.3.4) 


The edge still keeps N from being a manifold. At the edge (p — 0), G; behaves 
like (p)*'*. Although this approaches zero, if y > 2 the derivative, and conse- 
quently the nonvanishing components of the field strength, diverge. However, 
because they approach infinity more slowly than p ', the square-integrability 
is not in danger, and thus the total energy remains finite. 

As the first application of (3.3.3) we find out how it accords with the naive 
idea that the wedge reflects some of the light and casts a shadow. To this end, 
we assume in the following that x > 7. 


Geometric Optics (3.3.5) 


According to geometric optics, if |@ — @| < rn, then one can see directly 
from X to x; if|@ + @| < n, then the reflected image from the upper surface 
is also visible; and if |@ — y + 9 — x| < a, then the image from the lower 
surface is visible (Figure 44). These effects can be separated off and the correc- 
tions to geometric optics calculated if we make a decomposition of C into the 
following parts. Two curves, C, and C,, join —ioo — n/2 to ico — 3/2 and 
respectively ioo + 2/2 to —ioo + 3n/2, and intersect the real axis at —ı 
and respectively 7; and if there is a pole in (—z, 7), then there is also a loop 
around it (Figure 45). 

The loop integral yields G§"', and if |@ — ~| < 7, then we see the light as 
if there were no wedge, because in the physical region, where @ and ye (0, x), 
the poles at @ — y + 2ny,n # O, are never in (—7, 7). In the reflected part 
(the one with the R in (3.3.3)), the poles at @ + @ and @ + ~ — 2x may lie 
within (— 7, 7), which causes light to be reflected by the upper, or respectively 
lower, surface. Therefore the integrals over C, and C, are precisely the correc- 
tions to geometric optics. It is apparent that if ap > 1 and wp > 1, that is, 
at several wavelengths distance from the edge, geometric optics dominates. 
Because of the factor exp(iwr), the low-lying values of the integrand, in the 
shaded parts of Figure 45, become deep valleys in this limit. The trail leading 
up to the pass at +, where exp(iwr) has absolute value 1, becomes steeper 
and steeper, and the contribution from going over the top, though dominating 
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Figure 45 Paths of integration in the hatched regions, where the integrand decreases 


the integral, becomes negligible. In order to make these ideas quantitative, 
let us evaluate 
} mn es ET PENN 1 
Jcı.c, 2X 4nr 
by the saddle-point method (= the method of steepest descent). We start by 
expanding the rapidly varying exponent in the vicinity of the saddle points, 
r= (@— 2)? + P? + p? — 2ppcosp)!? ~ R- 559°, 
R=(2-z?+@+p))'?,  @=0' 47, 
and replacing the rest of the integrand by its value at the saddle point. There 
remains a Gaussian integral over @, from which we obtain the asymptotically 
exact formula: 
| ET ER 
CıvCa 2x Anr 





1 il 1 elOR— ind 
= Ay > ee -9-r)lx (pes JOS AM ,/2nwppR 
Pe 1 sin(n?/x) ee G ; 6) 
~ 4x cos n(@ — p)/x — cosn?/x /2nwppR = 
(cf. Problem 1). 
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Remarks (3.3.7) 


1. The correction to geometric optics vanishes as p > %. If p > p, then it 
goes as p "?, which corresponds to a cylindrical wave emanating from 
the edge. 

. The cylindrical wave has an angular factor, which diverges at the boundary 
of the shadow, |@ — ~| = rn. However, the asymptotic expansion (3.3.6) 
does not apply in that limit, because the pole coincides with the saddle 
point. 

3. If y = x, then the cylindrical wave disappears, as the wedge becomes the 

plane mirror of (3.2.1). This fact is therefore strictly true, and not merely 
asymptotic (Problem 2). 


159) 


If x = 2n, then the expression (3.3.3) simplifies so greatly that many 
additional questions can be answered for which the asymptotic expression 
(3.3.6) is inadequate. 


Diffraction at a Half-Plane (3.3.8) 


If x = 22, p > ©, and p and @ are arbitrary, then Gz is asymptotically 





-in/4 v 
Gz = (1+ R,)GE- z | "au erw, 


Ipp® 9-9 : ; ; 
= 9) = zZ = Z)- „21/2 
U TR cos( 5 ). Kill zZ BD) 


Remarks (3.3.9) 





1. The @ in v should be chosen so that G“" is represented as the integral of 
(332). 

2. For (3.3.6) it was necessary to assume that wpp((Z — z)? + p? + 52)? 
> 1. This is not the case ifp > © and p < 1/w; in this sense (3.3.8) is more 
general. The boundary of the shadow is also described by (3.3.8), as long 
as the source of the light is sufficiently far from the edge of the wedge. 


Proof of (3.3.8) 


First observe that 
GP) + GAy + 2n) = GEG), 
because 


1 l 2 
1 — eile’ —o+ 9/2 zi, 1 = 





= eile + 2n- Gt @)/2 = We eile oro): 
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Since this sum has a periodicity 27, the contributions from the paths C, andC, 
of Figure 45 cancel out, and only the loop around @ — ¢ remains. On the other 
hand, the difference of the same terms is 
1 1 i 
1 — ee —e+9)/2 1-3 Re aa sino — @ + o)/2’ 








and we shall find a similar factor in the exponent in the limit p > oo. In (3.3.3) 
in this limit, let us write 


r=R- ‘cos op, Rae zo) 
and compare it with the quantity 


Dp 
x -xIi=R- ff cos(ö - 0) 


R 
occurring in G“' in place of r; then in the difference there occurs 
N - 
cos(@ — ~) — cosg’ = 2 cos? woe — 2cos? = 


II 





If the factor exp(i@|X — x|) is removed, then in the limit p > 00 we are left 
with the integral 


I 





1 do’ ezi@(Pp/R)sin(p'ZPF P)/2sin (pr — @)/2 
ni I sin(y’ — @ + 9)/2 


in G,(g) — G(@ + 2m). The denominator can be disposed of by differenti- 
ating by p; 








ol Sah re [ do’ sin (e+ 9 — P) ,(2i@Pp/R\(cos%— 9)!2 - cos? o'/2) 
Op 4nR ie 
Using 
(9 +O-@) 2 9-9 0. 0-0 
sin -———__—_ = sin — cos + cos — sin ———, 
2 2 2 2 2 


we see that the second term contributes nothing, because its part of the inte- 
grand is even in ¢’, and the integral J dp’ is taken in the opposite direction 
when o' > —y’. We may choose cos g'/2 as a new integration variable in 
the first term. Then there is no pole, and the two curves C, and C, have the 
same contribution, since the integral changes its sign under p' > ¢' + 27: 


oh Er Im e= 2OBD/ RI? -cos (0-01?) dp cog P — 
Op mR 2 





=i 





a) ne =a 2nR -o 
— OP, - in/4 „2ilwBp/R)eos?(9 )/2 cos \ 


mR opp 2 
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In order to do the f integration, we introduce the variable 


ppw p — 
ay lees rer @ ey 
nR 2 


= po (Pp ur ~~) 
dv = dp |—— cos — 
npR Z 


Since J = 0 for p = 0 where C can be shifted away 


l= | dene” i 
0 


0 








Combining this with the sum G,(y~) + Gx(p + 27) and using 


0 
Fe 1 _inv'2/2 
/2e | ee 
— @ 


we obtain (3.3.8). 





U 
To discuss the problem in more detail, we need some 
Properties of Fresnel’s Integral (3.3.10) 
Let 
F@)= [ dpe. 
Then F(co) = 2F(0) = 1 + i, and F behaves asymptotically as 
20: F@) = FO) + 2 + 172° + 00°) 
eirz?/2 
z— 00: F(z) = Flo) + = + O(z 3) 33.41) 


inz?/2 
zo =o FZ) = + O(z~ 3). 


7 
“2 





If F(x) is graphed as a curve in the complex plane depending on x ER as a 
parameter, it has the form of Cornu’s spiral. When x < x9 > 0, |F(x)| 
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Figure 46 Cornu’s spiral 


increases monotonically, and after that point it oscillates about the limiting 
value \/2. 
We next investigate the regions not covered by (3.3.6): 


The Boundary of the Shadow (3.3.12) 


Let 9- p=7+ 0, 6 <1. The time average of the intensity equals the 
absolute square of the field, and its ratio to the unscreened intensity i'“ 


becomes 
i 1 [po 
een Raa ee 
ee 2} | | Tl 


asp — © with p/R > 1. We have disregarded the reflected light; the inter- 
ference with the term containing Rp produces a correction O(p~ !/?). During 
the transition from light to shadow, the intensity thus first oscillates about the 
value i"“ and then decreases monotonically. The width ~./p/w of the tran- 
sition zone, where the shadow is hazy, increases with p, while its angle 


1/./ paw from the edge of the wedge approaches zero as P increases. 


2 
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Figure 47 The intensity at the edge of a shadow 


The Edge (3.3.13) 


If p > Oand p/R > 1, and we consider such a small neighborhood of the edge 
that the contribution from G£" is effectively constant and hence unaffected 
by a reflection, then the components that go to zero at the edge are 


[po 9 -p po +9 Do,. @ . @ 
deta x bots: EN AS ; 
r( = 20s 5 )) r( = 2c0s( 5 )) 5 2sin 5 sin, 


18 
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Figure 48 Polar graph of i(@) 
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Thus the intensity dies down in directions along the half-plane, and the 


angular distribution in @ with @ fixed has no preference for the incident 
direction. 


The Plane of the Screen (3.3.14) 


If @ = x, and the factor G£*" is still effectively constant, then the components 
that vanish at the screen are diminished by 


F(2 re in) 2 F(-2 Pe sin) 
TI 2 T 2 


compared with G“. It takes a few wavelengths for the field to increase from 
zero at p = 0 to the value it would have were it not for the screening, and it 
takes longer to do so if the light is incident at a smaller angle 


Remark (3.3.15) 


In the integral, Kirchhoff’s theory of diffraction replaces the field within the 
screening plane with the value it would have without screening. This is a 
very good approximation at many wavelengths away from the screen, but 
it is poor in the vicinity of the screen. It has the unsettling consequence that 
the field strength calculated in this manner becomes singular at the edge as 
1/p, and is thus not square-integrable, so the field energy is infinite (cf. [2], 
§25). 

In conclusion, geometric optics gives the right answers if one can take a 
bird’s-eye view, from which the wavelength is not perceptible. But up close 
there is such a complicated pattern of interference that any simple approxi- 
mation is doomed to failure. 


Problems (3.3.16) 

1. Show how and where (3.3.6) is an asymptotic expansion. 
De Cheekith ar Ga NE ak) Ge uh ar 

3. See whether (3.3.6) agrees with (3.3.8). 

4. How large is the error in (3.3.11)? 


Solutions (3.3.17) 


1. Use the saddle-point method discussed, e.g., in Dieudonné, Infinitesimal Calculus 
ID Sl. 


2. If y = n, then the function of period 27 reduces to the function G' of period 2n. 


3. Applying (3.3.11) to (3.3.8), we get 


iw |X —x| -ir/4 ‚inv2/2 el®Rje inl4 gi@PPIR 
~ 


e e e 


4n|x—x| /2 im. 8m, /2nmppR cos(® — ¢)/2 | 
for the correction to geometric optics, in agreement with (3.3.6) (where the R is 
~R + pp/R). 
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4. By integration by parts with ze R', 


nz 
co foo} 7A inv?/2 (oa) v 
-| dv eity?/2 = | dv © eitv?/2 = 2 = | d einv?/2 
= ~ = ? 
: , inv dv inv day? 


























be) N wo A 
dv rl dv 0 un 1 1 
7 — RE ae er er 
ie „ in’v’ Ov NZ NZ 
Therefore 
inz?/2 
+ 
F(z) — F(#) — — Se VzeR*. 
inz TZ 





3.4 Diffraction at a Cylinder 


This problem is so tractable mathematically that all the various 
phenomena of geometric and wave optics can be worked out. 


Despite their being complementary problems to the wave-guide and the reso- 
nant cavity, it is an elaborate job to analyze diffraction at a cylinder or ata 
sphere. Even if it is not required to write down the complete Green function, 
but is enough to solve for the individual waves that G, is constructed from, 
there are still infinite sums and complex integrals to cope with. These ex- 
pressions reduce to elementary functions only in particular limits, in which 
the relevant properties are well displayed. Depending on the ratio of the wave- 
length to the size of the metallic body, it may be possible for the wave to pass 
around the obstruction. This phenomenon is somewhat simpler for a cylinder 
than for a sphere, for which reason we restrict our discussion to cylinders. We 
also consider only scalar solutions u to the wave equation — LJu = 0, with 
either Dirichlet or Neumann boundary conditions, ujey = 0 or dujay = 0. Al- 
though it is possible to construct G, with the aid of these solutions, the ex- 
pressions that result are too involved to be illuminating. We are again 
primarily interested in the limit where the source of the waves is at infinity; 
therefore we utilize u’s incident in a plane and scattering into cylindrical waves. 
In cylindrical coordinates they would have the form 


—iax er i(kz — 
e Sees A a mn 
\/ Pp 


as p > oo. If the first term is expanded in a Fourier series, 


fea) 1 2n oO 
dg’ ae MII art) ees 2 erW 2) (ap), (3.4.1) 


20 Jo A 
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then we can represent the solution u(p, @) that satisfies the boundary con- 
ditions at p = aand p > casa 

Fourier Series (3.4.2) 


in(@— 1% IK a) 
as 2 e sd >| sae = tek nae) | 





in order to evaluate the sum, recall the 


Asymptotic Behavior of H'')(x) (3.4.3) 
il 
» +e (=) 
gy Say 
Tv \ex 





| 2 
Sy ee (1 ae ep oshio tyro: 
big an = Pay 5 e 
i() —— for |x — v| < vi: 
< ze ae > THES 2 1/3 
Jet ins (") x) (v a yet] 
y v 







ah 


et i{(x? — v2)!/2—veos~ !(v/x)— (n/4)] 


2 er HB aD 
X 





H'2)(x), x, ve R* 


Remarks (3.4.4) 


1. The asymptotic behavior of the other solution follows from 
HER) = (HYPO), HEGx) = en), 
J,=4H + HY”), 


=> 1 ex ‘ x>0 x el 
me 2 |. 0 ln, 
i ./2nv \2v 2) v! 
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2. Consequently, if n is large, then the n-th term in (3.4.2) approaches 


eine — 2/2) e i (qa)?" 
ee NG) re meme 
rn eo (qp) 
and the sum converges uniformly on compact subsets of the x-y-plane. 


Even so, the first term in the sum dominates the scattered wave only if 
qa < 1. In that case, 


J(ga) aa) WEN 
H(qa) ni( lait n for |n| = Ik 


u= er + —"" HM gp) + O((qa)”). 
2In ga 


3. If ga > 1, then we make use of the fact that H‘ are analytic functions in 
v. This allows the sum in (3.4.2) to be turned into an integral over dv, 


nn | dv e'* 


2 Ale sin TV ; 





and 


(3.4.5) 





where C is a contour passing around the integers in the complex plane 
and excluding the zeros of H(!) (Figure 49), which we shall investigate 
later. 


v-plane 


han 
~~ 


zeroes of sin mv 


Figure 49 Paths of integration for (3.4.6) 


This integral can be further transformed into an integral along the path 
D strictly above the real axis, by taking account of (3.4.4: 1). The result of 
this is the 


Representation as a Fourier Integral (3.4.6) 





1 dv en ivn/2 ? 
= u COST DI 
4i Jp sinnv cp 
HYMqa)yHY(qp) — HP (ga) "(qp) 
H\' (qa) 
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To evaluate the above integral by means of the residue theorem, we need 
to also know the 


Asymptotic Behavior of the Bessel Functions in the Upper v-Plane (3.4.7) 


Suppose that x is real, and define 


ER a 
S02) = i, 
T TV 


N Oele oY 
© = exp(v? — x?)!/2}— + a, 
3% x 2v 


Then for large x and |v|, H® and J behave as: 


A 





% 
I 


Re(a + inv) = 0 Rea >0O Rea =0 
| I 
| Rea <0 
| 
H® = Ae HH = Ae? | HV)= —jAe~? 
a A 
H' = eher \ J zul et | J=-e- 0 
4 \ 2 | 
J= = Cr N He | H®) = ide? 
- \ ide 0] 
J_,= \ / 
—Aeze > 0\ / 





Remarks (3.4.8) 


1. The function J is always of the form (A/2)e”, whereas H"? (respectively 
H) changes its asymptotic behavior along the curve Rey = 0 (re- 
spectively Re(x + izv) = 0), on which its zeroes are situated. These curves 
intersect the real axis at +x at an angle of +7/3. Far away from the curve 
Rex = 0, H" increases rapidly in the upper half-plane, going as | v|R*”. 

2. The zeroes v„, m = 1, 2, 3, of H{(qa) closest to the real axis are near 
v = ga, where the asymptotic representation in terms of Airy functions is 
applicable; if ga > 1, then 


a 1/3 ; 
Wer =0, mar)" 


Me) 0) = (2341 55,67,,7:9,.)). 


3. Farther from the real axis along the curve Re « = 0, H"? is given simply as 
the sum of the asymptotic forms of regions I and II, and becomes zero if 


IN 
i =) 
sinh( 4 
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This implies that 


im 





a 2)In(2™m eae. m > ihe 

2mm 
In —— 

eqa 

These facts allow us to discover expressions for u in different regions of 
the p-p-plane when ga > 1. 


The Shadow (3.4.9) 


The integral in (3.4.6) can be turned into an integral over D’ around the zeroes 
of H‘!)(qa), because the integrand goes to zero exponentially fast in the upper 
half-plane, except along the curve Rex = 0. To see the reason for this, 
consider the numerator 


gy = HS(ga)H?(qp) — H??(qa)HS (gp) = g-y- (3.4.10) 


In the region J U// of (3.4.7), within which the asymptotic form of H{? 
changes, we express H(! in terms of J and H{”). Meanwhile, for the same 
reason we write H(? in terms of J_, in II U III: 


9, = 2 J,(ga)HY(qp) — H\(ga)J,(ae)] 
= 2e'”[H{(qa) J_,(qp) — I - (ga)HV'(gp)]. (3.4.11) 
In either case (3.4.7) shows us the asymptotic expression 


gv ~ = (<) (2) | (3.4.12) 
mtv | \p a 


which thus holds uniformly in the upper half-plane. Hence g, is essentially 
c*’, whereas the denominator H‘)(qa) is asymptotically dominated by 
v*’, which wins out over c*’, as can be seen if we let v = texp(iy), t and 
welR*; then for t > ©, 





aes = etlcos WInt—wsin LA 


le*’] = etleoswinc| (3.4.13) 
Because all the other factors in (3.4.6) grow at the fastest as c*”, the integrand 
decreases exponentially in the upper half-plane for all p and g. An exception 
is made, of course, for the curve Reo» = 0 (asymptotically, Int = w tan y), 
because the denominator can vanish, and the integral |p, can be rewritten as 
the sum of the residues: 


fee) e tvmn/2 HH 
cos(p — CE H(gp). (3.4.14) 
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This equation is only useful if the term with m = 1 is so much larger than the 
rest ofthe sum that it is essentially equal to u. To discover when this happens, 
we refer again to (3.4.3) to calculate 


H% 
Ne BCE (3.4.15) 


0 
(1) 
ay H,,,.(ga) 


m 


for small m, with v, as in (3.4.8; 2). We learn that the order of magnitude of 
this factor is the same for the first few m’s. 


If p — a> a(ga) **, then the other asymptotic form can be used for 


H‘(qp), 
2 
HS(qgp) = _|—(q?p? - v2)" 
7 


oil = ¥2)''*— Ve are Be |} (3.4.16) 
ap 4 


Whether the summands of (3.4.14) decrease rapidly with m depends mainly on 
whether the coefficient of iv,, in the exponent is positive. Since 


1/3 2 
Imv„= (%) Cm 13 al, 


we see that 





and if |p — n| > (ga) ''?, then also 
cos(@ — R)v„ = je lem, 


All together, there is an overall factor (up to terms O((ga) ''?)) of 


N; a 
EXP4 iv, ar o-n| Ze, : 


making the condition for the first term of (3.4.14) to dominate that 


i | 
lo — n| + are cos - = 5< (ga). (3.4.17) 


This amounts to the geometric condition that there is a shadow with a 
boundary fuzzy within an angle ~(qa) */ 3 (Figure 50). With the numerical 
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Figure 50 The shadow according to geometric optics 


value of c,, the resulting expression for u, up to corrections ~(ga) ''?, is 


Rn in\ exp(iq,/p? — a’) 
= r 
u= 2q p 4 1 (p? a co 


| Tl a 
exptiaa — 1.5(qa)’ yo = 5 zalggos “| 





+ expliga — L5(ga)"”)( =o + = — arc cos “)|. (3.4.18) 
The interpretation of this is that waves impinging on (x, y) = (0, +a) are 
initially attenuated as they propagate along the surface to the points from 
which they can emanate in a straight line to the reference position. The damp- 
ing factor of such “creeping waves” is correlated with the fuzziness of the 
shadow. During the linear propagation through the distance ./p? — a? 
there is the usual amplitude factor (9? — a?) ''* for cylindrical waves, along 
with the phase factor exp(iq,/p* — a’). 


The Illuminated Region at |o| > 7/2 (3.4.19) 


Since (3.4.14) is no good outside the shadow, we rewrite the cos v(p — 7) of 
(3.4.6) as exp(ivz)cos vp — iexp(ivp)sin vz. Taking the first term of this 
expression changes (3.4.17) to 


In 
|o| + arc cos, = ae (ga) ai (3.4.20) 
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and this is always true except exactly in the forward direction. Hence this 
part produces only thedamped waves that manage to slip by the cylinder, and 
can be neglected in comparison with the remainder, u,. The sin vr cancels 
out of u,, so the integration contour can be deformed at will across the real 
axis, and the integral can be calculated by the saddle-point method. We start 
by extending the integral 


If einen HY) HV (ga) — Ha) Hp) 
a H\"'(qa) 


along a contour D’ that passes around the curve Re o = Oso as to stay to the 


right of Re(o + inv) = 0 (0 = \/v* — (qa)? — vIn(v + ./v? — (qa)*)/qa), 


and which then follows a curve containing the zeroes of H{(gp): 


We a en 2 
Rel v? — (qp)* — vinv + er] =;f); (3.4.22) 
q 


According to (3.4.7), in this region H(?’(gp) decreases exponentially, and the 
first term in the numerator of (3.4.21) contributes nothing, because it is an 
entire function in v. As for the second term, on the left-side portion of D’ the 
factor H‘?)(ga) is exponentially decreasing, whereas on the right-side portion 
the variable can follow a path through the zeroes of H‘!)(qp), which are on 
(3.4.22). On this portion of the contour the factor exp(iv(p — n/2)) takes care 





(3.4.21) 
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Figure 51 Path of integration for calculating geometric optics 
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of the exponential decrease, and this part of the contour can be connected to 
a path D” that crosses the real axis at a saddle point s, < ga, proceeds to the 
first zero v* of H‘?(ga), and then climbs over another saddle point s, > ga 
to reach the valley containing the zeroes of H{'’(qp). We next determine s; 
in the case |s; — ga| > (qa)’/?; the other case will be considered in (3.4.34). 
The integrand of u, on the left-side portion of D” looks like 


aa elM(@—*!2)((gp)* = vey 1/4 ,in/4 


c= 


exp} | - 207 =) HERE 


+ 2varccos ve varccos Als (3.4.23) 
aq qp 


because of the asymptotic properties of the Hankel functions. The v de- 
pendence is dominated by the exponent, and the saddle point s, is at the 
position where the derivative by v vanishes, 


™ 5] 5 
go — ~ + 2arccos — — arccos— = 0. (3.4.24) 
2 qa qp 


With the notation s,; = gp, the integrand becomes 


ex = /q? 2072 = > = = in/4 
= PO exp iq VP=r- Jar}: 


= 3495 
ale: = py Ir ) 








NV 


at the saddle point. We can now recognize p as the impact parameter of the 
ray that is reflected to the observation point according to the laws of geometric 
optics, and that the phase of (3.4.25) is exactly that of the optical path having 
this reflection (Figure 52). Therefore this is the contribution from reflected 
light. 

On the right side portion of D’, H{*'(ga)/H\'’(ga) ~ —1, and the asymp- 
totic form of the integrand simplifies to 


ey a ” ee Rare 
a lv — = alcicos—— —y 


Wi Cae . (3.4.26) 


The saddle point s; is at 





o 222 arc cos 2 = 0 
J De (3.4.27) 
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arc cos p/p 


Figure 52 The reflected light according to geometric optics 


and, with p = v/q, the integrand has the value 


e” in/4 exp(ig /p? Br p’) G ‘ 28) 
/2r ap)? - u 
at the saddle point. Consequently p is the impact parameter of the incident 
ray, and the phase of (2.4.28) is simply exp(—iqx) (Figure 53). 


To calculate the incoming wave precisely, it is necessary to go through 
the usual manipulations of the method of steepest descent: 


00 ee 2 
A(s,)e'*2 { dv exp} irs) a 








IR 


[a A(v)e™™ 


Die. 
ie ia(sa). 3.4.29 
= A(s;) ia"(S>) ( ) 





since 
Ain 


./2n((qp)? — )"* 
as) =(qp)" =) 


we find exactly explig,/p? — p?) = exp(—igx). The corrections to the 
asymptotic expression can be calculated systematically, and are Op 2); 





A(s,) = 
(3.4.30) 
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Figure 53 The direct radiation according to geometric optics 


Similarly, the contribution u,, of the reflected light can be calculated accu- 
rately, to reveal that there is an amplitude factor that controls the spreading 
out of the reflected light. In (3.4.30) the only changes in A are signs, but, 
because of (3.4.24), 


at”(v) = 2(a?q? — v?) 1/2 — (p?q? — v2) 1/2. (3.4.31) 
Together with u, ~ exp(—igx) + u3,, this makes 


Care u, 
Mas | les 2 Ze 2 
p =P ieee. 


texplighy 2 Rn ae a dE (3.4.32) 








If p > a, then \/a* — p? = acos 9/2 = asin 9/2, where 9 = 2 — @ is the 
scattering angle. Then 


asin 9/2 er 
Ux, = fe expan — 2qasin 3) (3.4.33) 


The angular distribution p|u5,|? d9 = dp is exactly what the geometric law 
of reflection predicts. Although our derivation works only if g@ > 7/2, the 
same result can be obtained for  < n/2 by making minor changes, and by 
symmetry u(p) = u(—¢@). 


The Boundary of the Shadow (3.4.34) 


The validity of the result of the previous paragraph relied on 


(a) g > n/2, so that the exponential factor decreases in the upper half-plane; 

(b) staying away from the region where @ > mand p > %, in which the creep- 
ing waves are insufficiently attenuated; and 

(c) |p — al > a(qa) *'*, so that the saddle point is sufficiently far from ga. 
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At the boundary of the shadow, assumption (c) fails, and we would have 
to assume that p is not too large, in order to preserve (b). Granting that, 
Equation (3.4.21) could still be used, although both saddle points now move 
toward qa. The integration contour is divided into D,, reaching from 
aq + ico to aq; D,, from aq to qp, < qp; and D,, from qp, to infinity along 
(3.4.22). The integrand decreases exponentially fast along D, and D;(g > 7/2), 
and on D, the ratio H®/H”) = —1 + 2J/H™ can be replaced with —1. 
The other contributions are straightforward to estimate as being 
O((qa)'!*(@ — @o)), where p, is the angle such that (p, @o) is on the geometric 
boundary of the shadow, and we are interested in the values |p — @o| > 
(gar, 

Under these circumstances we are thus led back to 


\ i v N PS: 2 
vr opli(o = 5 — are cos ~| + i,/p?q? — v 
We ee  — —  — . —————n—  Z 
Fr ie [(qp)? — v?1* 
(3.4.35) 


(cf. (3.4.26)), since the dominant part of the integral ought to come from the 
vicinity of ga, and we have used the proper asymptotic form of H{!'(qp) for 
that region. By the substitution 


zu 
v = gp sina, 0, =O > O, > 5 (3.4.36) 


(a = psin 99, P; = p SiN Y,), (3.4.35) becomes 


en i _ sinw—cos f 
see atlgpro ao) e TE are) 
2 


V TI pı 





The function in the brackets[ ]in the exponent has its minimum at w = @, 
and its leading term as gp > © can be approximated by a parabolic function, 


[ {= cos of + ee) 











If we write 
igx(o — ©)? int 
CORO = N, 2 = ; (3.4.38) 
D, D 
then we discover that 
—in/4 valx|/n(p-Pı) 
u, = Da | dt eir?12 
2 (eh va|x|/r(p - Po) 


Tl a 
: cost /—— + gpsingsint /—— | . (3.4.39) 
ax ey qp sin p | 
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As q|x| > %, the upper limit of integration goes to infinity and [ 1 
nee ng x|; but unlike what we had earlier, the lower pa % inte- 
gration remains nite if we are in the region |p — @o| ~ (q|x|) 1/*. With 
Fresnel’s integral 


F(x) = | de er? (3.4.40) 


we can simply write 


Be lie = F((@ - Qo) u )) (3.4.41) 


In other words, F specifies how the incident wave exp( —iqx) dies down as it 
passes from light (p — @y < 0, F(~) = \/2 expl(in/4)) to shadow (@ — @o > 
0, u, > 0). At the geometric edge of the shadow (y = @ ) it has only half the 
original amplitude, because F(0) = F(o)/2, and as it passes from that point 
into the light, it oscillates according to Cornu’s spiral around the original 
amplitude (cf. (3.3.10)). 


The Frauenhofer Region (3.4.42) 


Finally, we undertake a study of the region p > (ga)a, where the shadow has 
already faded out. If |g — n| > (ga) ''*, then we know from (3.4.19) that 
the wave is simply composed of the incident wave plus a wave reflected accord- 
ing to geometric optics. If |g — n| < (ga)~'/, then the facts discussed in 
(3.4.19) do not suffice to cause attenuation of the creeping waves, and we are 
forced to take drastic steps. We shall rely on the uniformly convergent ex- 
pansion in the upper v-plane, 


— tvnr/2 


@ RG 
: = — Die’" 2 2inmv 
Bere ie ze (3.4.43) 





Note that the condition for the contributions from the residues to decrease 
sufficiently fast is now 


a 1 
lo-—n|+ arc so = =(2m + 5) — (ag) \? (3.4.44) 


(cf. (3.4.17), which is always true for m > 1, so we only need to worry about 
the contribution u, with m = 0 in the sum. To take care of that, we again 
make the partition D’ =D, U D, U D; of the earlier paragraph, and see that 
the main contribution again comes from D, with H®)/H" + —1. We shall 
only calculate the main contribution, as an estimate of the others shows that 
they become negligible in comparison with it asp > co. Choosing p, = p/2, 
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we can write them = 0 term of the integral over D, of the asymptotic form of 
the integrand (3.4.6) as 


e inl4 


R ® nr dv 
nr a 


n v ae 
-exp}i(3 + 3 ~ are cos “| + i,/(qp)* — | + (8 > —9) 


1/2 
— ea 2/4) eal dz(1 — NER 4. (9 = —9), 
ajp 


a(t) = 9t + tarcsint + \/1 — 717-1. (3.4.45) 


| 





We have introduced the scattering angle 9= x — 9 > 0 and substituted 
from t = v/qp. Since the derivative of the exponent «(t) = 9 + arcsint 
never vanishes, we may make the usual integration by parts, 


1/2 1/2 
{ dt A(t)ei4e2) = | dt ao) oO eidea(t) 
a/p a/p igpo(T) OT 





1/2 


+ O((qp)*) (3.4.46) 


a/p 


Altyer®) 


iqpa (t) 





to determine the asymptotic properties. For values 9 ~ (ga) !' but 9 > a/p, 
i.e., p > aaq, we thereby find that 


ie, [2 singa9 
ee u | (3.4.47) 
Jp a 


This is the same as the diffraction pattern at a slit or cylinder as calculated 
with the older theory, in which Formula (1.2.36) is used with u in the lighted 
regions replaced with the incident wave. However, the older procedure 
gives no indication of the errors incurred, whereas the above theory is able 
to specify corrections to the asymptotic formulas. 

If p > aga, then u is of the form 





iqp 
ue en 4 m f(9) = tin + Uscat- (3.4.48) 
up 


If the wave is normally incident (k = 0 in (3.2.19; 3) and q = w), f determines 
the 


Scattering Cross-Section (3.4.49) 


Op 
ey Steg O_o, 


pra (ey: 


152 3 The Field in the Presence of Conductors 


where the energy-momentum tensor is to be calculated respectively with 
Urea OU ne 


Remarks (3.4.50) 


1. The cross-section o is the radiated energy per unit angle divided by the 
incident energy per unit length. It has the dimensions of a length. We are 
using the energy current from (3.1.24) for the scalar field u (see Problem 1); 
the electromagnetic problem has a somewhat more complicated formu- 
lation. 

2. In the limit ga > 1 and p > ©, we find that 





3 
IPP =Ssin5> if 9 >, 
. 9| 
vor ing ~ (gays 





in words, in addition to the geometrically scattered light there is an extra 
forward maximum, originating in the waves that permeate the shadow. 
Interestingly enough, both components have the geometric cross-section 
2a; but there is hardly any contribution from (ga) " <q < (ga) "°: 


| 49 sin 5 = 2a(1 + O((ga)~?’)) 
( 


ga) 1/3 2 


(ga) 1/3 5 
D | al — 
0 nq 


Hence the total cross-section is twice the geometric cross-section. The 
significance is that not only is the directly incident light reflected, but also 
the light passing by at a distance a is somewhat deflected. 

3. In the limit ga < 1, the scattering cross-section is strongly dependent on 
the polarization. Until now we have always assumed that uj.y = 0, for 
which (3.4.4; 2) makes the scattering cross-section 


sin gad 





2 
= 2a(1 + O((qa)~*’*)). 








This can exceed the geometric cross-section by an arbitrary amount, even 
though it obviously vanishes if q is fixed and a — 0. 

4. If dujon = 0, then the Fourier coefficients in (3.4.2) are replaced with 
J,(ga)/H\'”(ga), and if ga > 0, then the terms with n = 0, +1 contribute: 


3 
o = 74a) 
8 


The total cross-section a(3n*/4)(ga)* is much smaller than the geometric 
cross-section. 





a(1 — 2cos 9)2. 
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5. In electromagnetism Remark 3 applies to a field E parallel to the z-axis, 
and Remark 4 to E perpendicular to the z-axis. The physical reason for 
the greater cross-section of Remark 3 is that it is easier to move charges 
along the axis of the cylinder than transversely. 


The example we have discussed has shown how complicated diffraction 
phenomena can be. Even Cartan’s formalism, which makes the algebraic 
complications trivial, is not very effective for these analytical problems. 
However, the integral representation (3.4.6) is versatile enough that the 
whole range of diffraction phenomena can be derived from it, like rabbits 
pulled from a magician’s hat. In general interference of waves renders the 


solution chaotic. Only in some limits the simple laws of geometrical optics 
emerge. 


Problems (3.4.51) 


1. Derive (3.4.49) for the energy-momentum forms (3.1.24) with 


eit —8) 
Useut = — FO). 
VP 





= Rare) 
Ju Un = € 3 


2. Derive the optical theorem 


x 2 | 
v= | 000 = ~2 [7 Rees) 


where f, as in (3.4.48) is defined by the asymptotic form of 


J„(ga) 
H\’(ga) 


ef? 


er 





se Fe git | Hav) = 


Kap] —e + (9) 
Use the formula 


i, 1HY+H2 1 
HO a pe, ~3 








(en), 6, real. 


3. Calculate the scattering cross-sections given in (3.4.50; 3) and (3.4.50; 4). 


Solutions (3.4.52) 








Cr?) uu, aa hola hole 
(T°) Ka? + Vu)’ (Tin ; 
Since |u(t)|? = (Re u(t))? + (Im u(t))? = (Re u(t))? + (Re u(t + n/2w))*, the use of 
the absolute value is equivalent to a time-average. 


J FO) ei? = 1 > eirter/2)= 3 (2iön En I)H\ Kap). 
5 By 2 
p ee 
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From the asymptotic expression 


3 
H (gp) = “_ gilap — (nn/2)- (r/4)) 
= = | 

ngp 


one finds that 








-in/4 7 4 oo 
f(9) = emer, =| Isla =! I; 
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3. The cross-section of Remark 3 follows from (3.4.4: 2). As for Remark 4, 
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Gravitation 


4.1 Covariant Differentiation and the 
Curvature of Space 


The covariant derivative defines the rate of change of a tensor field in 
the direction of a vector. Covariant derivatives in two different 
directions do not in general commute; their commutator determines 
the curvature of space. 


In field theory one has to deal with derivatives of vector fields and in modern 
theories there appear quantities which are vectors not in space-time but in 
an internal space. In both cases one deals with vector bundles where vectors 
at different points are not canonically oriented towards each other. A chart 
independent notion of a derivative requires an additional structure, the 
so-called connection. It will be the subject of this chapter. As one hopes 
that eventually space, time and internal space willturn out to be only different 
directions in a unifying entity we start with some definitions which allow 
us to treat both cases in the same way. 


Definition (4.1.1) 


A section of a vector bundle V with basis B and projection II is a map ®: 
B->V with II o ® = 1,. The set of sections is denoted by S,(V). 


Examples (4.1.2) 


1. The charged scalar field (3.1.21; 2) ® has two components g’, gy? and 
can be considered as a section of the bundle B x R? where B is space-time. 


155 


156 4 Gravitation 


It associates to x € B the point (x; b,p!(x) + b, g*(x)) € V if b, , are a 
basis of R? which is the fibre in this case. 

2. Besides the charged pions n* there exists the neutral pion x° with about 
the same mass. Their description requires a 3-component pseudo-scalar 
field ~', i = 1, 2, 3 where p! + ip? describe n* and ~? describes x. Thus 
the pion field is a section in a vector bundle with fibre R°, the so-called 
isospin space. There are many examples of similar internal degrees of 
freedom in particle physics. 

3. Vector fields (resp. 1-forms) are sections in the bundles T(B) (resp. T*(B)), 
So(T*(B)) = 79(B), etc. In our case B will be space-time, dim B = 4. 
Thus the fibres in T(B) will always be R*. Similarly tensor fields are 
sections of the tensor bundles. 


We shall encounter only situations where the fibres have in addition to 
their structure of a vector space another important property which deserves 
a name. 


Definition (4.1.3) 


A nondegenerate bilinear map (or sequilinear form for complex bundles) 
So(V) x So(V) > C(B): (®, Y) > <®|¥> is called fibre metric. 


Remark (4.1.4) 


So(V) is a module over C(B) and bilinearity implies <f®|gY) = 
fg<D|Y) Vf, ge C(B). By nondegenerate we mean <®|Y) = 0OVOES, => 
\ = Oat every point of B. 


Examples (4.1.5) 


1. In the Lagrangian for the charged scalar field or the pion field appears 
the combination )’; @'”(x). It corresponds to the usual metric in R" and 
will be taken as fibre metric for this bundle. 

2. On a Riemannian space M the metric defines a fibre metric in the bundle 
T(M). We have seen how it can be extended to T*(M) and the tensor 
bundles. 

3. On any manifold M the canonical 2-form on T*(M) defines a fibre metric 
in the bundle T(T*(M)). Note that the fibre metric need not be positive. 


Every element of a vector space can be expanded in terms of a basis {b;}, 
but for a vector bundle a basis for the sections may not exist globally but 
only locally. In any case the metric is locally determined by its action on a 
basis and for a symmetric metric it is expedient to use a basis where the 
metric assumes the normal form 

; Bh” ford: 
bb >=, with ny= Dr Be 
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(orthonormal” or simply “orthogonal basis”). This requirement does not 
fix the b; uniquely, b; = b, L*; is also an orthogonal basis if L'nL = n. Even 
though the 7; do not depend on x € B the L may do so. 


Definition (4.1.6) 


Let {b;} be a local basis of sections in a vector bundle with fibre metric 
<b;|b;> = ni. The transformations b; > b,L*; with L'nL =n are called 
gauge transformations. The L*x) form the same group for all xeB, the 
so-called gauge group G of the bundle. If the bundle is trivializable and 
L: B > G iisa constant map one speaks of global gauge transformations. 


Examples (4.1.7) 


1. For the fields ® =) b,o' with fibre metric <®|®) = Y"_, g’” the gauge 
group G is O(n). 

2. In a pseudo-Riemannian space with signature (n, m) (n has n positive 
and m negative eigenvalues) the gauge group is O(n, m). 

3. In T(T*(M)) with the canonical 2-form as fibre metric the gauge group 
is the symplectic group. 


Remark (4.1.8) 


There are groups which cannot be characterized by the invariance of a 
quadratic form. To treat them as a gauge group one has to ascend to the 
next level of abstraction and define principal fibre bundles where the fibres 
are the group manifold itself. In our cases the gauge group will always come 
from the invariance of a fibre metric and we shall not need this construction. 

For an exterior derivative of a section we still need a notion which com- 
bines sections and p-forms. 


Definition (4.1.9) 


The sections over the vector bundle B x V @, ApT*(B) are called p-form 
valued sections (or vector valued p-forms), their set is denoted by S,.t They 
are a linear space and the exterior product A maps E, x S, into S,4,. 
Thus ® e S, can be written ® = }’; b,v' with v' € E, and b, the basis in So. 
Given a vector field u e 7 4(B) we define an inner product i,: S, > S,-ı by 


LO =) bi. 
j 


+ ®n denotes a product of bundles with the same basis. In it the fibres are the tensor product of 
individual fibres and the basis is the common basis. A, T*(B) is the p-fold antisymmetric 
product of the T*(B). 
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So far there is no chart-independent notion of parallelism between fibres 
at different points. To define the derivative ofa section ® we need a prescrip- 
tion how to parallel transport ®(x) to x + dx such that D(x + dx) — O(x) 
can be defined. This prescription will be expressed on the infinitesimal level 
by the connection. We shall wonder later whether and how this parallelism 
can be extended to the local or global levels. First we list some formal 
desiderata for the derivative and then successively narrow it down by 
requiring that it conserve further structures. To start with we want a 
derivative D, of a section in direction of a vector field u to be linear in u so 
that one ought to be able to write it i,D, D: Sy > S,, hence we concentrate 
on D. 


Definition (4.1.10) 


A covariant exterior derivative D is a map S, > S,,, with the properties: 
(1) D(®, + ®,) => D®, + D®,, ®, E Se 
(ii) D(® A v) = (D®) A v+(—-)® A dy, Des, ee oe 


The 1-forms w*; appearing in the expansion of the covariant exterior 
derivative of a local basis b; € So 


Db; — Be; or, E E,, 


are called the linear connection or gauge potential. 


Remarks (4.1.11) 


1. Through the rules (i) and (ii) D is completely determined by the w’s. For 
instance, with the natural basis dx* in E, we can write 


1 : 
PLN ax Rs 
pP: 1, (a) 


and D® becomes with the rules (4.1.10) 


® = 


D® = = Y b(dgi + wi, gt) a dxtı a --- A dx. 
* 1, (a) 

2. Since the b; need not be defined globally the @ will not be either, even 
though D exists globally. 

3. w can be considered as element of S,(L(F)), a 1-form valued section of 
the bundle over the domain of the b; with the linear transformations of 
the fibres F as fibres. In this sense one might use the shorthand 
D = d+ wn. However, one has to keep in mind that under a change of 
the basis in F the w’s do not transform the way elements of S,(L(F)) do. 
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Transformation of the Gauge Potential under Gauge Transformations (4.1.12) 


Under a change of the local basis b > bL, L e S,(L(F)) the @ transform as 
> L'!oL+L’”!dL. 


Remarks (4.1.13) 


1. dLe S,(L(F)) is to be understood as the matrix with elements dL‘, if the 
change of basis is b, > b, = b;L',. Thus, with index notation 


O', = (I DR DL = (55 mys dL’,. 
2. The transformation law follows from the rules (4.1.10) 
b = bL = Db = (Db)L + bdL = boL + b dL = b(L’'!oL +L’”!dL). 


3. Looked at from the point of view of the components g' of ® = ) b,p'eS, 
one can say that the components dg! + w!,o* of D® transform like 
the g' under the gauge transformation p! > 9! = (L~'), *. The inhomo- 
geneous term (dL ')® is cancelled by the corresponding term in the 
transformed a since L-4L = 1=dL*L = -L'dL 


Examples (4.1.14) 


1. It may happen that one basis b; is covariant constant, w', = 0. In another 
basis b, = b;L', we have then 


If there is no global basis it is therefore not clear whether there is a D with 


wo = 0 onall of B. 

2. The model (3.1.21; 2) of a charged field can be written in terms of two real 
fields p! = /p cos ee Sp sin S or one complex field ® = gy’ + 
Lepr = 2 e'’. To get a vector bundle we have to allow p to vary over R*. 
In this case we have the fibres F equal to R* or C and the bundle 
V = R* x F. In the Lagrangian (3.1.20) occurred the combination dp + 
iAp (or do! + w', g*, w', =(_2 9)A(x)) which is a covariant exterior 
derivative in this bundle. S> S + A corresponds to a change of basis in 
which case A undergoes the gauge transformation A —> A + dA. Here the 
gauge transformations and the connection involve only the matrix (20) 
and therefore the L cancel out in L 'oL. 


So far our motivation for D was more formal. Its geometrical signi- 
ficance becomes more apparent when one defines the covariant derivative 
in the direction of a vector field over B. 
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Definition (4.1.15) 


Given a vector field ue 7 }(B) the covariant Lie derivative is defined by 
PY =O a Dios 


It maps S, into S,. The particular case p = 0 is called covariant derivative 
and is denoted by D, =i, ° D. 


Remarks (4.1.16) 


1. Remember how the inner product i, was defined. We have more explicitly 
for p = Y;b;p' € Sy the expression 
LO = D,® = ¥ bi((dg'|u) + (ou). 
2, For like for L the Leibniz rule, Liiva ®D)=(LZ,vy)AD+vVA FO 
holds. But generally Y,, # f #,, only for D, we have Vf € Ey: Dr, =f Dy. 
3. Following the construction of the tensor bundles 7%(M) out of T(M) 


one can associate to V its dual bundle V* and the tensor products 
r 8 


—— u —— 
Vi=VQVQ@-:-V*@V*®@-:- V*. 


The differential processes D and thus £/, can be carried over to the 
sections S,(V?) by postulating Leibniz’ rule for p = 0, 


D(®, ® ®,) = (D®,)@ 0, + ©, @D®, for ,€S,(V), 


and the invariance of the map 
(So(V*) x So(V)) > Ep(B): 

D(Y|®) = (DY|®) + (¥| DO), Ye S,(V*); De S,(V). 
DCY|®) = d(‘¥|®) because D = d on the scalars. In particular, for the 
dual basis b*, (b*’|b,) = 0’, we infer from dé!, = 0 that Db*) = — wi, b**. 
One typical example will be S(L(F)) where L(F) is identified with F* @ F: 
If L(F)aL =) vw, v;eF, w;eF* then L-u =; v{w,|u). Again 2, 
depends only on the direction of u and not on its derivative when applied 
to So(V%) where it is denoted by D,,. 


Geometrical Significance of the Covariant Derivative (4.1.17) 


A section De S,(V) as map B > V also maps T(B)Z®,T(V). With reference 
to a basis this can be written: x > (x, y'(x)), 





T(®): (x, v) > (x px); v, 0° =) 
Ox 
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If we identify F and T(F) this looks schematically as follows. 


B T(F) 
V Tox(V) 


(x) | <do|v) N T(p)-v 
L + B | | T,(B) 

















What we now want for D,(®) is the change of the vertical part of ® (in the 
direction of F) as one goes in the direction v of B. However, in T(V) there is 
no preferred horizontal direction, only the vertical direction is defined by 
T(I). For the components in the vertical direction we need a preferred 
horizontal direction. The latter is defined by the 1-forms — w', which can 
be considered as mapt 


(x, v) > (x, g(x); v, —(, |v) 9°). 


D,(®) as difference between the two maps measures the change T(®)v relative 
to the horizontal direction given by w (see the following illustration). Thus 
D,,® should be looked at as the change of ®, e F as one proceeds in direction 
of v. It comes about because the components change by (dg'|v) and the basis 
is rotated by (w',|v). 

A section whose vertical component does not change will be one with 
D,® = 0Vv, that is D® = 0. One says that such a section is covariant 
constant or ®, € F is parallel transported as one moves in B. If one has a 
covariant constant basis the w’s are zero and the covariant constant vectors 
are the ones with constant components. In this case the notion of parallelity 
given infinitesimally by D can be extended to the domain of this basis. One 
can see on T(S?) that in general the extension even to the local level might 
be impossible. There the standard prescription for parallel transport along 
great circles is to keep the angle with them fixed. If one now takes a vector 
at the north pole and transports it to the south pole one arrives at vectors 
pointing in different directions if one takes different great circles to get there. 
Even for points which are a small but finite distance apart the above descrip- 
tion does not lead to a unique result. Obviously, a necessary condition for 
D® = 0 is DD® = 0. Unlike d the square of D is not identically zero. It 


+ Analogously to x n the sum +, of vector bundles is defined such that the fibres are the sum of 
the fibres and the basis is the common basis. 
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T(V) 


<d®|v> 








| — (a, |v)o* 





The geometrical meaning of D, 


turns out that D © D does not depend on the derivatives of the section one 
applies it to, our rules (4.1.8) say 


DD(f 0 ®) = Did a © + (—)*f a DD) 
= dd n®+(—)**' df , DO + (—)' df mA DO 
+f a DD®=f A DD® Web, De). (4.1.18) 
Thus DD®eS,,,, can be linearly expressed by ® and thus defines a 2-form 
with values in L(F). 


Definition (4.1.19) 


The curvature form De S,(L(F)) is defined by 


DD®=QNn O, DEN, 
Remarks (4.1.20) 
1. Qis determined by its action on a basis Ob, = b,Q*; since (4.1.18) shows 
DDb, p' = DE DR Now 
DDb, = D(b, w*;) — by dak, Sr bok; N ool, 
and we arrive at “Cartan’s second structure equation” 
QO}, = do‘, + a! A w,. 
(In the tangent bundle of space-time we shall use the letter R for Q.) 
Considering w € S,(L(F)) one may write this more compactly Q = 
do + @ A o. Since matrix multiplication is not commutative w A vy ¥ 
—v A @ for matrix valued I-forms and @ A @ need not vanish. 


2. For the connection (4.1.13) in V = R* x R? with the abelian gauge 
group 4 (2) the term (w A @)', = A A Ac',e’, vanishes since A A A = 0 
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and Q', = dAc', = Fe', (e, = (_? 2). Thus the electromagnetic field 
F = dA is the curvature of this connection. 
3. By a change of basis b; > b; = b,L*, we have because of (4.1.18) 


DDb, — DOLL. = Bi 
which shows that 
OF = CF OL 
Thus Q, in contradistinction to @, transforms under a change of basis 
like an element of S,(L(F)) ought to transform. One can verify (Problem 4) 
that the inhomogeneous terms in the transformation law (4.1.12) do 
cancel out in the combination dw + A @. 


4. To see the significance of Q for the directional derivative we have to 
use the identity for De S, 


(i,1,DD)® = i,Di,D® — i, Di,D® — Dy, „® (4.1.21) 


(Problem 7). It tells us that if we have two vector fields with [u, v] = 0 
so that they form two-dimensional surfaces then (D,D, — D,D,)® = 
(i,1,Q)®. We see that Q measures the difference between the covariant 
changes of ® by first proceeding in the direction of u and then in the 
direction of v and secondly by coming to the same (infinitesimally 
adjacent) point by proceeding in the opposite order. 


We return to the question of covariant constant sections. D® = 0 means 
for the components of ® 


do!’ + w',o* = 0. (4.1.22) 

This implies 
0 = d(w!,p*) = do’, + a), A ao = A, of. (41.23) 
Thus a covariant constant section has to be at each point x e Ban eigenvector 
of the matrix Q’,(x) with eigenvalue zero. If we have a covariant constant 
basis Q has to be zero since its action on a basis gives zero. This also follows 
from the fact that in such a basis w = 0 and therefore Q is zero and Q trans- 
forms homogeneously under a change of basis. Conversely, 2 = 0 implies 
do‘, + w'; \ ow, = 0 which are the integrability condition for the system 
(4.1.22). Frobenius’ theorem [22, Vol. I] tells us that they are also sufficient 


for the local existence of solutions of (4.1.22) with arbitrary initial conditions. 
This situation deserves a name. 


Definition (4.1.24) 
A connection of a vector bundle is called locally flat if one of the two 
equivalent conditions hold: 


(i) Q=0; 
(ii) there exists (locally) a covariant constant basis. 
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Remarks (4.1.25) 


1. If the bundle is parallelizable, that is, there is a global basis, then we get 
a flat connection by declaring this basis as covariant constant. However, 
flatness is a local property and a flat bundle like the Möbius strip need 
not be a product. But even if the tangent space of a manifold is a flat 
product bundle the manifold need not be an open set of R” but can have 
different global properties as is the case for T”. 

2. Flatness is an internal property of the manifold, Q does not reproduce 
the curvature of a surface as imbedded in, say, R*. Q vanishes for a cylinder 
because it could be rolled out flat on a plane without affecting its metric 
and thereby its internal structure. 


The covariant exterior derivative D can be extended in a natural way to 
S (L(F)) (see (4.1.16; 3) and one finds when applied to 2. 


Bianchi’s Identity (4.1.26) 


DIF. 


Remarks (4.1.27) 


1. For the components (4.1.20) of Q = b,Q*,b*' we see from (4.1.16; 3) 
0 = DQ b(a",QX*; + dQ’; = Q’ a )b* 


or 
ER i k i k 
dQ’; = —a', A OF, + QD A or, 


This relation is proved in Problem 6. 

2. One might think Q = Dw and thus D? = 0 on w. However, it has to be 
noted that though Q is a covariant exterior derivative of w in the sense 
that Q transforms like L(F) under a change of basis this D is not the one 
used in (4.1.26) since m does not transform like S,(L(F)). Written in 
components as above we would get 


(Do)', = do’, + 20, A ol, 
and differs from Q', by the factor 2 in the last term. 


Our general considerations so far do not constrain any further. We 

shall now impose restrictions on the covariant derivative which finally 
determine it uniquely from the fibre metric. 
The fibre metric defines a scalar productin Fandthusmaps SAV) x So(V) 
into E,(B). We shall require that the connection conserves this structure in 
the sense that the derivative of the scalar product contains just the derivatives 
of the sections involved. 
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Compatibility of the Connection with the Fibre Metric (4.1.28) 


In a vector bundle V with fibre metric < | > we shall require 
DOP|®> = dC¥|®> = <DY|®) + (—)?¢ P| DO), 
es), DeS,lV). 


Such connections will be called metric connections. 


Remark (4.1.29) 


For the w’s this imposes the condition 


0 = dn = d¢ejle.> = (De;|e> + <e;|De,> 
qo! XC; lex) r ej le; Do, = = w! Nie Ti Ni: 


Thus if the 7 are symmetric @, = w’,n;; has to be antisymmetric 
Dix — Ci. (4.1.30) 


This means that w,(x) cannot be an arbitrary element of L(F), but must 
belong to the Lie algebra of the gauge group. In our cases G will be for the 
inner gauge symmetries an O(n) or U(n) group and for the space-time 
symmetry we have O(3, 1). For an arbitrary basis with <e;|e,> = gi, (4.1.30) 
generalizes to dg, = Wy, + @,;- 


Examples (4.1.31) 


1. The Lie algebra of the one-dimensional group O(2) are the multiples of 
(_2 4) and the connection (4.1.14; 2) conserves the O(2)-invariant 


fibre metric <®|®) = (g')* + (@7)? since w', = Oy = — yj. 
2. In the paso bundle of a Riemannian space n, = 6; and thus the 
c', = —o*;. For the pseudo-Riemannian space-time we have 


= if ie k = 0, 
0 otherwise. 
Hence w', = —o*; for i, k = 1, 2, 3, wig = @°,, and 0, = 0. 


We shall finally study special properties of the tangent bundle of a 
Riemannian space. To indicate that we are considering this special case 
we shall denote the curvature in T(M) by the traditional letter R. First, we 
use the fact that in this case the sections S,(T(M)) can be naturally identified 
with the vector fields 73(M). Since vector fields 7§(M) map E, into Ey 
they also map S,(T(M)) into S,(T(M)) = TZ 5(M). The vector valued 1-form 
which produces in this way the identity map has a special name. 
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Definition (4.1.32) 
If the b; form a local basis in 7}(M) and e' the dual basis, (e'|b;) = ö',, then 


0 = Yb, @ ee S,(T(M)) 


is called soldering form and T = D@ torsion. Metric connections with T = 0 
are called torsion-free or Levi-Civita connections. 


Remarks (4.1.33) 


. DO = ¥ b(de' + w', A e*) and for a torsion-free connection we have 


de' = —w', A eX. Unless specified otherwise we will only consider 
torsion-free metric connections. 


. In Problem 11 it is verified that T = 0 is equivalent to Dy Y — DyX = 


[X,Y], X,Y e 7% or to (Dyu| Y) - DyulX) = uf[X SO TV), ue ZZ. 


Examples (4.1.34) 


5 


In a flat Riemannian space we have in the covariant constant basis 
w', = 0. If, in addition, T = 0 we see from (4.1.31; 1) that de' = 0 or 
locally e' = dx‘. Therefore R = T = 0 imply the local existence of a 
natural covariant constant basis in E,. 


. Consider polar coordinates in R?\ {0}. The metric is g = dr? + r? dg? = 


e' @e' + e? @e* in the orthogonal basis e! = dr, e? =rdg. From 
de! = 0, de? = dr x dp we conclude for a torsion-free connection which 
preserves g that @,, = —@,, = —dg = -e?/r, w,, = @2, = 0. Thus 
Ry = dox + @; A ©, = 0. With a connection for which the orthogonal 





Figure 54 The bent crystal, a model of a space with torsion 
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basis is covariant constant we get the torsion b, de? = (1/r) dg ® dr a dp 
since the dual basis is b, = Or, b, = (1/r) dg. One verifies that in this 
case the relation D,Y — D,X = [X, Y] from (4.1.31; 2) is violated. If 
we take X = b,, Y = b, the left-hand side vanishes since the basis is 
covariant constant but [b,, b,] = [ér, 1/r] 69 = —(1/r”) dg #0. This 
definition of the connection could be made concrete by bending a 
rectangular crystal into a ring so that the atoms sit at the points r = nro, 
~ = mo, for n, me NV (Figure 54). If we lived in such a crystal and 
defined parallel transport by the lattice of atoms as usually, then our 
space would have torsion. 

3. The sphere S? with the metric g = R?(d0? + sin? @ dg”). In the orthogonal 
basis e' = R d@,e? = R sin 0 dg we have de! = 0,de* = Rcos 0d0 a dp 
and therefore w,, = —@,, = —cos @ dp. This gives a curvature 


R',=da'!,=sin0d0ad ee a 
a = ” R? . 


4. The Lorentz hyperboloid H = {(x, y, z) € R’:x? + y? — z? = R?} and 
g = restriction of dx? + dy? — dz? to H. In cylindrical coordinates 
(x, y) = p(cos , sin @) we find that e! = R dp/,/p? — R* and e* = pdp 
are an orthogonal basis on H:g)y = —e’ x e' +? x e?. de’ =0, 
de? =dp n dgp=>o!', = —@7, = Bea allies = laos Ry = do 5 = 
—pR */,/p?/R? —1dp a dp = —R-*e' a e”. 


Remark (4.1.35) 
In Example 2, those w’s imply for the covariant derivative that 
e} e? 
Dye? = —(27|X)—, Dre! = (IN. 
If X has only the 1-component, then the Dye’ vanish. The covariant derivative 
of e’ in the 2-direction is a rotation, which is faster for smaller r. This accords 


exactly with the following intuitive picture of the rotation of the local basis 
in polar coordinates. 





The rotating basis of polar coordinates 
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We have seen that the two conditions of invariance of g under parallel 
transport and absence of torsion imply the relations (1.2.25). There it was 
stated that they determined the connection w. We shall now verify this 
claim by an explicit expression of © in terms of the derivatives of g. 


Calculation of the Affine Connections (4.1.36) 


(a) In the natural basis, e/ = dq/: The so-called Christoffel symbols I’; ;, € 7% 
occur in the decomposition of «;; in the basis, @,; = ij, dq*. 
Since in the present case de! = 0 = Tj, dq’ A dq‘, they are symmetric 
in j and k. In this basis, dg; = gi. ı dq', so the I’’s are determined by the 
facts 
Dix = Vj + Try 
and 
Dix a Dini, 
which are solved by 
Vin = 2(G jx, + 91j,x — Iki, j) (4.1.37) 


Since this solution is unique, we see that our axioms fix D uniquely 
(Problem 5). 
(b) In an orthogonal basis: From dg, = dy, = 0 = Ox, + ©,; together with 
(de’|e, ® e;) = —(a, A e' |e, ® e) = (co, |e;) TE (co; |e), 
one can derive 
(o,;le;) = 2L(dejle; © e,) + (de,|e; ® e;) — (de;le, @ e;)] (4.1.38) 
(Problem 5). 
Next we study the special features which arise because a flow in the base 
manifold induces in a natural way a flow in all the tensor bundles. Thus the 


Lie derivative of a section with respect to a vector field in B makes sense and 
we can study the 


Commutator of the Covariant Derivative and the Lie Derivative (4.1.39) 


We noted in (4.1.21) that for vector fields u, v, X the commutator 
(D,D, — D,D, — Du.o)X = (i,i,R)X = R(u, v)X does not depend on the 
derivative of X but defines the curvature. One can derive a similar relation 
for DL, — L,D using (4.1.21) and the fact that the Lie derivative L, (like D,) 
applied to the inner product ofa vector with a 1-form just takes the derivative 
of both: L,i,X = i, „X + i,L,X. (For the inner product of forms this is 
true only if v is a Killing vector field.) Remembering [X, Y] = Ly Y = 
—LyX = D,Y — D,X we find 


(DL, — L,D)X|u> = D LX — L,D,X + Dy aX 
=D) XD De Di. DPX Dt 
= R(u,v)X + Dp, xv — (Ru, X)v + D,D,v + Dy, xy) 
= Riu, v)X + R(X, uv + Dp xv — DyD,v — Dp xv + Dp, yv 
= R(X, v)u — <D,Dvlu). 
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In the last step we used a cyclic property of R derived in (4.1.44; 2(c)) and 
DxD,v = Dyi,Dv = in, „Dv + i,DyDv = Dp,,v + <DyDv|u>. Thus we see 
that the commutator does not contain any derivatives of X but second 
derivatives of v. 


Commutativity of D and * (4.1.40) 


In (1.2.16) we widened the scalar product <| > to the interior product i,. 
(4.1.28) generalizes for i, to Dyi, = ip, , + i,Dy as used above. In particular, 
we see Dye=( since 0= Dyl = Dy<ele> = 2(Dys|e> and e is not 
degenerate. Therefore Dyi,e = ip,,e and thus Dy*v = *Dyv. Here E,.18 
identified with S,( A, T*(B)) and not with S(T*(B)). Thus Dy on E, cannot 
be written as i,D where iy is the map E, > E,_, in which sense it is to be 
understood here. 

In a pseudo-Riemannian space vector fields define directions in the vector 
bundles. Thus the covariant derivative D, distinguishes the vector fields that 
are consistent with it in the sense that a vector translated parallelly in its own 
direction from some point equals the vector at the neighboring point: 


Definition (4.1.41) 


A vector field X such that Dy X = 0 is called a geodesic vector field. 


Remarks (4.1.42) 


1. The connection with the geodesic lines: Let z(s) be a streamline of a geo- 
desic vector field X, that is, 2(s) = X(z(s)). Then the components of z in 
the natural basis satisfy the equation 2’ = —T',2’z‘, because with 
Remark (4.1.16; 3), 


0 = D,(X'0, = (Ae a (co! |0,)X/X")d; 
and 


Zs) = © X4(2(s) SS areas 
s 


From (4.1.36(a)), (@',|0,) is just T',,, and we obtain exactly the geodesic 
equations of motion (I: 1.1.6). The shortest lines are thus the straightest, 
in the sense of the tangent vector to a curve being transformed into itself 
under parallel transport along them. 

2. The connection with Killing vector fields: Remember that for a Killing 
vector field X we had Lyg = 0, whereas Ly X = 0 for any vector field. In 
contradistinction for the covariant derivative Dy, X = 0 holds only for 
geodesic vector fields and Dyg = 0 holds for any vector field. In general 
“Killing” does not imply “geodesic” nor vice versa. But there is the 
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following relation: Let v be a Killing vector field (2.1.9), so that 
L,<X|X> = XL,X|X), and let X be a geodesic vector field. Then 


Ly<vlX) = Dy<v|X) = <DyvlX) = <D,X IX) — <L, XIX) 
SDK hae L IN 


Consequently, the component of a geodesic vector field in the direction 
of a Killing vector field is constant along a geodesic line. This reveals a 
new significance of a Killing vector field v, that it provides a constant of 
the motion of a particle in a gravitational field, namely the component 
of the four-momentum 2 of the particle in the direction of v. 

3. If one vector field in an orthogonal basis is also natural it is geodesic. To 
see this, let X be this vector field and v be either X (then <v| X> = +1)or 
a member of a natural basis orthogonal to X. In any case <v|X) is 
constant and with (4.1.33; 2) 


0 = Ly<vo|X) = DyXvo|X) = <DyvlX) + (v| Dx X) 
= D,xX|X) — <L,X|X) + <vlDy X). 
Now <X|X) = +1 so the first term vanishes and L,X = 0 since the Lie 


derivatives between members of a natural basis vanish. Therefore all 
components of D, X are zero. 


In a pseudo-Riemannian space the curvature forms are not arbitrary, but 
are subject to certain algebraic conditions which we now enumerate: 


Algebraic Identities Satisfied by the Curvature Forms (4.1.43) 


(a) Ri = — Rj; 


Proof 


(a) This fact is independent of the basis. If the basis is changed by é = Ae 
(Problem 4), then R + ARA ! and g > A‘~'gA~', and thus R;; = 
gix R*; = (gR);; > (A 'gRA~'),;, which preserves the antisymmetry. 
And Fact (a) is obviously true in an orthogonal basis, since w;; = 
— Oj > O, A OK; = —a,; A ak = —O, A ah. 


(b) 0 = dde' = —d(a', a e*) = —R', a et. O 


Consequences (4.1.44) 


1. The m 3-forms (b) we get from the (%) 2-forms vanish. In the absence 
of other algebraic conditions there are consequently 


a e (7)  m’(m? — 1) 
a) REG gry 
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independent components of the curvature. In one dimension, there is no 
curvature 2-form, in two dimensions there is one, and in four dimensions 
there are twenty. However, many of the components can be made to 
vanish by a suitable choice of bases and coordinate systems. Let us take 
an orthogonal basis, to fix the g;, as y;,,and try to find how many invariants 
can be constructed from the m?(m* — 1)/12 components of R;, and the m? 
components of the e'. There are available m? functions OX'/öx’ from a 
possible change of coordinate system and m(m — 1)/2 components of A 
(since An A‘ =n), with which to make m? + m(m — 1)/2 of the total of m? + 
m?(m? — 1)/12 components vanish. There remain m?(m? — 1)/12 — 
m(m — 1)/2 = m(m — 1)(m — 2)(m + 3)/12 invariants. This simple argu- 
ment does not work in two dimensions, however. Moreover, we have only 
imposed the algebraic conditions, and there may be some differential 
dependence among the invariants as well. 

2. If R'; are decomposed in a basis R'; = 3R' 
Christoffel tensor R == oh Met coe 


jkme”, then the Riemann- 


eee the edations (Problem 8) 


ijkm jkm 


(a) Bm = = Rmk: 
(b) Rijem = — Rien’ 


(c) Ri jem ay Ritmj Rim jk = 0; 
(d) Rijem = Rimij- 


3. If Rj, is written in terms of the contractions i,, Ri, = RB), we" Reh, 
and i,, R* = R*,=ReE, in such a way that the contractions of the 
remainders vanish, then those remainders define the Weyl forms C;,: 

R = BER R)+C 
= ~ —e. A e, +——~(e, AR, —e, AR, k 
een nee, x : : L 





It is clear that the C,, also satisfy (4.1.23), and by construction i, Hey = 
C, = 0 (Problem 9). Because i,, Ry = i.,R,, the equations C, =0 pose only 
m(m + 1)/2 independent an which leaves m?(m* — 1)/12 — m(m + 1)/2 
= m(m + 1)(m + 2)(m — 3)/12 components for the C;;. In three dimensions 
all C;;are zero; they first occur in four dimensions, with ten components. The 
Ce ate important because they remain invariant under conformal trans- 
ration: g > fg, f € Eo (Problem 10), and in particular they vanish on all 
conformally flat spaces. Conversely, if C = 0, then g = fn [25]. 

We conclude the section by collecting the formulas that connect the metric 
and the curvature, to lay the foundation for later calculations: 


g = gxe' @ e, 

ee aa 
ee ur (4.1.45) 
dg, = Giz" + Ox G ji 
Ri, = do’, + wi; A @',. 
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Problems (4.1.46) 
1. Find a u such that (du|X & Y) = (Dyu| Y) — (Dyu|X) is violated in Example 
(4.1.34; 2) with torsion. 


2. Use (1.2.26; 3) to calculate the w’s for the plane with polar coordinates. (The w’s 
vanish for dx!’?, so set € = A', dx*, and compare with (4.1.34; 2).) 


3. With the help of (1.2.26; 3), find a necessary and sufficient condition to make the 
w’s vanish by a change of basis. 


. Show that for b = bL, we have Q = L~'QL. 
. Derive (4.1.37) and (4.1.38). 
. Prove (4.1.27; 1). 


N DH Nn ff 


. Show (4.1.21) by verifying the more general relation for we S;: 
i,t, Do = i,D(@|v) — i,D(o|u) — iy,» @- 


Hint: w can be written )’; bjv',b; € So, v' € E, and because of linearity it suffices 
to show the relation for one term,. Use 


i,i,dv = i,d(v|v) —i,d(v|u) — iy, 4¥ for ve E,. 
8. Derive the equations (4.1.44; 2). 
9. Show that i,,C/, = C, = 0. 
10. Suppose that é' = fe' but 9, = g, such that g = fg. Show that C, = Cx. 


11. Show dei = —wi,e& & (Dyu| Y) — (Dyu|X) = (dul|X @ Y) Dy Y — DyX = 
[X,Y] X,Y ¢7>,we F? and ea basis in 7%. 


Solutions (4.1.47) 
1. u = e?; de* = dr 1 dp # 0, but Dye? ought to vanish for all X eT}. 


5 A= cos p se [ad md me cos @ 


0-1 
-d4 4" = do| | 


—sin@ cos —cosg —sing|’ 1 0} 


3. Choose A so that dA‘, = w',A',. As remarked in (4.1.20; 3), it is both necessary and 
sufficient for solubility that d(w',A',) = R',A',=0, and therefore R', =0< 
>, = 0. 

4 o= EL toh +L dL, 
dO +@A@=(dL"') A @L + L“' dol — L~@ dL + (dL~') a dL 

(tok Sc ay ae oe dL) 
=L'(da+a@n o)L. 
3: Paz + Fu = Gina 
Vin + Vin = ga 
TI = Tu; ga 
QT = ga + ge — Gra,j- 
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Let (de;|e; © e,) = (de;);,, etc. Then 


(de )ix = (@;i)k = (Wi 
(de,) ji = (x): = (Oxi); 
(de); = —(@ix)j + (i) 
(de ix A (dey) ji = (de); = 2(@,;)i- 





6. d(dw'; + w', A w';) = dw', Aw, — wi, A da’; 
=0', A 0 — a, ADS, — a! Aw, A a8; + w', Aw, A OF; 
=Q', a aw; — a, AQ. 
7. Insert @ = by,be Sy, ve E, 
i,1,Do = (i,Db)(i,v) — (i,Db)(i,v) 
+ BG AL 9) LAN) in): 
This equals 
i, D(@|v) — i, D(@|u) — in, ,.@ = i,D(bi,v) — i, D(bi,v) — bi, v- 
8. (a) holds because both sides are components of a 2-form; 
(b) follows from (4.1.23(a)); 
(c) O=R',;, A e = R‘,,,,e/*". Because of (a), only the cyclic permutation remains in 
the sum; 
(d) follows from (a) — (c): 
R;jkm = —Ritmj — Rimjk = Reimj + Rmijk 
Rus BR Rent Rost 
2R mi; 1 R jkim at R jmki = 2R mij xe R jimk => 2R; jkm = 2Rumij- 


I 


9. Because i,,e’ = m and e/i,,w = pw for all we E,, we find 


— R(m — ])e; 1 
+ Re, — R, — R, + mR,] + € a0) 
ea Zen k «+ mR,) Br 








R, = be Rt = 
10. It suffices to show that R, = Ry, + v; A & — vu. A e; for some v;€ E,. Because 

dé=df ne+fde= —O', A & and Oy + Oy = Ox + Oxi, 

Oy. = Ox + (df lede, — (df le,ei- 
In a natural basis, e, A w*, = 0, and therefore 
(df ledes — (df le)e) A O*, = u A ei, v = (df |e,)o*,, 
and 
dx = dQ, = VV; N Co Vy I 6, Va d(df \e;). 
11. (a) =: (de/|X.@ Y) = (Dye!| Y) — (Dye!|X) 
= (a, | X Y) + | YX) = -@', A IX @ Y) 
> Ifu = fe, f eE,then du = df n e+ fdeand Dyu = ix(df mn e+ f De). 


Thus the first term also satisfies the equation. 


(b) Remember (du|X © Y) = Ly(u| Y) — Ly(ulX) — (ul[X, YJ) and Ly(u| Y) = 
Dx(u| Y) = (DxulY) + (u| Dx Y). 
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4.2 Gauge Theories and Gravitation 


Energy and momentum imprint a structure on space and time through 
Einstein’s equations, which equate the energy and momentum forms 
to quantities constructed from R°,. 


To derive the field equations with the Lagrangian formalism one needs a 
4-form as Lagrangian density. However, to get fields equations which are 
consistent one has to make sure that the action functional has a stationary 
point. We have seen in 82.1 that in Maxwell’s theory this is only the case 
if the current is conserved. In §3.1 the current was derived from a scalar field 
S and the field equations for S were just the requirement that the current 
be conserved. We shall now study this phenomenon more generally with a 
scalar field ® = /p e'® where the density p is no longer constant. Instead 
of the complex field p we shall use two real scalar fields p', gy? with 
®! = 9! + ig’. Expressed in terms of these fields the Lagrangian 
(d + ieA)p a *(d + ieA)p of (3.1.21; 2) becomes in the notation (4.1.14; 2) 


1 2 Oil 
=. 2 (Do) A *(Dp)',  (Dp)' = dg' + et', Ag’, e- ie A 


Another term invariant under the local gauge transformation would be a 
“mass-term”— 3m? ),; g' A *g'. The general total Lagrangian 


L = —7dA n *dA — 3) (Dg) A *(Do)' + mg! a *p') (4.2.2) 


is invariant under A>A+dA, pe “No, Ae C(R*) and the linear 
dependence of the action W = | £ on A which prevented W in (2.1.3; 1) to 
have stationary points is absent. Thus there is hope that the Euler equations 
which result from (4.2.2) 


d*F = —*J, D*D® = m? *@, (4.2.3) 
with 
OF 


ER 
0A 





= ee’, p* a *(DO) 


are consistent. Indeed, d*J = 0 is a consequence of the equations for ®. To 
see this most directly consider the variation of £ with ® 


52 = 259 IS - a | + a(¥ 005; sae) (42.4) 





0p 


The Euler equations require [ ]=0 and for 6® the change ® > eo 
to first order in A gives 5Y = ed(Ae!, p* A *(D®)). If we choose a global 
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gauge transformation, (dA = 0), the invariance of Y guarantees ö6£ = 0 = 
—d* J. 

Next we shall extend these considerations to the non-abelian gauge 
group O(3). In this case ® has three components and one might think that 
in (4.2.2) one just has to take Yı from one to three. However, now one 
also has three gauge potentials and dA is not invariant under the gauge 
transformation A>L’'AL+ L!dL (see 4.1.12). This suggests replacing 
dA with DA = Q (see 4.1.20; 1) which transforms as (DA) > L~!AL. Thus 
the bilinear expression trQ A *Q = Q', a *Q is gauge invariant and seems 
to be a good candidate for the Lagrangian of the gauge field. Such a 
Lagrangian has first been proposed by Yang and Mills and has later turned 


out to describe the strong and electroweak interactions if further fields are 
added. 


The Yang-Mills Lagrangian (4.2.5) 
Lf =FtrDA a *DA —3<Do a *DQy — Im?! x *D). 
Remarks (4.2.6) 


1. We used the notation <® a Y) = J, g' A wW' for the scalar product in the 
fibres. 

2. Although we were thinking of O(3) the Lagrangian (4.2.5) has the same 
appearance for all O(n). 


The Euler equations derived from (4.2.5) are similar to (4.2.3) except that 
now the Maxwell field F is replaced by the curvature Q. Here we just state 
the results as we shall go in (4.2.15) through the details of the variational 
procedure. 


The Yang-Mills Equations (4.2.7) 
dQ = —*J = —, D*D® = m?*@. 


Remarks (4.2.8) 


1. The derivation of (4.2.7) follows the lines of (2.1.7), one just notes 
*Q = 0L/0dA since both factors in Q A *Q = *Q a Q give the same 
contribution. 

2. To get more explicit expressions one might use a basis b; for the Lie- 
algebra = (3 x 3 antisymmetric matrices) which diagonalizes the trace. 
Iftr b,b, = —6,,and A = ), b, A’, A* e E,, then the curvature Q=) b,F* 
has according to (4.1.20; 1) the components 


F* = dA® + 4c4,7A? a A”. 
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For O(n) « goes from 1 to n(n — 1)/2 whereas i for p' goes from | ton. 
Cy)" are the structure constants of O(3) of this basis: bgb, — b,b; = 
Cz, b,. With this decomposition the Lagrangian of the gauge field becomes 
Mgr L,Y cheer, id Slab 

3. Since the F* do not depend on dA only, but also on A, there is a con- 
tribution — 02/04” = c,g’AP  *F’ to the current *J. This does not 
appear in Maxwell’s theory and means that the Yang-Mills equations 
are nonlinear even in the absence of the scalar field. On the other hand, 
the contribution of the scalar field to the current (b”),,@" A *(D®)' has 
the same structure as previously. 

4. The consistency of the Yang-Mills equations requires d*J = 0. This 
follows indeed from the variational principle as can be seen by considera- 
tions similar to the preceding ones. A gauge transformation L = | + b, A* 
with dA® = 0 and A* 0 generates 6A” = c,,”APA’ and since bY = 0 
the generalization of (4.2.4) tells us that 


A*d(cp,’ AP A *F’ + (N), nn" A (Do) = 0. 


Thus the general conclusions which we drew from Maxwell’s equations 
like the vanishing of the total charge in a closed universe or a plane wave 
still hold. 

5. There is an essential difference to Maxwell’s theory where the current 
was gauge invariant. Here the current does not transform like Q under a 
gauge transformation, J 4 L~'JL but transforms inhomogeneously. 
Indeed, J > L~'JL would be incompatible with (4.2.7). Although *Q 
transforms like *Q > L~'*QL, d*Q does not. Therefore it has no gauge 
invariant meaning to say that one has a certain amount of currents at a 
point x in space, one can always find a gauge such that J(x) = 0. The total 
charges Q, = Jy, *J, = —Jay, *F, are more robust. Since they can be 
expressed as boundary integrals they transform homogeneously under all 
gauge transformations which have dL = 0 on @N3. 


The culprit responsible for the inhomogeneous transformation law of J 
is the A contained in the contribution from the gauge field. The contribution 
*J(®) = bb x *(D®) from the scalar field transforms homogeneously. 
Indeed, if we put the current from the gauge field to the other side of (4.2.7) 
we obtain on the left-hand side the combination d*F* + c,,”A,; A *F” since 
the structure constants are totally antisymmetric, cz,“ = c,,’. The extension 
(4.16.3) of the covariant derivative to S,(L(F)) shows (compare Problem 7) 
that these are just the components of the covariant exterior derivative D 
which is constructed such that it transforms with L~ 'D*QL. Thus the Yang- 
Mills equation can also be written D*Q = —*J(@). *J(®) alone is not con- 
served, however, one finds that D applied twice to *Q gives zero (Problem 7) 
and thus d*J # 0 but D*J(®) = 0. Together with (4.1.26) we find a form for 
(4.2.7) which looks like Maxwell’s equation only that d is replaced by D. 
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Covariant Form of the Yang-Mills Equations (4.2.9) 


DQ=0, D*Q= -*J(®)> D*J(®) = 0. 


Since the gauge theories discussed so far seem to be the appropriate descrip- 
tion for the electroweak and strong interactions, it is tempting to think that 
a theory of gravitation should follow the same pattern. According to the 
equivalence principle discussed in §1.3 gravity is related to the metric 
structure of space and time M. This suggests taking as fibre bundle T(M), 
as fibre metric the pseudo-Riemannian metric, as gauge group the local 
Lorentz transformation and as gauge potential the connection w. Thus a 
possible Lagrangian would be —+R*; A *R°, + the matter Lagrangian 
(3.1.20). However, this does not give a theory of gravitation because the 
connection w does not appear in (3.1.20), everything being expressible in 
terms of * and d. Thus the current *J = 6¥/d@ does not get a contribution 
from the Maxwell or scalar fields. Only if we had a spinor field its spin 
density [21] would contribute to the current. However, one knows that all 
matter acts as source of the gravitational potential and so this theory does 
not seem to work. More specifically one believes that all energy and 
momentum currents are the source of gravitation. Since they are the 
generators of translations one might think that it is more the translation part 
of the Poincaré group and not the rotations which are relevant for gravity. If 
this is so we lose the strict analogy with the previous development where the 
gauge groups were orthogonal (or unitary) groups. Therefore the construction 
of the gravitational Lagrangian will involve some guess-work. In any case 
the energy and momentum currents of matter turn out to be 0Y™"*"/de*. 
Here the tetrads e* € E, are a basis and therefore it is reasonable to look at 
them as the gauge potentials replacing the A’s. In this case the w’s play the 
role of a field strength and not a potential, which they actually do in the 
equations (I: 1.1.6) for the motion of a particle in a gravitational field. If we 
use an orthogonal basis they contain all the information of the metric 
g = Nase” ® ef and its influence on matter comes only through the *-map 
contained in Ze", We shall represent matter by a scalar and the electro- 
magnetic field and take the Lagrangian from (3.1.20) (in units pe?/m = 1) 


matter _ —4J PT 4F A *F. (4.2.10) 


When choosing the gravitational Lagrangian #* some points should be 
born in mind: 


Remarks (4.2.11) 


1. At the time of the birth of gravitational theory, the requirement of general 
covariance provided some relief from the labor pains, but later on it was 
more often a source of confusion. The concept of a manifold incorporates 
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it automatically when the definition uses equivalence classes of atlases, and 
hence only chart-independent statements are regarded as meaningful. 
This program is by no means unique to gravitational theory—we have 
also followed it in classical mechanics and electrodynamics. The big 
difference is that now the metric g on M is not determined a priori. 

2. There are some coordinate systems in which Einstein’s equations simplify, 
just as Maxwell’s equations are easier to work with in the Lorentz gauge 
OA = 0. For example, some formulas are shorter (cf. (4.2.20)) when written 
in the popular “harmonic coordinates,” which satisfy 6 dx = 0 [26]. 
It is a matter of opinion, which we leave to the reader, whether this fact 
is of fundamental importance. 

3. Even when the chart is fixed, there still remains the choice of a basis e’. 
Orthogonal bases are special in that they standardize g;, as n;,.. They 
still leave open the possibility of a Lorentz transformation e* > L%,(x)e’, 
L'(x)nL(x) = n for all x. #™" in (4.2.10) is invariant under this trans- 
formation, which means that matter does not define a “teleparallelism.” 
Looking just at matter one cannot observe the orientation of the local 
Lorentz systems relative to each other. It is thus reasonable to postulate 
that gravity does not prefer one frame either and therefore Y* should be 
invariant under this transformation too. 


We now have to select £®' e E, from the material gathered in §4.1 for 
T(M) and pose the requirements that it: 


(a) is invariant under a change of basis; and 
(b) is quadratic in the derivative of the e*. 


This leads uniquely, up to a factor, to (for the last way of writing see 
Problem 8) 


LE =~ *R = Rig A *e = 2d(e* A *de,) — (de* 1 e*) A *(deg A e,) 
+ 5(de* a e,) A *lde A €,). (4.2.12) 


Thus the total Lagrangian will have three contributions. One from a 
scalar field Y* = —3J A *J which represents matter. For simplicity we 
choose units where pe*/m = 1. Secondly, the electromagnetic field adds 
L° = —5F A» *F. Finally, comes #* equipped with a factor to be adjusted 
later. 


Lagrangian for the Total System (4.2.13) 


GBeÄ]ArDAR nth +o Ry A tel, 
167K 


Pf =A; J dS eA. 
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Remarks (4.2.14) 


1. If we consider the e* as counterpart to A the simplest analog to dA a *dA 
which is invariant under global Lorentz transformations would be 
de* x *de,. This leads to a theory with teleparallelisms and contradicts 
our information gained from experiments on the bending of light rays 
by the sun. The somewhat different form of (4.2.13) insures invariance 
under local Lorentz transformations. Because of this invariance we may 
use an orthonormal basis for the derivation of Euler’s equation. The 
variation of the metric g results from our making the variation of e 
without imposing any orthogonality constraints. Since the metric n is 
constant we may freely pull indices up and down under the derivative and 
use the notation @,, = ,,€, etc. It amounts only to a change of sign for 
each subscript zero. 

2. Another quantity invariant under local gauge transformations would 
be simply *1. It contains no derivatives and by itself cannot lead to a 
differential equation. In an early stage of the theory Einstein added it in 
as a “cosmological term.” Later it fell into disfavour and there is no 
empirical evidence for it. Yet its absence is still mysterious since there are 
many possible sources which could contribute such a term. We shall 
occasionally resurrect it for the purpose of comparison. 

3. In an orthogonal basis we find that 


er 1 dw, — d(*e? A wg) = —(d*e*) A Wag 
== Dg Me™ KO get oP, A *e Kap 


= Yx 5B) a 
== Ze INO N Oye, 
and so we could simply use 


/ * Pr x 
= e NaC aN Wy 
167K ‘ 2 


for gravitation. This equivalent £’, when taken by itself, is altered by a 
change of basis. It is useful for showing why we get an equation of second 
order: it contains only w, i.e., derivatives of e, but not dw. 


Derivation of the Euler-Lagrange Equations (4.2.15) 
(a) Variationt of the Lagrangian of S: From ee a *J =J A *e* (see 
(1.2.18(a))), we conclude that 
oH =O) Ate + I A Oe — (08) vA * 2: 
If we successively vary the e’s occurring in *e”, we discover that 


de = de XH (i,*e"), Mel 


+ Here 6 denotes the variation, not the codifferential. 
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Using this in the above formula, multiplying by J,, and summing: 
Ja o*J =6J at) = 06 ALJ A i*s + @J)- Fd] = 
O45: Ad) = =o) A + ode A [od A at ee |: 


(b) Variation of the electromagnetic part of £: As in part (a), we conclude 
from e® , *F = F a *e* that 


e® A» O*F = (6F) n *ket + Fn öre? — (de) A *F. 
As before, multiplication by F,, yields 
O(—4$F A *F) = —OF a *F + 30e* A [(i,F) A *F — F A i,*F J. 
(c) Variation of the gravitational part: First note that by (1.2.18(c)), 
One = oe Al se = oe Heys en a ele 


Although R,, is itself constructed from the w’s and a variation of e 
induces a variation of w, we need not calculate these variations, because 


“PR A ÖR = d(*e An dw.) (4.2.16) 


(Problem 1), and hence the variation of R does not affect the Euler- 
Lagrange equations. 


The combination of these three results produces 


of = -öJ a *J — OF an *F + 6e 





162k 
Hidde) Rody 


a 5 l : 
i: & ar “apy A Re au a N 00,5) 


l6rK 


* 
= 
R 

ll 


+7, = WF) AF = F AGSF) 
or, writing J = dS + eA and F = dA, 


OL =O 0 == OA Fae i pe. 


| 
N ie IF ah ar Te Nuhr ZN Re (4.2.17) 


l6rK 


The requirement that 6 | / = 0 therefore results in the 


k £ 1 
= i{ases + 0A A *F — —— Heu dy). 


Field Equations of the Total System (4.2.18) 


(ae, 
(b) d*F = —e*J, 
(6) are AR! = Onelt eee), 
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Remarks (4.2.19) 


1. These calculations generalize those of §3.1, because the metric has also 
been varied. The effect is to produce Einstein’s equations (c) for the gravi- 
tational potential, in addition to the equations we got before. 

2. The right sides of (c) are the energy-momentum currents of a scalar 
field and an electromagnetic field. Note that the gauge-dependent con- 
tribution (2.1.8; 1) of the canonical energy-momentum tensor does not 
appear, and that the Maxwellian contribution is coupled with gravity. 
These currents have the structure of the Hamiltonian pg — L in mechanics 
as anticipated in (1.3.22). They can be written 


“=U, A ds SL, Poh AoA Ae 


Now *J = -0£°/ödS (resp. *F = —d¥°/d dA) correspond to p; dS 
(resp. dA) correspond to g and the inner product picks out the right 
component. 

3. Although we have used an orthogonal basis to derive (4.2.17), (c) has 
the same form in any basis, because of the homogeneous transformation 
law for R,, (4.1.20; 3). Equation (c) seems to have a different structure 
than (a) and (b), it does not say that the derivative of a field strength is a 
current. (c) is the analog to the covariant form of the Yang-Mills equa- 
tions (4.2.9). We shall shortly cast it into the form (4.2.7) which is like 
(a) and (b) but thereby the two sides of the equation lose the property of 
transforming homogeneously under gauge transformations. 


Different Versions of Einstein’s Equations (4.2.20) 


(a) The classical version. The 3-forms of energy, momentum, and electric 
current all occur in (4.2.8). In §3.1 we wrote down the equations for the 
corresponding 1-forms, and we can similarly rewrite (c). By Rule 
(1.2.18(b)), for allweE,, 


BEER a te eee 
259, SO SP eight “Esty lg ee le): 


If@ = RP’ and we observe that i,i;RP, = i,R, = i,R, and *e’,R, = *R, 
(cf. (4.1.24; 3)), then we see that 


R, — 3e,R = 8ux(t, + IT)» 
le, 
R, = 8nk(t,+ T,-3elt + 7)), fief ete. 


For the components of the Riemann-Christoffel tensor (4.1.24; 2) and 
the energy-momentum tensor T,,; such that t, + I, = pe» this means 
that 


1 i = 
Rau = ZUR ae —— 82K Typ. 
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(b) As a Yang-Mills type equation. £’ of (4.2.14; 3) can be written (see 
(4.2.12)) 
L' = Ude‘ ne) n *(deg A e,) + 4(de* A e,) A *(de? A ep) 


if we momentarily put 87x = 1. Performing the variational procedure 
(4.2.17) with the e* we get another version of (4.2.18(c)) 





d*F, = —*J, 
AP ee ot he) Wee Vaden esa) (4.2.21) 
Ode” 
ar om SI Ads FL TA AAH ET eNdE =, 


Per Ces 


They are now in the form of the exterior derivative of a field strength 
yielding the dual of a current and have the following features in common 
with the Yang-Mills equations: 

(i) There is a contribution *7;=i,*F, a de® —i,2’ from the e* to 
the currents. One can interpret it as the energy-momentum currents 
of the gravitational field. It has exactly the same structure pg — Las 
the contributions from S and A. 

(ii) Under e* > L*,(x)e® both d*F, and *J, transform inhomogeneously. 
From the three contributions to *J, it is only 7, which does not 
transform homogeneously. For any given point x we can find a frame 
such that /,(x) = 0. Conversely, on a flat space with non-Cartesian 
coordinates /* #0. As discussed in §1.3 these facts reflect how the 
balance of energy-momentum is affected in accelerated reference 
frames. The total currents are conserved, d*J, = 0 and thus we draw 
again the conclusions that the total energy momentum of a closed 
universe or a periodic field is zero. If space is asymptotically flat and 
we restrict ourselves to transformations which are asymptotically 
constant Lorentz transformations then the total energy and momen- 
tum transform like a vector. 


To see the relation to the classical version we have to re-express de in 
terms of the w’s. This is done most easily if one remembers that the exterior 
product is the dual of the inner product 


F* = i,(de’ a e* — 4n**de’ A e,) 
= (of, A en, Ae) 
= -(@,,lef)e” + Ko,.|e)e” 


= Hay, 97 = FH 0 te, (4.2.22) 
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Thus d*F* = 3d(o,, A *e**”) which has some similarity to the left side of 


(4.2.18(c)), the difference being */*. To get the latter in terms of the w’s we 
use te"? ri, 


A(cog, A es) = dg, A &5 — Wg, A Meg A e° 


and 


R;, = dog, — Wop A W°,. 
Comparing (4.2.21) with (4.2.18(c)) we see 


aßyö 
RAS = & 


= o 
nie (O5 A 0°, We, Dg, A Weg EP). 


This form of the currents has been put forward by Landau and Lifshitz 
so that we shall call (4.2.21) the Landau-Lifshitz form of Einstein’s equation. 
They did not use an orthogonal but a natural basis. In the natural basis 
e* = dx", © =I yg,dx" with T,,,=T.,,. Then the energy-momentum 
tensor of gravity, that is the components of ¢ in this basis, are symmetric 

Ae RES == vlg 


NE de ene + P 


167K “ 


Bram, 3 erByo .*] 


Pyu” adv 


Zub N 


This symmetry ensures local angular momentum conservation: d(*t? +*IP+ 
+7) = 0 implies d(x*(*t* + IP + EP) — xP(*t* + * 7% + *2%)) =0 only if it 
is true for ¢ as well as for t and 7 (cf. (2.1.11; 2)) that dx* a */* — 
dx® a *¢ = 0. Here x* is a local coordinate, so at this stage the theorem of 
conservation of angular momentum is formulated strictly on the domain 
of a single chart. The appropriate 3-form is defined globally only on special 
manifolds. 

From (2.2.22) one deduces immediately (Problem 8) the so-called ADM- 
expression for the total energy in an asymptotically flat space. It was a 
major discovery [41] when it was shown that it is positive provided the 
external energies 7° and f° have this property. Thus the negative energy of 
gravitation can never exceed the energy of the sources if the space is to stay 
flat in the large. 


Remarks (4.2.23) 


1. The versions (4.2.20) do not exhaust the possibilities of writing Einstein’s 
equations in terms of the exterior differentials of 2-forms. Numerous 
other variants have been proposed [10][29][39]. We just wanted to 
exhibit the analogy to non-abelian Yang-Mills theories. The field equa- 
tions are nonlinear because the gravitational field carries energy and 
momentum. However these quantities evade localization since they 
transform inhomogeneously under local Lorentz transformations. 
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2. It is not the curvature forms R,, but rather their contractions R, that are 
locally determined by Einstein’s equations. However, if the Weyl tensor is 
known, which happens, for instance, if the space is conformally flat 
(Cy = 0), then (4.2.11(c)) does determine R,,. In vacuo (7, = ¢, = 0), 
R,, and C,, are the same and conformally flat solutions are flat. In two 
and three dimensions where the Weyl-tensor vanishes all solutions of 
Einstein’s equations in vacuo are flat. 

3. If one follows Cartan’s suggestion and retains the torsion, generalizing 
the foregoing argument, then, like R,, it is determined locally, by the 
spin density of the matter present [21]. In the absence of spin, the space 
becomes torsionless, and the theory reduces to the one presented above. 
Since we know of no objects with sufficiently high spin densities, this 
variant of the theory agrees with experiment as well as Einstein’s. 

4. The geometrical significance of the 1-forms R, determined by (4.2.20(a)) 
is brought out through the following heuristic argument: Suppose that 
v points in the time direction e°. Then if it is translated parallelly 
around the infinitesimal loop formed by e’ 1 e°, it changes by (dv)! = 
v°R'o19 X the surface area, or, summing over the three spatial com- 
ponents, 


(dv)! + (dv)? + (dv)? = v°R%o49 X Surface area 


v°8nk [rm = 3900 It 


If e is a geodesic vector field, then v remains in the tangential direction 
of the geodesic vectors when translated parallelly along e°. The positivity 
of the right side of the above equation indicates that the geodesic lines 
converge (Figure 55). This reflects the attractive character of gravity, 
and contains the seeds of the destruction of space and time that will be 
discussed in §4.6. 





e 


Figure 55 Parallel displacement of v along the streamlines of e! and e° 
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5. The e‘, and thus also the ¢*, can not in general be defined globally, though 
they can if there exists a compact, spatially orientable submanifold N 
without a boundary. It is known that such a manifold is parallelizable, 
and hence e!, e?, and e? exist globally on N. If e° is taken as the timelike 
normal vector field, then ¢* can be defined globally on N. Therefore the 
statement (1.3.35; 2) that an orientable, closed universe has zero total 
energy-momentum is always valid. 


Now that the observables introduced in $1.3 have been identified, we are 
ready to derive the finite speed of propagation of the gravitational field, 
which, as anticipated in §1.1, equals the speed of light. Speaking mathe- 
matically, it is a matter of finding the characteristics of the equations 
(4.2.11(c)). In §1.3, the characteristics were defined as the possible 


Surfaces of Discontinuity of the Solutions (4.2.24) 


Let e* have possibly discontinuous second derivatives with respect to a local 
coordinate u, and let t* and 7* be continuous. Then either R,; is continuous, 
or elsedu = n,e*inan orthogonal basis e*, where n* = n.ngn” = <dd> = 0 


Remarks (4.2.25) 


1. If the e* are allowed not to be C”, then it is of course possible to choose 
them with discontinuous second derivatives even in flat space, a fact which 
reflects only the choice of basis. Any genuine discontinuity would have to 
show up in the R,,, and (4.2.13) states that such discontinuities can only 
occur along surfaces with lightlike normals. 

2. The equations 6 dA = J also allow arbitrary discontinuities in A even if J 
is continuous; after all, they can be contained in a gauge potential A = dA. 
The analogous alternatives are that either F = dA is continuous, or else 
n? = 0 (cf. (2.2.1)). 


Proof of (4.2.24) 


The part of de* that contains discontinuous first derivatives must be propor- 
tional to du: 

de = (4%, + 8% dw ve’, 

Age = NA = An Sap = S pa 
We have separated the coefficients into a symmetric and an antisymmetric 


part, because they act differently in m,, = —Wg,. If we accept the following 
equations modulo continuous terms, then 


yp = — Ags du ate Sung Ze Spn,, 35 = Dane 
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as can be verified by substitution into de! = —w*, A e’. By assumption, 
any possible discontinuity in the curvature originates with dw,,, hence 
either with S, such that dS, = du A S, or with dA,, = Aj, du. The latter 
possibility does not contribute to dw,,, so the discontinuous part of the 
curvature becomes 


Rag = du A (Sng — Spnz), 
and thus 
R, A du = i,R%, A du = (n*S,ng — Sgn?) A du. 
But in that case, 
(Rgn, — Rng) A du = n?(S'ng — Sgn,) A du = n?R,,. 


Since R, must be continuous according to Einstein’s equations (4.2.11(c)), 
either n? = 0 or else R,, stays continuous. LO 


The Linear Approximation (4.2.26) 


The analogy we have just discovered between the characteristics of Einstein’s 
and Maxwell’s equations extends in the case of weak fields to a simple wave 
equation for the gravitational field. Even though we shall not show here 
when the contributions we drop are actually negligible, the approximation 
is of value as a first orientation to the problem, especially as the space around 
us is quite weakly curved. 

Let 


Ca Xe QD" s dx’, Pap = Naa Pp = Ppa> 


be an orthogonal basis, (the symmetry of ¢ will be justified later) and suppose 
|p*,(x)| < 1 for all x. Then from 


Hen pd ae 
it follows to first order in ¢ that 
Ww", = (Pi, PNA, 

since (1.2.25) is satisfied to this order. In that case, 

dw", = (PP, pp — Pay, pdx”? A dx’, 

he dw", = (P°, pa = Ppa x Oa, + P pa, „JAx”. 
In harmonic coordinates, where 6 dx* = 0, 
Pa = 30 «a (4.2.27) 

(Problem 2), and Einstein’s equations (4.2.11(a)) become 


— Ppy, dx’ = 8nK(T 3, — 3g, T*,)dx? (4.2.28) 
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in this approximation. These can be solved with the Green function (2.2.3): 
Papl(X) = Pyp(X) + Ink | BRD IT) 31T) 
Par = io, (4.2.29) 
Remarks (4.2.30) 


1. The T,; dx” are the energy-momentum forms without the gravitational 
contribution. It is not inconsistent to neglect gravity in this approximation, 
because xT,, ’ vanishes to zeroth order. This makes (4.2.29) and (4.2.27) 
consistent to first order. 

1 


~ 4nix — X| 


1597 





. In the static limit, | dt D'*(x — x) Ds = Mi igs where) = 


(—1, v)d°(x), g,4 becomes 
Ad ie. 1 
PX) = nS Gi iar Map); 


1.€., the same result as stated in (I: 5.6.2), because g = (Nap + 2Q,,)dx* © dxP. 
This justifies the choice of the factor 82x > 0. The sign is not dictated by 
the geometry, but is only found empirically. 

3. The analogy with electrodynamics should not make us overlook that, as 
discussed in volume I, chapter 6, the metric as measured is g and not 
Np dx” ®© dx*, although the difference is not great if the fields are weak. 

4. The symmetry of T,, justifies our ansatz @,, = Pg, a posteriori. 


We close this section by investigating whether the generalization of the 
calculations of §2.1 and §3.1 connected with conservation laws brings 
new insights to the case of a gravitational field. Since the metric is not fixed 
a priori, there are now more invariance properties, and one would expect to 
find additional conserved quantities. 

Returning to Equation (4.2.17) for the variation of #, we start by looking 
at the new contribution from gravitation. If the variation comes from the 
Lie derivative Ly in the direction of the vector field X, then Equation (4.2.17) 
implies that 


Lx(*e® A Rig) — d(*e A Ly @gp) 
= Dee) FT 
—!(iyde, + dixe,) A *T* 
SEO ATT + Uye wo, A *T* (iye,)d*T? 
+ aye.) 1"), (4.2.31) 
where *T? = *e**’ a R,,e E; and e* is an orthogonal basis. 
If (4.2.31) is integrated over a four-dimensional manifold N without a 
boundary, and X has compact support in N, then from | Lyw = 0 for all 
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we E,, the invariance of the integral under Lie differentiation (I: 2.6.11), 
and from (iy@,,)e” A *T” = 0 (because e® a *T* = e* A *T”) we infer that 


[ sare ee aml hea ei tS x Ele: 
N 


Since this must be true for all vector fields X of compact support in N —no 
invariance properties have been assumed of X —we obtain the 


Contracted Bianchi Identity (4.2.32) 


(a SS Say eee 


Remarks (4.2.33) 


1. This fact follows from the more general equation (4.1.26) (Problem 3). 

2. The invariance of the integral under general coordinate transformations 
is expressed by {Ly = 0. No new conservation theorems result from 
this general covariance, but only identities that hold independently of 
any field equation (cf. (2.1.8; 5) and (2.1.18; 3)). 

3. Although (4.2.21) was derived for orthogonal bases, it has the same form 
in all bases, since the * 7” transform as *e’. 

4. If Einstein’s equations T* = l6mx(7% + t*) hold, then (4.2.21) implies 
Equation (1.3.28): 


ART? EAP) = Sateen CF" ER) 
B 


5. Because of the symmetry i, T, = i, 7;, the 1-forms T, have 10 linearly 
independent components, among which (4.2.21) creates 4 differential 
identities. Thus only 6 of Einstein’s equations are independent of one 
another. This is felt to be the correct number of equations for the 10 
components gag = Jpg Of g = gag dx” ® dx”: the equations ought not to 
fix the coordinate system, and so there must remain 4 arbitrary functions 
X*(x) to play with. 

6. It is part of the relativity folklore that Einstein’s theory differs from other 
field theories inasmuch as Einstein’s equations also determine the equa- 
tions of motion of matter. In particular (4.2.32) is supposed to imply that 
particles move on geodesics provided no other forces act on them. 
Whereas the proof of this claim for point particles encounters the difficulty 
that they generate singular gravitational fields we shall find a simple 
proof for continuous matter in (4.6.30; 4). There we will show that for an 
ideal fluid without pressure Bianchi’s identity demands that the velocity 
field be geodesic. Similarly, if one has only one scalar field (4.2.32) implies 
the field equation. With two scalar fields the condition (4.2.32) for the 
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sum of their energy momentum tensors can not imply the field equation 
because they may interact without changing the conservation of their 
total energy-momentum. Thus the situation is not too different from 
Maxwell’s equations where for one real field describing charged matter 
d*J = 0 is already the field equation d*(dS + eA) = 0. For one complex 
field v2 e'® the current is p(dS + eA) and its conservation does not imply 
the field equation. 


Problems (4.2.34) 


1. Show that *eP" A OR,, = d(*e" A da,,). 

2. Show that 6 dx* = O implies that vy,’ = 3pP,. for weak fields. 
3. Derive (4.2.32) from (4.1.26). 

4. What effect would a term A*l in £ have on Einstein’s equations? 


5. Calculate */, from (4.2.18(c)) on flat space in the orthogonal basis of polar co- 
ordinates. 


6. Show that R’, A RP, is exact. 


7. Use the natural extension of D for V e Sp(L(F)): DV =dV +aAV+(-)PVA@ 
to show DD*Q = 0. 


8. Show 
IR. A *eP = d(e* A *de,) — (de n ef) A *(deg A e,) 
+ 4(de*  e,) A *(de® A eg). 
Hint: Use (4.2.22) and (4.2.14; 3). 
9. Show that the total energy (“ADM-energy”) 
— | are -— | + FO. 
82K Jy 82K Jan 


where ON = {x € R*: |x| = R, xo = 0} is an asymptotically flat space is given by 





A gu —Im) With j,k=1,..., 3. 
K Jon 


(Use a natural basis e* = dx*, (4.1.37) for w and that 9, > nix for R > ©.) 


Solutions (4.2.35) 


Il dere Nom.) = =200", Are A.day, Henn dom, 


Site (dow, 4 207," A 00,,) = Ne N OR, 
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2. To first order, dx* = e* — ge"; so 


0 = #5 dx” = aces = p°;*eP) = ur, N * ob = p45, ,e" A * ob 
= (0p. — Py.p te 
By (1.2.28), however, e” 0 *e = n’’*1. 
3. d*T! = d(tel™ A Ru) = —ol, a *el™ A Rag — 20", A HER Ru 


* „imk 8 SS ea * TI 
De Ne Ren Oe 


4. 5(A*1) = Ade! a i*1 = Ade! a *e; (see (1.2.18(c)). Thus there is an additional term 
* 1 * IT 
~*e,in * J). 


| 


5. e* = (dt, dr, r d9,r sin 9 dp), w,, = -d9, 0,3 = —cos I dp, w3,; = sin 3 dg, 
FEopys4(Wz, A es) = d(—cos $d a dr + 2rsinddg 1 d9) 
= —sinYdr ad a dp. 


6. R%, A RP, = d[w*, A do’, + 30%, A w*, A wy]. 


7. DPQ = d*¥Q4+ 00 *Q—*O 00 
DD*Q = dw a *Q — *Q a dw — @ A d*Q — d*Q2 Aw 
+o A (d*¥Q+@ A *Q —*Q A w) + (d*¥Q4+ 0 A *Q-—*O nw) Aw 
=O AOD EINST 
according to (1.2.17). 


oo 


. According to (4.2.14; 3) *e” A Rag = d(*e? A ws) + *e’w,” A Wag. Now always 
using (1.2.17), 


e, A *de* = *e?(o@*,|e,> 
and 


yd io eas 2*e° (a, |e,) > 
1x 


ate? A N 


Oop 


Next with (4.2.22) 


—de* ~ *F, = 4a,, A e&? A Wa, A Kerr 
a 2” ac By 
= 30,5 N @g,[n ref? — Pre + 177 *eP] 


= Heu A wo? AD. 
Inserting the expression (4.2.21) for *F, completes the demonstration of the equality. 
9. With (4.2.22) we have 
—*F° = —4Gu,j + Gin — gu, ie! A *e™ = H—gie + Gu,d*e™ 


since by symmetry the first term cancels out and the two others give the same con- 
tribution. 


4.3 Maximally Symmetric Spaces 191 


4.3 Maximally Symmetric Spaces 


The spaces with the simplest structure, after flat spaces, are those of 
constant curvature. They are a generalization of the spherical surface 
and, though simple, have some physically interesting aspects. 


Killing vector fields generate isometries (i.e., diffeomorphisms that leave g 
invariant) of the space and are bijectively related to the constants of motion 
and conserved currents. Yet the fields need not be complete; it is possible 
for their flow to lead out of the manifold (see (I: 2.3.7)). However, they 
imprint a local structure on the space even when they do not generate one- 
parameter groups of isometries. Generally there are none but if there are 
enough of them around, Einstein’s equations become more tractable, and 
explicit calculations are possible. 

The prototype of a Killing vector field is a rotation of R”; for some pair 
of indices (i, k), v' = x* and v' = —x', and the other components are zero. 
Note that 


(a) v', +.v*, = 0, and 
(b) vo! = 0. 


The generalizations of these facts to pseudo-Riemannian spaces are 


The Relationships among the Covariant Derivatives of 
Killing Vector Fields ¢ (4.3.1) 


We use the natural basis e, = 6, and the notation 
DEM = Une: xD, Due, = ts: 
Then, with the R*,, of (4.1.24; 2), 


(a) Uy: + Vg:a = 0, and 
(hinge = Ronn 


Proof 


(a) Killing vector fields leave the scalar product invariant, L,(X|Y> = 
<L,X|¥> + <X|L,Y>. On the other hand, with Axioms (4.1.6(f)) 
and (g’), 


L,<X|Y> = D<X|Y> = <D,X|Y) + <X|D,¥> 
= <Dyv|Y> + (X|Dyv> + <L,X|Y> + <X|L,Y>. 


Combined, these make <Dyv| Y> + <X|Dyv> = 0; Le., (a), if X and Y 
are taken as the basis fields. 


192 4 Gravitation 


(b) Since a Killing vector field v conserves the metric structure and a torsion- 
free connection is uniquely determined by the metric L, commutes with 
the covariant exterior derivative D. To demonstrate this formally one 
has to consider the one parameter (local) group ®, of isometries generated 
by v and consider 

0 


=—,D 


D® 
ee ot 








at t=0 
Thus we infer from (4.1.39) that R(X, v)u = (Dy Dv|u>. Using the 
properties (4.1.44; 2) of R this becomes (b) when written in index 


notation. 


Discussion (4.3.2) 


(b) allows the second derivative of v to be written linearly in v. By carrying 
the procedure further, one can reduce all the higher derivatives to v and its 
first derivatives. If we assume analyticity, we can express v locally in terms 
of v and its first derivative at a single point, say 0: 


v,(x) = A,*(x)v,(0) 2; B,*?(x)Va;o(0). 


This greatly restricts the number of possible Killing vector fields. In an 
m-dimensional space, v,,,(0) = —v,.,(0) can assume m(m — 1)/2 values, and 
v,(0) can assume m values. Hence there are at most m + m(m — 1)/2 = 
m(m + 1)/2 independent Killing vector fields. 


Remarks (4.3.3) 


1. “Independent” means that they have no linear relationships with constant 
coefficients. They may satisfy equations with variable coefficients as 
rotations x,0; — x;0; are expressed by translations Ö,. Since the Killing 
vector fields do not form a module (2.1.10; 1), this does not mean 
dependence. 

2. On flat space the Euclidean group is the largest group of isometries 
(I: 4.1.13; 4), and it has exactly m(m + 1)/2 parameters. The statement 
that the group can be at most this large if space is curved is therefore 
quite plausible. 


To classify the symmetric spaces, we begin with a 


Definition (4.3.4) 


(a) A space is maximally symmetric iff it possesses m(m + 1)/2 independent 
Killing vector fields. 
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(b) A space is isotropic about the point x iff it has m(m — 1)/2 Killing vector 
fields, for which x is a fixed point of the flow, and the A', of Gees 
A',(x)e*(x), where e* are an orthogonal basis, generate the total Lorentz 
group of (R”, 7). 

(c) A space is isotropic iff it is isotropic about all of its points. 

(d) A space is homogeneous if it has a transitivet group of isometries. 

(e) A space is stationary if it has a timelike Killing vector field. If the latter is 
orthogonal to a family of spacelike hypersurfaces the space is called 
static. 


Remarks (4.3.5) 


1. Definition (b) means that there are m(m — 1)/2 Killing vector fields v' 
such that v',(x) = 0, and the v',.,(x) form a basis for the space of m x m 
antisymmetric matrices, where i runs from 1 to m(m — 1)/2. 

2. On a maximally symmetric space there are Killing vector fields as in 
(b) at every point. Therefore it is isotropic. 

3. To appreciate the distinction made in (e) we remark that in general for 
a vector field X there is locally a family of transversal hypersurfaces 
N, such that X and the vectors in N, span the tangent space. However, 
this hypersurfaces will not be orthogonal to X in the sense of a given 
metric and there will be no orthogonal family of hypersurfaces. In 
contradistinction to the above for a given spacelike hypersurface one can 
find, at least locally, an orthogonal geodesic vector field. 


The curvature must be the same in every direction on an isotropic space. 
Because of this, there is an extremely simple 


Structure of the Curvature Forms of an Isotropic Space (4.3.6) 


On an isotropic space, 


R* = Ke'*, for some constant K. 


Proof 


Let ® be an isometry and ®, the translation it induces on tensors. We 
noted that ®, commutes with D and from DD®, = ®, DD we conclude 
R®, = ©®,R. Let ® be an isometry with x as fixed point such that 
(®, e')(x) = Li,e*(x) with L'nL = n. If R is decomposed in this basis then 
its invariance under ®, means that the Riemann—Christoffel-tensor (4.1.42; 2) 


+ Transitive means that any point can be reached from every point by a transformation from the 
group. 


194 4 Gravitation 


is invariant under R;ju > Rinnop LL") L°, LP, it transforms as a matrix in the 
antisymmetric tensor product space. This representation is irreducible 
(except for m = 4) and the matrix group elements must be proportional to the 
unit matrix: R;'" = K(6/6;" — 6;"6;') or for the curvature forms R;,(x) = 
K(x)e;(x). For m= 4 there would be the possibility Rj; = K*e,; which is 
excluded by R,; A e’ = 0. In order to see why K has to be constant, consider 
the equation dR, =dK n e;, + K de,. By using Bianchi’s identity (4.1.26), 
we discover that dK =0, and hence K is independent of x. (For m= 2 
another argument works.) U 


Remarks (4.3.7) 


1. If the curvature is independent of the direction, then it is also independent 
of the position. For that reason, one says simply that such spaces have 
constant curvature. 

2. By (4.1.44; 3) and (4.3.6), isotropic spaces have vanishing Weyl forms, and 
hence they are conformally flat if m > 3. 

3. It is even true that the existence of more than m(m — 1)/2 + 2 Killing 
vector fields implies that Ry, = Ke;, (cf. [4]). 


Construction of Isotropic Spaces with m > 3 (4.3.8) 


Since such spaces are conformally flat, there is an orthogonal basis of the 
form e* = dx*/, WEE o. Therefore de* = _,e™, and thus ©, = VW. — WV 4e,. 
With the help of (4.1.45) again, this leads to the curvature forms 


Rap = WW aces az W cea) = W Wenn: 
If this is to equal Ke,,, then w „, must be zero for all a # b, and hence 
W => fa"). 
i=1 
If f, = ng: f', then (4.3.6) implies that 
tree Ce 


Since the left side depends only on x“ and x’, while the right side is the same for 
alla and b, both sides are in fact constant. This makes fa quadratic function, 
and therefore y can be put into the form 


K 
w=1+ realy 
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Therefore, locally a space of constant curvature always has coordinates for 


which 
Barden, u ax 
(1 + Kx?/4)?’ iS Veery 
: Kor: . 
alt = 5 (xe — xke') (4.3.9) 


(where x? = x*x°n,,). 


The Killing Vector Fields of Isotropic Spaces (4.3.10) 


Because of the isotropy about the origin, the generators of rotations are Killing 
vector fields: Let v = x; 0, — x,6;, where x; = n,,x" and d, is the dual 
basis to dx*(i,, dx' = ö',), and fix a pair of indices (j, k); then 


L,e" = di, e” + i, de” 


le) nt 


K 
oF (i+ ) Xıla, dx! A dx” —(j ok) 


jm, Kx? =ı 


K K; oN oe 
+) (6™, x, dx! — x, dx™) -(j>k) 





2 


| so re ME Pre: 
4 ) (9 p= 0" 0";). 





= dx (1 - 


Since L,e" = A”e, and A™ = 6",6", — 6",6", = —A™, rotations about the 
origin are Killing vector fields. (See (2.1.10; 2).) 
Moreover, there are generalizations of translations: If k is fixed, then 
= 041 — x?K/4) + (K/2)x*x, 0’ is a Killing vector field. This can be 
verified as in (4.3.10), or, what is easier in this case, one can verify the equation 
of Problem 1 for the components v' and g,,, of v and g in the natural basis, 


9 F j i 
0 = Vgmi + GimY 1 + Ilm 


Kx?\~3 a ad seme eo 
Kx? K 
+ ( + =)|- zZ Omi + 
K 
Ir 5 Oem Br |! 


= 0; 





K K 
m We Xm o*)) 5 IX m 
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These v’s form a basis for small x, and so the group they generate in a neigh- 
borhood of the origin acts transitively: any point can be sent to any other. 
We can assemble our discoveries in a 


Proposition (4.3.11) 


For a pseudo-Riemannian manifold M, the following properties are equivalent: 


(a) M is maximally symnietric; 

(b) M has constant curvature; 

(c) M is isotropic; 

(d) M is homogeneous and isotropic about some point. 


Remark (4.3.12) 


Our arguments have been strictly local, so nothing can be concluded about 
the global behavior—The Killing vector fields need not even be complete. 
Unions and pieces of spherical surfaces are also isotropic spaces. However, 
isotropic spaces with the same K are locally isometric. 

Every m-dimensional manifold can be imbedded as a submanifold in 
R?”*!, Isotropic spaces can be imbedded in R™*!, whereby the metric is the 
restriction of a pseudo-Euclidean metric on R”*!. (Restricting the metric 
means that the scalar product determining it is restricted to the vectors in 
the tangent space of the submanifold.) 


The Geometrical Imbedding of Isotropic Spaces (4.3.13) 


Let nup.%, B= 0, 1,...,m — 1, fix the sign of the metric of an isotropic space, 
and choose the curvature |K| as the unit of length, so that K = +1. Let the 
nix on R”*! equal nag for i, k = 0,1, ...,m — 1, and let Nuim = K. Then the 
isotropic space is locally isometric to the submanifold H = {Xe R™*!: X'X*y, = 
K}, where g is the restriction of dX' ® dX‘ ny, to H. 


Proof 


The equation for H can be written as (m = dim H) 
Kx"x" = K — N, = K — #?. 
Introduce the coordinates x*e R™ on H by 
x . 1 = Kr? 


=a =m 


"LP Kra ° 1+ Ka’ 
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where r? = x’x®n,s; then 


ax (Ir Kr?/4) — Kx?r dr/2 








dx : 
(1 + Kr2/4)? ; 
u fe 
(1 + Kr/a? 


and the restriction of the metric 


dx! = ER Sau TR ee) Neal ee „a Aik Ar a 
X AX" Ni, = AX" dX" Nag + K dx™ dx™ = dx" dx? nsl1 + ar 


takes on the form (4.3.9). (a3 


Remarks (4.3.14) 


1. The Killing vector fields of (4.3.10) are simply the restrictions of the 
generators x* 0’— x’ O* of the Lorentz group of R”*! to H. Their flow 
leaves H and the metric 4, dx'dx* invariant, and hence so does their 
restriction to H. The group of isometries of spaces of maximal symmetry 
is therefore isomorphic to some Lorentz group O(n, m + 1 — n). 

The geodesics are the intersections of H with hyperplanes passing through 
the origin. They are the solutions ofa variational! problem 6 | ds x'x'y,, = 0 
with the constraint x'x*y;, = K. The introduction of a Lagrange multiplier 
A leads to the equations x' = AX', making the 


tw 


Lik => xixk >: xk x! 
constant. Thus x lies on the plane of x(0), x(0) since 


0 = re ad Bea = Be aes, 


The Physical Significance of Isotropic Spaces (4.3.15) 


Spaces of a high degree of symmetry gratify the esthetic feelings of physicists, 
and are therefore popular as models of the world. Since the space around us 
is isotropic and homogeneous as far as we can see, its isotropy about every 
point is often elevated to a cosmological principle. Some theorists went 
beyond this and require a maximal symmetry for space and time, the “perfect 
cosmological principle.” But aside from such cosmological speculation, 
maximally symmetric spaces are also important as solutions of Einstein’s 
equations when the energy-momentum distribution is sufficiently symmetric. 
It is necessary to distinguish between the cases of positive and negative K 
(K = 0 is Minkowski space): 
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a b 


Figure 56 Various cross-sections of the de Sitter universe 


K = | The de Sitter Universe (4.3.16) 


This can be represented as the hyperboloid 
Re eT Pie exe eo Sd 


in R° with g = -dxd + dx? + dx? + dx} + dxj. When reduced to R?, it 
looks as in Figure 56. The intersections with planes containing the x -axis 
are timelike geodesics. If these geodesics are introduced as coordinate lines 
with the proper time as a new coordinate / (these are known as synchronous, 
or comoving, coordinates; see Problem 5), 


Il 


x, = sibs, x, = cosht sin xy sin 9 cos p, 
cosh t sin x sin $ sin @, X, = cosh? sur ycos 8; 


Xa = cosh’tcosy, 


I 


X2 


then the metric takes on the form 
g = —dt* + cosh? t{dy? + sin? x(d9? + sin? 9dp?)} (4.3.17) 


(see Figure 56a). The sections where t = constant are Riemannian spaces 
with constant positive curvature and radius cosh t; the universe first contracts, 
and then expands again. The geodesic vector field dt, however, is not unique; 
if intersections are taken with surfaces at 45° to the x-axis, then half of the 
hyperboloid is covered by the coordinates 

Xe 


t = In(x ar Seay) Ss j= 
(Xo 4) ee ea, 3 


in which the metric has the form 


g = —di? + e%(dk? + dx? + dx (4.3.18) 
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(see Figure 56b). The intersections where ? = constant are expanding 
Euclidean spaces, in the sense that the geodesics xy = constant, j= 1 2, 3, 
grow steadily farther apart.t There are a great many facets of the de Sitter 
universe; we shall even be able to find coordinates in which g;, does not depend 
on time at all (4.4.42) will show that it is even a static space. In order to survey 
the causal relationships better, it is convenient to map the whole space into 


a compact set, in what is known as a Penrose diagram. To this end, we 
write the t of (4.3.17) as 


j T 
t = 2arc tan(exp t) — > 


which makes the metric 


g = cosh?(t) (—dt'? + dy? + sin? y dQ?), 


p (4.3.19) 
dQ? = d92 + sin? 9 do’, o<yen, Ei, 


The conformal equivalence to Minkowski space is again evident if the 
coordinates 
u BR 


2° Ber tan 7? 





t 
t+r=tan 





N =2+ ya <2 = y, 
are used to turn the Minkowski metric into 


St Oe ae oe 
ge 2 Gos == Roos 4 (—dt’? + dy? + sin? ydQ2). (4.3.20) 





2 2 


Both the de Sitter universe and Minkowski space are mapped into a relatively 
compact part of R x S?. The difference between the causal structures of the 
two spaces comes about because they cover different parts of the (t’, x) plane 
(Figure 57). In de Sitter space, timelike geodesics begin on the lines t' = 
—n/2,0 < x < nm, and end at t’ = 2/2, 0 < xy < a. There are some that do 
not intersect the past of a given point p, and so an observer at p would be 
unaware of them—they are “beyond the particle horizon.” Conversely, the 
union of the past light-cones of a particle’s trajectory does not fill the whole 
space; there are points that an observer on a geodesic would never see, 
“beyond the event horizon.” This does not occur in Minkowski space, where 
a timelike geodesic begins at a point (t’, y) = (— 7, 0) and ends at (z, 0). Only 
an accelerated particle could emerge from within the line (t, r) = (— ©, ©) of 
Figure 57, and in that case it is possible for two accelerated observers never 
to see each other (recall (I: 6.4.10; 2)). 


+ This is observable, since, for example, the proton and electron in a hydrogen atom do not move 
geodesically, but are electrically bound together, which keeps the Bohr radius from expanding 
with the geodesics, 
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! event 





= —© 
de Sitter Minkowski 


Figure 57 Penrose diagrams for flat and curved spaces 


K = —1. The Anti-de Sitter Universe (4.3.21) 


This can be represented as the hyperboloid 
urn Ko 
in R° with the metric 
g = —dxé + dxi + dx} + dx} — dx? 


(Figure 58). We now observe that the intersection with x, = x, = x3 =0 
is a Closed, timelike geodesic. If the causal structure (cf. (I: 6.4.7)) is to be 
saved, it is necessary to pass to a covering surface, which can be mapped 





Figure 58 The anti-de Sitter universe 
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onto the region R x R* x S? for the variables (t’, n, 9, @) by setting 


r=./xj+x3+x=sinhn, x 9 =coshncost’, 


X4 = coshy sint’. 


The metric is turned into 
g = —cosh? 9 dt'* + dn? + sinh? ndQ?. (4.3.22) 


Now the intersection where tr’ = 0 = x, is a Riemannian space of constant 
negative curvature. A sphere of radius R in this space has the surface area 
4n sinh? R, and proper time ds = dt’ cosh R elapses much faster at 
large distances. To be able to compare this physical system with the earlier 


ones, we change to radial variables y = 2 arc tan(exp n) — 2/2. This makes 
the metric 


g = cosh? n(—dt’? + dy? + sin? x dQ?), 
4.3.23 
reyes] == = 00, ( ) 


= 


which is again of the form (4.3.19), except that the overall factor depends on 
y rather than t’. The Penrose diagram is an infinite strip, which shows that in 





intersection with a spacelike 
surface at 9 = 0 


Figure 59 Penrose diagram for the covering surface of the anti-de Sitter universe 
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anti-de Sitter space there are no Cauchy surfaces at all. If we take the inter- 
section with a spacelike surface at 4 = 0, then it must lie at an angle of less 
than 45 in the Penrose diagram. It is always possible to find a light ray along 
9 = Q which will never intersect this surface (Figure 59). Thus, in the covering 
surface, which has infinitely many sheets, time has the unusual property that 
for any infinite spacelike surface it is possible to find an event at a much later 
time having no causal connection with it. 


Einstein’s Equations for Isotropic Spaces (4.3.24) 


If Rug = Keg, then Rg = i, R*, = 3Ke,, R = i,R* = 12K, and R, — e,R/2 = 
—3Ke,, so the energy-momentum tensor is T,, = —N,,3K/87x. In the 
phenomenological description (3.1.25; 3), this corresponds to a fluid at rest 
with energy density = — pressure = 3K/8zk. A negative pressure is necessary 
to maintain the de Sitter universe (K > 0), and a negative energy is needed 
for the anti-de Sitter universe (K < 0), and of course the distributions must 
be homogeneous. Such unphysical T,,’s could be caused by 


(a) a contribution A*1 in £ (cf. (4.2.14; 2)); 

(b) the vacuum expectation value of the energy-momentum tensor of fields, 
which can be ~ ~n,, for reasons of invariance [40]: 

(c) extra terms in Einstein’s equations [31]. 


There is no very persuasive reason to believe in any of these suggestions, 
so, despite their esthetic appeal, maximally symmetric spaces are not the 
front-running candidates for models of the universe: in fact, the empirical 
evidence goes somewhat against them. 


Remarks (4.3.25) 


1. Einstein’s equations control only the local behavior of space, and not its 
global structure. They do not say whether it is necessary to enclose the 
anti-de Sitter universe in a covering surface to save the causal structure, 
or whether it is permissible to destroy the causal structure of the de Sitter 
universe by identifying antipodal points. 

2. Since we have discovered that quite simple spaces require drastic revisions 
of our familiar causality relationships, we have to be prepared for the 
worst when we couple fields to the energy-momentum tensor. With 
gravitation, these phenomena occur only on the cosmic scale, but similar, 
though strong, interactions for hadrons could wreak havoc on the small 
scale. 


Problems (4.3.26) 


I. What is the condition on the g,,, of the natural basis so that v is a Killing vector field? 


2. Show that the Poisson bracket of p,v%(x) with the Hamiltonian g**(x)p, Px vanishes 
iff v is a Killing vector field (cf. (I: 5.1.10: 2)). 
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. Suppose there exists a Killing vector field v. Find a coordinate system in which the 


Jim Of the natural basis are independent of one of the coordinates. 


. It is always true in two dimensions that Ry, = K(x)e (x) (cf. (4.1.43)). Why is K not 


necessarily constant? 


. Let e° = dtinan orthogonal basis. Show that e° is a geodesic vector field (see 4.1.41.3). 


. Calculate d*F* in the basis (4.3.9). What is the sign of the gravitational energy? 


. Calculate the integral | *1 over a Riemannian space of constant positive curvature 


(K = 1). 


Solutions (4.3.27) 


ike 


nN 


Itis that L, dx" = d(i, dx”) = dv™ = vu" , dx’ (ef. (I: 2.5.12; 5)); thus 


Ol Boyd de” ig ;ak dx” + 2g),.0 ax ax" 


=> U'Gim,i + GimY' 1 + gt m = 0. 


. {p,v(x), g?(x)pgp,} = —2p,v%,g? ps + v%g"" „psp, = 0 for Killing vector fields: 
Gap 9) = 0," = 9 4 = — 9° Gapag’’, Which brings us to the condition of Problem 1. 
. By Theorem (I: 2.3.12), it is always possible to find local coordinates for which the 


l-component of v (in the natural basis) equals I, and the others vanish. Then by 
Problem 1, g,,, ; = 0. Ifv is timelike, this coordinate can be treated as time, making the 
metric constant and v = @,. 


. There are no 3-forms in two dimensions, and hence there is no Bianchi identity. 


. 0= de® = w®, a e* implies that w®, ~ e*, for k = 1, 2, 3. Hence (ef. (4.1.11), and 
(4.1.17)), 
Di: oo = Zion eet. 
. The basis is orthogonal, hence &,,,, = —e””””, and 
K 
A Ay=-— X 00.5: 


487° A(z, A €;)= — 


| 


D|”% 


Kr? . 
grt) ges | Ve | = KX X Cans 
: 4 
Kr? 
rei fe | _ Kx,x72!e, N vet] 


Kr a Dr Ka -(* fa * 74 
od es ear to Kx, e" = SKS + 7°) 


Sia 


|| 


The term linear in K is the same as the right side of Einstein’s version, and the parts 
~ K? are the gravitational contribution ~w A w, which is always negative for the 
energy density Tyo: —K7((|x|? + 3t7)/4. It is necessarily negative if K > 0, since 
the integral of the energy density over a compact space must be zero (1.3.35; 2), and 
the part ~ K is positive. 
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Fear area ar aS r2/4)", where S,, = 2n"'?/T(m/2) is 
the surface area of the m-sphere. Ip = (1 + r?/4) +, then, recalling that [(m)/I'(m/2) 


= (27-1) /n)T(4m + 1), 


= | Seay T(m?/2) 
“r= 5,2" | ap pr-2(—— 1 By gm 
fs | ans ce Fim) 


(m + 1)/2 


2m 
2h 


2 fe) nn 
we 
2 


Since the space is isometric to the m + I-sphere, the calculation of the volume is 
correct. 


4.4 Spaces with Maximally Symmetric 
Submanifolds 


The nonlinearity complicates Einstein’s equations so much that the 
general solution lies beyond human capabilities. Explicit solutions 
can be written down only if the space is of sufficiently high symmetry. 


If the symmetry of a maximally symmetric space is reduced, the variety of 
possible curvature forms becomes great enough to conceivably correspond 
to physically acceptable energy-momentum currents. It would, however, 
lead too far afield if we tried to classify all the possibilities exhaustively, so 
instead our plan will be to investigate the physically relevant metrics that 
come up when the symmetry is reduced in successive stages. 


Spaces with Six Killing Vector Fields (4.4.1) 


The interesting case is the Friedmann universe, with six spacelike Killing 
vector fields, generating a group isomorphic to 0(4). The trajectories of a point 
under the action of the group form a spacelike submanifold with six Killing 
vector fields, i.e.,a three-dimensional Riemannian space of constant curvature. 
It is convenient to choose co-moving coordinates, for which the geodesic 
vector field furnishes the coordinate lines x = constant perpendicular to this 
space, and the proper time on these geodesic lines is the time-coordinate t 
(cf. (4.3.26; 5)). Writing r? = |x|, the metric g is of the type of a 





Robertson—Walker Metric (4.4.2) 


|dx|? 


Sparer re 
7 DH Kray 
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Remarks (4.4.3) 


E: 


R(t) is an as yet unspecified function of time, something like cosh(t) in 
de Sitter space (see (4.3.17), and note that |dx|?(1 + Kr?/4)~! is dy? + 
sin? x dQ? in the coordinates used there), or like exp(t) for K = 0 (see 
(4.3.18)). If K > 0, then the submanifold t = constant has the finite 
volume 2n?R°’(t)/K°'? (see (4.3.26; 7)). 


. If a new time-variable t’ such that dt'/dt = 1/R(t) is introduced as in 


(4.3.17), then g becomes conformally equivalent to that of de Sitter space, 
and consequently of Minkowski space, 


2 12 |dx|? 
Rt te ge 
N | 4 Kray 


(cf. (4.3.19)). It frequently happens that ¢’ takes values only in a finite 
interval tp <t<t,, as in de Sitter space. In that case the causality 
relationships turn out to be similar to those discussed in (4.3.16), and in 
particular there are particle and event horizons. 


The Curvature Forms of the Friedmann Universe (4.4.4) 


Let Greek indices run from 0 to 3 and Roman ones from 1 to 3. If we write the 
orthogonal basis as 





Se R(t) dx“ 
24 (a 7 en) 


then 


and therefore 


= 0°, = ke ab . reise.) (4.4.5) 
Consequently, 
da“ = Kon ER zen 
dar = al + a + ote — x?x,e%) 


and a similar calculation to that of (4.3.8) leads to 


.. Xs 9) 
Ree = R 0a R® = K+R eeb. 


> = (4.4.6) 
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The contracted quantities become 


R R BER: 
R= 3 el el +2 Je. 








R R R? 
r 2( R(t) (4.4.7) 
K+ R’( 
Dee o( R(t) aa 


Remarks (4.4.8) 


1. If R(t) = constant, then the curvature is constant only in spatial directions, 


K 
R® = Rio R%% ea 0. 


The time-independence of R gives rise to an R® and contributes to R®. 
2. Acomparison of (4.4.7) and (4.1.44; 3) reveals that the Weyl forms are now 
zero, as required by the conformal equivalence to Minkowski space. 


Einstein’s Equations in the Classical Form (4.4.9) 


In order to satisfy (4.2.20(a)), the energy-momentum forms of matter must be 
e* x (some function oft), because of (4.4.7). Therefore the energy-momentum 
tensor of matter is necessarily diagonal, and in the spirit of the phenome- 
nological description (3.1.25; 3) we set Too = p = energy density and T;; = 
p = pressure. Einstein’s equations then imply that 





R’+K 
3 Be InKp 
5 4.4.10 
_ 2R R’+K en 
R Re SnKp 


Remarks (4.4.11) 


1. The Bianchi identity (4.2.32) relates p and p to R, and of course the same 
relationship follows from (4.4.10). It implies that 


d*T , = d(p*e°) = dp 1 *e° + pd*e® 


eee) Woher 0 xj 
Oe I es PO es Be? 


and therefore 


dp 1 *e = (p — p)w®; 1 *el, ie, 6 = 35 (p — p). 
In the form 
d 3 
5 dt (pR°) 
a d 


Eu R3 
dt 
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this has the interpretation that pressure = — (rate of change of energy)/ 
(rate of change of volume). It is noteworthy that gravity does not appear 
in the total energy in co-moving coordinates. 

2. The static situation R = 0 requires a negative pressure if K > 0, as in 
de Sitter space, and a negative energy if K < 0. This originally induced 
Einstein to include the cosmological term A*1 in his action principle. 
Friedmann later discovered the solution bearing his name, and the modern 
tendency is to accept the dynamical equations as is. In order to illustrate 
their significance better, let us examine 


Einstein’s Equations in Landau and Lifshitz’s Form (4.4.12) 


In (4.2.20(a)) and (4.2.21(b)) the energy-momentum forms for matter and 
gravitation were represented as exterior differentials of 2-forms. Since it is 
not yet apparent what the gravitational energy is, let us track it down. To 
this end we calculate the restriction of the exterior differential of the 2-form 








K 
1 Obed eu Obed. 
= OW eg = = ya 0 
K Kr? 
1 „Obcd a Obcd 
29,6 d(@,, A ea) == IR? é Era oe 4 IX Gi Cre 
t=const t=const 
3K — K?r?/4 
= 5 * 99 = 8nK(* 7° + *2°) 
R t=const 





(4.4.13) 


tot = constant. 


Remarks (4.4.14) 


1. Equation (4.4.13) states that 

3K — K?r?/4 

De 

so 8nk:the gravitational energy density equals 87x - (total energy 
density — p) = —(K?r? + 12R?)/4R?. In the static situation (R = 0) this 
is the energy density of a homogeneous mass distribution p according to 


Newton’s theory, constructed just as in electrodynamics, but with the 
other sign and 42k > e?. If we chose units where R = 1, then 


82k - the total energy density = 





x 3K af Kr? 
Er 2e 7, 
xK j lis ae 
= SAV a j 
vr De 3| | de? 4 
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and thus, as promised in §1.3, — K?r?/4R? corresponds exactly to 87x - the 
Newtonian gravitational energy in the most nearly Cartesian coordinates. 
In the dynamical case, there is also a contribution RZ 
2. The gravitational energy is exactly large enough so that if K > 0, the 
integral of the total energy over the whole space is zero: 
a r dr Kare r* dr 


3K = 
o (+ Kr?/4> 4 Jo (1 + Kr’/4)? 








3. If we write the first of Equations (4.4.10) as 


Re R? 
5 TKP 3 5 co 


then it has the form of the conservation equation for the energy of a (non- 
relativistic) particle with coordinate R and speed R. The kinetic energy 
plus the potential energy is constant, where the latter 1s taken as the poten- 
tial energy on the surface of a ball of radius R and homogeneous density p: 


2 2 
ver (= R+ (14% Jar =». 


Note that V(0) — V(R) is smaller than V(R) — V(x) by a factor of 2. 


In the following section, we shall return to (4.4.10) when we study the 
collapse of stars, and we shall solve them for selected pressure-density 
ratios. A detailed discussion of their importance for cosmology may be found 


in [8], [9], [10]. 


Spaces with Five Killing Vector Fields (4.4.15) 


In (I: §5.8) we learned that there are in general 5 constants of the motion in 
the field of a gravitational wave, which are linear in the momentum com- 
ponents. This motion accordingly allows 5 Killing vector fields, and the 
invariance group they generate is isomorphic to the invariance group of a 
gravitational wave, and consequently (I: 5.8.4; 1) to that of an electromagnetic 
wave (I: 5.5.3). The metric given in (I: 5.8.1) is a special case of what we 
examined in (4.2.13), where it depended on only one coordinate u. The 
interesting situation is where discontinuities are allowed, in which du = n,e’, 
0 = n,n* = n?. If the coordinates are chosen so that 


r= (—1, 10:0) Vexer (4.4.16) 
then the metric (I: 5.8.1), with the required invariance structure, is of the form 


g = —dt* + dx? + p(u)? dy? + q(u)? dz?. (4.4.17) 
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Figure 60 Schematic drawing of a gravitational pulse 


Remarks (4.4.18) 


1. The form of g is that of a metric in a co-moving coordinate system (cf. 
(4.3.26; 5)). Therefore the coordinate lines x = constant are possible 
particle trajectories. 

. The gravitational field described by g is a kind of transverse wave, which 
alters the distance perpendicular to the direction of propagation between 
particle trajectories. If p — 1 and q — I have compact support, then the 
pulse looks schematically as shown in Figure 60. For example, in the 
solution given in (I: 5.8.7) p < 1 and q < 1, so the trajectories draw coser 
together in the y-direction and spread apart in the z-direction, as with a 
quadrupole field. This effect would not be measured by measuring rods, as 
they would be stretched in the same way. However, the deformation would 
be observable by measuring the time-delay of a reflected light signal. 


1857 


The Curvature Forms (4.4.19) 


If the orthogonal basis 
e* = (dt, dx, p dy, q dz), 
de* = (0,0, p’ du A dy, q' du X dz) 


is used, then the affine connections become 


Dap = Sang — Sgny; S=3(0,.0, padyag-az); 
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as in (4.2.13). Since n,S* = 0 = n,n’, we find that w,, A w*, = 0 for all « 
and ß, and the curvature forms are 


Rap = do, = du A (Syng — Spn,), 


4.4.20 
3, Op? 990.02). ( ) 
with the contractions 
p q’ 
Rz = i, R*, = —n, dus” = —n ul +"), 
ß ß ß ae 
Ro (4.4.21) 
Remarks (4.4.22) 
1. In two dimensions, g = —dt? + p*(t)dy, the curvature is p” dt A dy, and 


thus R,, are precisely the curvatures of the corresponding two-dimensional 
surfaces. 

2. The Weyl forms are not of necessity zero, and the space need not be con- 
formally flat. However, if p” = q” = 0, then it is always flat (cf. Remark 
(125:8.852)), 


Einstein’s Equations in the Classical Form (4.4.23) 


By Equations (4.4.21), 
R, — 3¢,R = nd? + t), 
P 4g 


and thus an energy current du could well be a source of the gravitational 
pulse, as long as it is accompanied by an equally large current of the 1-com- 
ponent of the momentum while the other components vanish. Such an energy- 
momentum current could be produced by an electromagnetic wave. If 


F=f(u) Adu with <f| du) = <du|du> = 0, 
then F A *F = 0, and the energy-momentum forms (1.3.22) are 
Ty = (LEA De ia = alae Mgt) Pan 
n, duc f | f >. 


Therefore Einstein’s equations imply that 


Rene 
Br ug 


To solve this equation, set p = Lexp(ß) and q = L exp(—). Then 


” 


E 





+ B? + 4nx<f|f> = 0, (4.4.24) 


u X ! 1 
Blu) = l au - In _ ön LS) (4.4.25) 
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Remarks (4.4.26) 


R 


In the approximation linear in x, 
L{a):= 1 — nn | aw | du"< f(u")| f(u")>, 
0 10) 


while ß remains arbitrary to first order. If the equations are homogeneous 
(f = 0), this provides us with a solution that could be used for g™ in 
(4.2.18), because to first order, ß = @,; = —@33, and the other ’s are 
zero, so that 0 = 0,7 = Ppa” = Paap”: 


. If L > 0, then it is a concave function, because < f| f> > 0, and fand f’ 


contribute in similar ways to the curvature L” of the function L(u). In 
this situation, the trajectories of particles are focused in the y — z-plane. 
This is an effect of the gravitational field produced by the electromagnetic 
or gravitational wave. 


. If L’ is ever negative, then L must sooner or later have a zero. This singu- 


larity in the metric might not be a genuine one, but may only indicate 
that the gravitational wave has disrupted the coordinate system. The space 
might appear as Minkowski space in some other chart (cf. (I: 5.8.8; 2)), 
as soon as the wave has passed. 


Einstein’s Equations in Landau and Lifshitz’s Form (4.4.27) 


It remains to find out how well the interpretation (4.4.26; 2) of ß'* as an energy 
density accords with the formulations (4.2.21(b)). In the latter formulation 
gravity contributes 


—11 


* „Byp 
= — =), A W,, N re 
Red Er 


to the energy, and the other summand is zero. Substitution from (4.4.19) 
yields 


8nd, = *(Sgn, A S,n, A *e??”) 


= —nN,is,is,(e? a du) = —n, du I (4.4.28) 


2n, du( 6° - ey 


so that an additional negative term —(L’/L)* occurs along with pe: 
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Remarks (4.4.29) 


1. In the linear approximation (4.4.26; 1), L = 0, 2B = go. = —g33, and 
the result is that 


(d22 — ae 


energy density = momentum density = En 


2. Provided that L has a slowly varying amplitude in comparison with ß, 
(4.2.21(b)) states that ß? creates gravity like any other kind of energy, and 
that the energy of a gravitational wave is positive. 

3. Fictitious energies associated with fictitious forces also appear in (4.4.27); 
their origin is that the /, do not vanish even in flat space (p” = q” =). 

4. The speeding-up of a double star with a short period seems to be con- 
sistent with the energy loss due to gravitational radiation as calculated 
with this formula. 


Spaces with 4 Killing Vector Fields (4.4.30) 


We shall consider the spaces that are the counterpart to the problem of a 
central force in mechanics. The energy and angular momentum will corre- 
spond to the operations of time-displacement and rotations that leave g 
invariant. In the polar coordinates for M = R x R* x S?, the g,, depend 
only on r = |x|, and the metric can be written as 


g = —dt* exp(2a(r)) + dr* exp(2b(r)) + r?(d9? + sin? 9 dg’). 


Remarks (4.4.31) 
1. If Einstein’s equations in vacuo hold, then it can be shown that the 
existence of the timelike Killing vector field follows simply from the 


spherical symmetry (Birkhoff’s theorem, Problem 5). 
2. In co-moving coordinates, the g,, are in general time-dependent. 


The Curvature Forms (4.4.32) 
In the orthogonal basis 
e* = (edt, e’ dr, r d9, r sin 9 dg), 


de* = (ae* dr x dt, 0, dr A d9, sin 9dr A dp +rcos$d3 A dp) 
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the affine connections turn out to be 
abies 
Cara 0 0 
| 
Or — =e ao ze sin 3 do (4.4.33) 
4 
| —cos I do 
(since ,5 = —W,,, We write them only for « < ß). They make 
dw*, = 
et + a'(a’ — b’))dr A dt 0 0 
e Pb’ dr A d9|e °(—cos3d9 + sin 9b’ dr) A dep 
sinddd A dp 
ae tg dt A dg en sın I dt A dd 
w*, A ws = 0 e "cos9d9 a dp 








e *>sin9dd a dp 





The term ~d3 a dg cancels out of dw';, and the R%, become proportional 


Aa 
tO 2 9: 





(a’b’ = a’ = ae ee = 
































(4.4.34) 
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Einstein’s Equations (4.4.35) 


Since the remaining symmetry still suffices to make R’, of the form R?, = 
K*,e", (no sum), the energy-momentum forms 7° (letting this embrace 
everything coupled to gravity) must likewise be ~e*. The coefficients are 


B<y K,,, and depend only on r: 
BFa,yFa 


l — gt poe 0 GO 
er EN eye 


(4.4.36) 





Remarks (4.4.37) 


. Because of the spherical symmetry, there is an invariance under 2 < 3, 


and more specifically 77 and .7* have the same factor in front of e* and 
respectively e°. 


. F* is of the form c*e* (no sum), and the contracted Bianchi identity 


(4.2.32) subjects the coefficients c* to the equation 


ee ed oe — x DA *o8(c# — cA), 


B 


dc 


. The 7% are written with the basis of (4.4.32), and thus the 77, j = 1, 2, 3, 


are obtained from Cartesian energy-momentum forms by local rotations 
(cf. (1.3.26)). If, for instance, 7’ = pe’ in the Cartesian basis, then it is 
also true in this basis. 


Special Cases (4.4.38) 


if 


If we make the phenomenological assumption that 
T = (pe, pe’) 


(cf. (3.1.25; 3)), where p and p are not too singular and decrease sufficiently 
fast as r > oo, then the first of Equations (4.4.36) is solved by 


B 8 = r - . 
ae ay ae a dr’ r'?o(r') =|- zen), (4.4.39) 
N r 
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and the second one determines a once b is known: 
a= =—b — an | dr’ re?” o(r’) + pfr')). (4.4.40) 
The last two identical equations relate p to p, and are equivalent to re- 


quiring the contracted Bianchi identity. This subject will be pursued in 
the following section, for the 7* treated here it is satisfied. 


Ifit happens that p(r) = p(r) = Oforallr > r,,then the metric in the region 
where r > r, is the 


Schwarzschild Metric (4.4.41) 


g= -(1 — "ar 2 
je 


On the other hand, if o = constant = —p, then we return to the situation 
of (4.3.23) and obtain (cf. Problem 4) a 





+ r? dQ?, Pur | r? dr p(r). 


r 
0 0 
i == n= 


Static Form of the de Sitter Metric (4.4.42) 


= IK 


+r.a0%, k= 


dr 
Sipe eee ne 
er le 5 


2. Equations (4.4.36) allow the pressure in the radial direction to differ from 
the pressure in the 3 and g directions. This could happen for the Coulomb 
field of a point particle, for which the energy-momentum forms can be 


calculated as 
2 


FT: = = [e°, —e!, e2, e?]. (4.4.43) 
If we set exp(2a) = exp(—2b) = yw(r)/r in (4.4.36), then Einstein’s equa- 


tions read: 
> ’ > 1 7 ” 
( v e°, a v ar ee e) RK 





r? r Dp 72% 


If W =r—ro + 4nke?/r, then this simply reproduces (4.4.43), and the 
resulting metric is called the 


Reissner-Nordstrem Metric (4.4.44) 


ay) dr? , 
g = -(1 Ba ne Mar ee 


r 2 
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Remarks (4.4.45) 


IE 


No 


In the linear approximation, and with |p| < p, Equation (4.4.40) becomes 
Joo =; | Er; | z / PX DD se / INT 
On = —4nKk dr’ p(r)r" + dr’ p(r)r' |, 
2 el E 


which is the Newtonian potential of the spherically symmetric energy 
density p, as it must be on account of (4.2.30; 2). 








. The pressure contributes to (4.4.40) as the density contributes to goo. 


Hence the negative pressure p = — p of the de Sitter universe in fact makes 
a = —the Newtonian potential, because for constant densities, 


ue fie 
~ | r? dr' pp = — > j r dr’ p + constant. 
lf 15 


0 


. If p is more singular than r > at r = 0, then one can write |* instead of 


— [5 in (4.4.39). This is the case with the Reissner solution (4.4.44), so 
the positive field energy contributes with a reversed sign to the gravitational 
potential. The interpretation is that M = M(oo) represents the total 
energy, and the potential 





shows that as one approaches the origin, part of the energy density is left 
behind, and the potential is effectively decreased compared with its asymp- 
totic value, — Mx/r. EM < oo, then it follows that the “naked mass” 
at the origin must be — ©, since the electromagnetic mass 


An (“dr 
2 oF 
is divergent. This has the paradoxical consequence that gravity is repulsive 


at short distances. Once again, the infinite electrostatic self-energy of a 
point charge is causing trouble. 


. The basis of (4.4.32) is less suitable for a discussion of gravitational 


energy using the version (4.2.21(b)) of Einstein’s equations, since it is 
possible to simulate a gravitational /, even in flat space, with polar 
coordinates. In Problem 6 the gravitational energy is discussed in the 
maximally Cartesian coordinates (see (I: 5.7.17; 4)). It turns out that 
as long as there is asymptotically a Schwarzschild metric, the total energy 
including the gravitational energy is M. Note that 


i #7? = in | drr?e’ p(r) 4 M = 4x | dr r* p(r). 
1=0 0 0 


. In Problem 7 the energy density of gravitation is calculated as —«M?/8zr* 


in these coordinates. This is equal to the negative of the energy density 
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(e/4nr*)?/2 of a Coulomb field, where e? is replaced with 42x M7, analo- 
gously to Remark (4.4.14; 1). Since M is the integral of the total energy 
density, there can be an everywhere regular solution with M > 0 only if 
p > 0 counterbalances the negative gravitational energy. The increase of 
the Schwarzschild potential compared with the Newtonian potential at 


small r can be interpreted as the field produced by the negative gravitational 
energy. 


Properties of Spherically Symmetric Fields (4.4.46) 


E 


189) 


The Geometric Interpretation of the Spatial Metric. The restriction of the 
metric to a plane passing through the origin, 


ane ee Hr ear de 
SE 

is the metric on a surface of rotation in R®. If it is written in cylindrical 

coordinates as z(r), then 


G2 ar Pas jar (Ue 2) er dl =e dr? + rar 
or, using (4.4.39), 
TEEN 2KM(r) 
' r = 2«M(r)' 


\ 
eS Bet 2KM(r') 
ithe | eu 


As a consequence, the Schwarzschild metric M(r) = constant gives the 
intersection ~ = constant the geometry of a paraboloid of revolution, 


1) = ir re 


(Figure 61). The metric is singular at r = 2«M(r). The paraboloid of the 
Schwarzschild metric can be extended beyond that point, but, if so, r is no 
longer a monotonic function of z. 


. The Causal Structure. The Schwarzschild metric was extended beyond 


r = ro in (I: 5.7.2; 5), with the aid of the coordinates 
r r t 
— — — —_— h a 
u rn 1 exp (57 )eos bl 
r if t 
= {/——1 —— ]sinh{ — ], ugs], 
: Vig plz.) = 


in which 


Fhe ©) 
ge Ar, exp( - 2) er + r?.dQ°. (4.4.48) 
r 


ro 
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Figure 61 A choice of the metric on the surface t = constant, = constant 


There remains a singularity at r = 0, which is now a spacelike hyper- 
surface u? — v? = —1. The quickest way to understand the causal re- 
lationships is to draw the Penrose diagram that results from using the 
coordinates 


ae oi! 
ou tan” 5 | o-u=tanl” 3 ) 








(4.4.49) 
TI TI 
ee lad 200 
The metric 
g = A —dy? + dé? + R? dQ?), 
A = -Lerzro cos! Ay + Eos"! Hy + 8), 
vr 
ne r 
=e 


reveals that timelike lines run in the w-€-plane at angles of at least 45°, 
and radial light rays run at 45°. The region covered by the new time and 
radial coordinates looks as shown below. Since the boundary contains 
the spacelike piece where r = 0, there is a horizon. Although r = rp is 
not a singularity, it is the event horizon for all trajectories that remain in 
Region I, where r > ro. Regions II and III are invisible from Region I, 
which is itself invisible from Regions III and IV. Although nothing 
exceptional happens locally at r = r,, the surface r = r, has a global 
significance. 

The Reissner metric (4.4.44) becomes for some re (0, 00) singular if 
Anke” < M’x’.For hadrons this inequality is far from being satisfied since 
in natural units e* = 735 > (k/4x)M? = (Planck length/Compton wave 
length)? = (10° *¥cm/10~ '* cm)?. Thus no horizon prevents people from 
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event horizon for region | 


Figure 62 Penrose diagram for the Schwarzschild solution 


starting at the “naked singularity” at r=0. The “cosmic censorship 
hypothesis” conjectures that naked singularities do not develop in reality. 
Indeed 4ze* > M’x means that the Coulomb repulsion of charged matter 
would be stronger than the gravitational attraction thus preventing the 
collapse to a singularity. If M?x? > 4nxe?, then the singularity of (4.4.44) 
at small r lies only in the choice of coordinates; with other coordinates it 
would be possible to continue to r = 0. In that case, the repulsive nature of 
gravity makes r = 0 a time-like line. The appropriate Penrose diagram. 
Figure 63, thus extends in the timelike direction to infinity, as with the anti- 
de Sitter universe ([9], p. 921). Hence there are again no global Cauchy 
surfaces, but instead there is a bizarre possibility that one might crawl 
through the wormhole bounded by r = 0 into another universe just like 
ours (I’ in Figure 63). 





Figure 63 Penrose diagram for the Reissner solution 
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3. 


Singularities. Now that the singularity at r = ro has successfully been 
removed from the Schwarzschild metric, the question arises of whether the 
singularity at r = 0 is genuine. It is not necessarily significant that the 
gi, are infinite there, since these quantities depend on the coordinates. 
However, the invariant *(R,, A *R*’) goes as r °, and grows without 
bound as r > 0 (Problem 8). This would not be possible at a regular 
singular point, so we conclude that the Schwarzschild metric can not be 
extended regularly across the region u* — v? > —1. 


Problems (4.4.50) 


il. 
2. 


Construct the five Killing vector fields of the metric (4.4.17) (cf. (I: 5.8.3)). 


In the linear approximation, the metric at large distances 


4k er ; 
Gap = Nap 75 a fa X (Tag a 3 Nap)e—|x— x 


looks like the field of a plane wave. Using (4.4.29; 1), calculate the energy radiated 
in the 1-direction, and express it in terms of the quadrupole tensor 


Dar = | dx Too(3xexs - dul) 


. Calculate the 7, of (4.4.43) for F = (e/r?)e°!. Verify that i,z.7, = 0. 
. Reexpress (4.4.42) in the form (4.3.9). 


. Prove Birkhoffs theorem: If the a and b of (4.4.30) also depend on time, and Einstein’s 


equations hold with 7, = 0, then there exists a time-coordinate r’ such that g is of 
the form (4.4.30) with a and b independent of time. The metric g must then be of the 
form (4.4.41). 


. Use the Schwarzschild metric in the form 


g = —h(r)dt? + f*(r)ldx|?, f= ( 2 =). 


KM KM\~! 
be ee 
( +5) : 


(cf. (I: 5.7.17; 4)) and the version (4.2.21(b)) to identify the total energy 


i +(7° a £°) 
N 


3 


with M. Use a ball of radius R > 00 for N3. 


. Calculate the density of the total energy as in (4.4.45; 4) with the w’s of Problem 6. 


. Calculate *(R,, A *R°P) for the Schwarzschild metric, and check that it is unbounded 


atin = 0! 
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Solutions (4.4.51) 


1. The fields with components 
(ae te Au 
v' = (0, 0, 1, 0), (0, 0, 0, 1), (1, 1, 0, 0), (x zu: I at), (\ y, i ==, 0) 
o qu) o Pu) 
satisfy 
V'Gimi + GimY a + gut'm = 0, 


and are therefore Killing vector fields according to (4.3.27; 1). 


2. From the continuity equation of the linear approximation, T”” , = 0, it follows that 


2 
d- 


32 Too = V.V, Mans 1.€., fax E53 sen Ss ean fax XaXp Too- 


Therefore 
; a whee 
Gab = =e OR EHEN: 


The contribution ~7,, 1s irrelevant, because we require only the square of the dif- 
ference of the eigenvalues of the 2-3 subspace (g33 — g22)* + 4932. Substitution of 
D4 yields 


ef K # r 2 
0 Balz — Dy») + 4D3;] 


(cf. (1.1.13) and [32, $104)). 





kp —_ 23 En Rn 
3 ie eae , Fy = Wate FE hE), 
2 
Fe ee 
er e . ’ 
ee 4 
2 
5 Ss fen ae gt 
t= = : 
r eo „2 r* 
2 
eed AE B84 ei 
AZ 2 e = 5 
Se 4 
2 
Te pie 
es = : 
ee eae 4 


4. Suppose K = 1, and introduce the coordinates 
elle 2 cosht and x5 = U - 177) sinhit 
on the surface where x? + x3 + x3 + xj — x3 = 1. Then 


i : el mike ge r? dr? 
g = |dx|? +d3- dx§ = |dx|* — Art 7G 
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If K = —1, then take the coordinates 
X4=(1+r*)cost and x,=(1+?r7)sint 
on the surface where —|x|? + x3 + x? = 1. 


5. Ifa and b depend on time, then the only immediate change is w°,, by exp(b — a)b dr. 
This produces the following extra terms in the 82k.7 * of (4.4.35): 


-a-b 
ei e! 





each a 
B 


a=1:—2b 





3 
@ = 2,3: —e “(hs b — abi, 


If « = 0, then we also find that b = 0 and hence exp(—2b) = 1 — ro/r. And if « = 1, 
then a’ = —b’, and thus exp(2a) = (1 — ro/r) f7(t). With the variables dt’ = f(r)dt, 
we have the Schwarzschild metric. No new conditions result if « = 2 or 3. 


x A 
6. e=(hd, f dx) = irn os Lf (x* dx! — x’ dx*), 
IR fr 
1 
sax | (aa A #20) = 0 | Wye A Cg 
N3 2 ON; 


=== go hed | > x dx” A de 
on; F 
= — lim | dQ 2f'r? = 8ncM. 


R>o “r=R 


In the above equations, dQ is the element of solid angle, and we have recalled that 


— 69179 ==. 
1. 8ne( #7 + HL) = I Gey, ne) = =e" 
al“ x) dx? n dx! = —dx! a dx? a dx? [ La 127 (4) 
r r 


(KM)? 


a dx! ~ dx? « dx}, 





8. RP = ce”? (no sum): 
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an 
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4.5 The Life and Death of Stars 


Gravity differs from other interactions by having a very small coupling 
constant, and by being universal. For cosmic bodies, the latter 
property makes the action of gravity sum constructively to such 
an extent that it dominates all other interactions. 


The Orders of Magnitude (4.5.1) 


The gravitational energy of N protons (mass m) in a volume V is on the order 
of 


x(N m)? = —«m? NN p43 p= N 


Eg in Vv" 





y! 3 


Although the Coulomb interaction is unimaginably stronger than this, 
e? ~ 10°° km’, it is neutralized in normal matter, so that the electrical energy 
per particle is ~ —e?/(the distance between nearest neighbors). This distance 
is xp", so the total electrostatic energy is 


5 


2 Sie. 
E, ~ -e Np! en 


€ 


(4.5.2) 


We see that if N ~ (e?/km*)”? ~ 10°*, then gravity starts to dominate the 
electrical forces. The mass of Jupiter is about that of 10°* protons, which is 
the point at which the Newtonian potential supplants the Coulomb potential 
as the determiner of the structure. In a larger body, gravity crushes the atoms 
together, and the matter turns into a highly compressed plasma. 

The Fermi energy, which is the origin of the solidity of matter, is (the 
number of electrons) x (the nearest-neighbor distance)? x (the electron 
mass) *, in natural unis (f= c= 1): 

Nie 
ens Pes (4.5.3) 


Me 


The density p of an object adjusts so as to minimize the total energy. Whereas 
for the Coulombic energy (4.5.2) this makes the density independent of N, 


p ~ (e?m,)* = (Bohr radius) °, (4.5.4) 
in the case of gravitation objects containing more particles are smaller: 
pile ~ m’KN?'’m,, Vian ma nr) > (4.5.5) 


However, as soon as the separation between nearest neighbors is on the order 
of magnitude of the Compton wavelength, p'/? ~ m,, the relativistic energy 
|p| is to be used in calculating E; instead of | p |?/2m,, and (4.5.3) is replaced by 


Er ~ Np", (4.5.6) 
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The gravitational energy consequently dominates the Fermi energy when 
xm?N?3>1>N > (km?)~3/? ~ 10°’, i.e, when the mass is somewhat 
greater than the mass of the sun; and the minimum of the total energy 1s 
attained when p = w and v = O. After that point, there is a process in nature 
that dramatically controls what happens. The rate of energy loss from stars 
is normally rather slow—one photon takes several million years to escape 
from the interior of the sun—but sufficiently energetic electrons can create 
neutrinos by inverse beta decay e + p — v + n, which, as they feel no strong 
interaction, leave the star immediately. This makes the transition to states of 
lower energy proceed at a much higher rate, and in a matter of seconds the 
star collapses to a neutron star, of nuclear density. Hence the energy released is 
on the order of the kinetic energy of neutrons at this density, about 10 MeV 
per particle, and thus as much energy is emitted as in the normal thermo- 
nuclear reactions, but much more rapidly. That is why it is assumed that the 
catastrophe just described is what takes place in a supernova, for which a 
single star may radiate with the brilliance of a whole galaxy for a week. The 
energy released would be the same, because a galaxy has typically 101° 
stars, and normally a star takes 10° years ~ 10'° weeks to burn up all its 
nuclear fuel. 

This line of reasoning makes use of a naive, Newtonian picture of gravity, 
and it is interesting to see how it changes in Einstein’s theory, with the help 
of the material developed in the preceding section. It might be hoped that a 
sufficiently great pressure could counteract the gravitational attraction and 
render the stars stable. This is not necessarily the case, however, because in 
the relativistic theory pressure can also produce gravity, which can aggravate 
the situation. 

Recall, in the spirit of the phenomenological description of the energy and 
momentum of matter, 


F 5 = De T ; = pe;, pica os (4.5.7) 
that the energy density p and pressure p can not be chosen completely 
arbitrarily, because of the contracted Bianchi identity (4.2.32) connecting 
them; for the special form (4.5.7) it requires that 

dp arte = @y vn *e°pit p) (4.5.8) 
(see (4.4.37; 2) with « = 1 and w', only nonzero if ß = 0). 


Remarks (4.5.9) 


1. We shall later be primarily interested in the static, spherically symmetric 
case. Then both sides of the equation in (4.4.37; 2) vanish for x # 1, with 
the e’s and w’s of (4.4.30); hence (4.5.8) contains all the information of 
(4.2.32). 

2. Since we have earlier expressed the metric in terms of p and p, Equation 
(4.5.8) creates a relationship between p and p, which must be satisfied in 
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order to have static equilibrium. If an equation of state is known for p and 
p, then there can be a static state only at the density distribution for which 
(4.5.8) agrees with the equation of state. 


Taking the w of (4.4.33), 


4 
apn *e = expl—b)( 27) = —exp(—b)a'(p + p)*1, (4.5.10) 


and according to (4.4.39) and (4.4.40) (with KM(r) > M(r)), 


t 


a —b’ + 4nxr(p + p)e” 


(: = op [Am + u + Ankr(p + n| 


r a 








When this is substituted into (4.5.10), there results the 


Tolman-Oppenheimer-Volkoff Equation (4.5.11) 


_ dp _ (p + PILMG) + Anxpr") 
dr r(r — 2M(r)) 





Remarks (4.5.12) 


iy 


2 


Of course, this also follows from (4.4.36), but the Bianchi identity does the 
trıck without the extraneous information of (4.4.36). 


. Equation (4.5.11) generalizes the nonrelativistic fact that 


op _ pM(r) 


or yo 





The increase of the pressure for decreasing r is intensified by the following 
relativistic effects: 


(a) There is an additional term ~p in M(r), since pressure also produces 
gravity; 

(b) It is necessary to add p to p, since the gravitational force also acts on p; 

(c) Gravity increases faster than ~1/r? as r > 0. 


We saw at the outset that large, gravitating masses lose their stability in 


the special theory of relativity, because a relativistic electron gas is not as 
stiff as a nonrelativistic one, and does not stand firm against gravity. The 
general relativistic situation is even more precarious, because the solidity 
of matter also fails to help. In order to see this, we integrate (4.5.11) for the 
most extreme equation of state, viz., that of incompressible matter, which can 
not be squashed to arbitrarily high density. If o = constant and we require 
the boundary condition p(R) = 0, where R is the radius of the star, then in 
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dimensionless variables we find 


InKp ITKp 2 





(4.5.13) 





2 





x rt j = 
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(Problem 1). As a consequence, we can read off the 


Maximal Pressure in Homogeneous Stars (4.5.14) 


1 ./1-ro/R 
3 /1-ro/R-1 





p(0) = p 


Consequences (4.5.15) 


1. Whereas p(0) goes as pro/4R for stars of homogeneous densities whose 
radii are much larger than the Schwarzschild radius, and thus p(0) is 
normally much less than p, if R > r, it increases rapidly and becomes 
infinite at R = 9r,/8. 

2. The pressure in matter comes from the electrons, while the protons 
give rise to the energy density. The relative orders of magnitude are that 
p/p ~ (electron speed v)? x (electron mass)/(proton mass) x v?- 1073, 
so that the pressure in the center of a star like the sun, with R ~ 10°r,, 
requires electrons to be moving at ~7/5 the speed of light. The electrons 
must be relativistic in stars of the same mass but hundreds of times smaller 
(white and black dwarfs), and the situation becomes critical. 


The next question to answer is how Einstein’s theory affects the naive 
expression (4.5.1) for the gravitational energy. In §4.4 we saw that 


= = in | r? dr p(r) = M 


= 0 


is the total energy of the system, while 


oo = 112 
[pre = 4x | Fr? dr nl! = ae (4.5.16) 


0 


equals the total energy of the matter alone. If p = constant, then Equation 
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(4.5.16) can be evaluated easily, and there results the 


Gravitational Energy of a Homogeneous Star (4.5.17) 


3 3/2 
Eg=M - fr = 1 —=Jarcsin [2 ED lier x S 
2 R R R |\ro 


3 «KM? 
Se ae 


In 
He = (7 _ i) 


When the density is small, this reduces to the Newtonian self-energy of a 
ball of uniform density, and as R > r, this formula is of the same order of 
magnitude, but its numerical factor is somewhat different. At the limit of 
stability R = 9r,/8, it reads Eg = —0.37M. 

If the pressure called for in (4.5.11) can not be provided, then it is not 
possible to have static equilibrium, and the star collapses. In order to pursue 
this drama analytically, let us consider only stars of uniform pressure and 
density distributions. The Friedmann solution (4.4.2) applies in the interior, 
while in the exterior the free Einstein equations hold, for which, according to 
Birkhoffs theorem (4.4.50; 5) the only available solution with spherical 
symmetry is the Schwarzschild solution. The problem of matching the 
solutions will be discussed later, after we study the dynamics in the interior. 

The point of deparature is Equations (4.4.10), which will be used in the form 








if 
R > fot Be = 





d 
7 (PR) 
75 eee 4.5.1 
p i. (4.5.18) 
dt 
ry 2 3 
en ER (4.5.19) 
MERK 2 


We solve them first for the extremal equation ofstate,p = 0. In normal matter, 
p is always much less than p; the greatest pressure is that of massless particles, 
p = p/3. When either p = p/3 or p = p, analytic solutions can be written 
down (Problem 3), and we shall later figure out the qualitative behavior for 
all p > 0, which is generally similar. 


Solutions with p = 0 (4.5.20) 


Equation (4.5.18) implies that M = 4zpR°/3 = constant, making (4.5.19) 
of the form of the energy of the radial Kepler motion, with no angular 
momentum. This equation was integrated in (I: §4.2), and the solution is 
most conveniently written in the form of Kepler’s equation (I: 4.2.24; 7). 
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We can identify the variables used there as 


and must distinguish three cases: 


GQ) rh =O 
R Hu — COS u), i ~ ty = (u - sin) (4.5.21) 
(b) K=0 
R = (t — to)" ea) j (4.5.22) 
u) 
INS xi (cosh u — 1), t—to = pp inh u — U). 


(4.5.23) 


Remarks (4.5.24) 


1. The case K > 0 in (4.5.19) corresponds to a negative energy in the Kepler 
problem. Accordingly, R equals zero when u = 0 (t = tg) and when 
u = 2n (t = to + 22KM/K*”). In this case Kepler’s equations (4.5.21) 
are the parametric representation of a cycloid, specifying how time 
elapses during a free fall into the center: 


KM/K 


Figure 64 Cycloid for R(t) 
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Case (a) describes a big bang at t = tg, which was so weak that the 
particles flying along the geodesics x = constant are eventually stopped 
by gravity, turn around, and all will eventually crash together again. In 
case (b), on the other hand, the initial velocity is high enough to send the 
particles to infinity. The space t = constant is not compact, but in fact 
simply R°. 


. Incase (c) the particles retain some kinetic energy when they reach infinity, 


and the space f = constant has negative curvature. 

If t =t ), then R = 0, and we learn from (4.4.7) that the metric has a 
genuine singularity at that point, because the curvature scalar approaches 
infinity. 


These results are probably not too surprising, since matter without pressure 


or angular momentum would be expected to fall into the center unless it has a 
large enough initial outward radial velocity. A positive pressure changes 
nothing, because the extra gravity it produces actually favors the collapse. The 
reason can be seen formally in (4.4.10), by which a positive p contributes 
negatively to R, thus increasing the concavity of the function t > R(t). In 
that case, R(t) must approach zero if the initial slope is too small. To be 
mathematically precise, let us state these thoughts as a 


Criterion for Collapse of the Friedmann Universe (4.5.25) 


Let R(0)? < K > Oand p > 0. Then R(t) vanishes for some 


2R(0) 


fs K=O) 


in which R(0) is connected with R(0) by R(0)? = 3(K + R(0))/82Kp(0), 
according to (4.4.10). 


Proof 


Let us write the second equation of (4.4.10) as 


R(t)? K _ R)8nkplı) _ K 
~ 2R(t) 2R(t) 2 ar 





R(t) = 


Then 


R(t) = R(0) + tR(0) + j dt’ i dt” R(t") 
0 0 





; ‘ R(0)?a  K 2R(0)a\ ? 


where a = sup R(t). 
t 


230 4 Gravitation 
If R(0)? < K,then a < R(0) + aR(0)”/K implies 
< R(Ö)| 1 R(0) 5 
a< Ke 


and the zero for R(t) happens before 


2R(O)a 4uR(0)  4a?R(0)? Kie 
fo = aa Er | K Ar mae? 4 as R(0) Sr lo R(O) = An - 
The bound on a implies (4.5.25) U 


Remarks (4.5.26) 


1. If p= 0, then the condition R(0)? < K corresponds to the statement 
for the equivalent Kepler problem that the kinetic energy is less than 
minus the total energy. This obvious criterion preventing escape is valid for 
all p => 0. 

2. The time t is that of a co-moving coordinate system, and thus the space 
collapses to a point within a finite proper time for freely falling observers. 


Finally, we construct a solution of Einstein’s equations, which describes 
gravitational collapse. The physical picture of what takes place is as follows: 
If, after having exhausted its nuclear fuel, a star has shrunk down so far that 
the Fermi energy of the electrons has risen above the threshold for inverse 
beta decaye + p—v + n,then the greater part of the matter is turned into 
neutrons. Since the star is supported against collapse mainly by the Fermi 
pressure of the electrons, it suddenly gives way. Thus the model would be that 
of a star in static equilibrium, whose pressure at some time is suddenly re- 
duced to zero. The solution of Einstein’s equations before that time is as in 
(4.4.30). Afterwards, the solution in the interior ıs (4.4.2), and in the exterior 
itis the Schwarzschild metric. We now need to show that the solutions can be 
joined smoothly at the surface to satisfy Einstein’s equations with p = con- 
stant inside and 0 outside, and p = 0. Since the surface of the star falls freely, 
its radius in the co-falling coordinates (4.4.2) is r = a = constant. For sim- 
plicity we use units in which r, = 8zKa*p/3 = 1 and consider the case K = 0. 
This makes the motion parabolic, with the surface of the star infinitely large 
at the beginning. Similarly, the solution with K > 0 is a Friedmann space in 
the interior, matched to a Schwarzschild metric. If p > 0, the calculation 
becomes much more complicated, because it can not be constant inside the 
star, as otherwise there would be an infinite pressure gradient at the surface. 
However, the essential features are not greatly altered if p > 0 [36]. 

In order to join (4.4.30) to (4.4.2), we have to express the two metrics in 
the same coordinates. For this reason, we write the 
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Schwarzschild Metric in Co-Falling Coordinates (4.5.27) 


It is convenient to introduce the coordinates (t, 7) in place of (t, r), where Tt is 
the proper time for radial parabolic motion, and F is r at the time t = 0. Since 
the speed approaches zero asymptotically, 

















and thus 
r dr\? dr | 2 
—]= =| aoe es er 3/2 
| ai dt i oe 
Consequently, 
HE -- t l z | 
eee OM oO MEER . 
dr dr r—1 Yr BR 
This puts the metric in the normal form g = —dt? + g,;dx' dx’, because 
dt = ./F dF — ‚/rdr, 
NE ee SE 
r—1 r— | r—1 
leads to 





1 
g= -di? —— + dr? 
fg 


(4.5.28) 


de? + (1 er 3?) 78 de? + 1 Hr year. 


Remarks (4.5.29) 


1. This chart can be used for 31/2 < 7°’, though at 31/2 = F°'?, which corre- 
sponds to r = 0, it becomes singular. Equation (4.4.28) therefore extends 
the Schwarzschild metric beyond r = r, = 1, but it is not the maximal 
extension (4.4.48). 

2. A particle falling freely from infinity travels from r = 7 tor = 0 in proper 
time 27°/?/3, in units where ry = 1. 


To discover the proper Friedmann solution, note that Equation (4.5.19), 
with a = R(0), ro = 8nkp(0)a°/3 = 1, and K = 0, implies that 


and hence that 


R@) = a(l = 3a” 7, 


232 4 Gravitation 
By redefining the coordinates t > t, ar > r, we come up with the 


Oppenheimer-Snyder Solution (4.5.30) 


The metric 
i (1 — ra 4?) 43 (dF? + F? dQ?) if 
AGT is (di fA Ar dr? 1 — Sor seat 372 dQ? if 
satisfies Einstein's equations with p = 0, 
3a? = 30/2)" re 
10 if 


= 
0 


Sa ee 


r<a 
S 


Proof 


Einstein’s equations are satisfied for F > a and r < a by construction, and, 
as the curvature ought to be discontinuous at 7 = a (cf. (4.2.13)), it is only 
necessary to check that it has no delta-function singularity there. Let us 
write the orthogonal basis for g, 

= (dt, e’v' dr, e’ dS, e* sin dp) 

veer re a iff <a (4.5.31) 
errs Br 

le rer, 
where v’ = Ov/ör and v = Ov/ét; vis discontinuous and v is continuous with 
a discontinuous first derivative. When restricted to r = a (dr),-, = 0), only 
the continuous parts of e* remain, and even the de* are continuous at F = a: 

de” = (0, e’(v’ + bv’)dt a dr, e’(v dt + v' dr) a dY, 
e’((v dt + v' dr)sin 3 + cos d9) A dp). 


From this formula we get the affine connections, 





e’(V’ + vv')dr e’v sin Ido 





wo", = (4.5.32) 











Observe that the discontinuous functions v’ and v’ are multiplied by dr, and 
so no v” shows up in dw*, (see Problem 4). Hence, while R*, is discontinuous, 
it does not contain a delta function. CJ 
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Remarks (4.5.33) 


1. As Einstein’s equations do not allow delta-function singularities in the 
contractions R,, the question arises of whether they can occur in R%,. The 
answer is that they can not, because the surface of discontinuity has a 
spacelike normal dr, and by (4.2.24), the regularity of R, implies that of 
R®*, in this case. 

2. If the basis given in the proof is supplied with a more general function 
v(t, r), then it is easy to find a solution of Einstein’s equations that describes 
the gravitational collapse of a C® density distribution. The discontinuous 
solution (4.5.30) can be considered as the limiting case of a C® solution 
(Problem 4). 


E 






Singularity 


surface of the star 


Schwarzschild 


light-cones of the world-lines 
of freely falling observers 


Figure 65 
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3. In order that the solutions join without a seam, the Schwarzschild radius 
of the outer solution must be 


81K [ arr Ot, Deo» 
0 


This is to be expected, because when t = 0, dr = dr. In the static co- 
ordinates (t, r), the dramatic action in the interior is not detectable from 
outside. The Schwarzschild solution is as silent as the grave about what it 
hides within. 
The Geometric Significance of the Oppenheimer—Snyder Solution (4.5.34) 
The chart of (4.5.30) is workable if 
7 > 4min{ a?!?, 77/7], 


though the metric becomes singular at the boundary. The lines r = constant 
are the world-lines of freely falling observers, and t measures their proper 
time. In this chart the light cones inside the star flatten out as they approach 
the singularity, while on the outside they narrow down (see Figure 65). Note 
that the significance of r = 1 as a horizon for r > a can thereby be expressed 
as the fact that from this point on, the light cones remain completely on one 
side of the curve r = constant. 


Problems (4.5.35) 


1. Integrate (4.5.11) for p = constant (cf. (4.4.12)). 


2. Show that p = 3/S6zxr? is a solution of (4.5.11) for the equation of state of radiation, 
p= p/3. 


3. Solve (4.4.10) for K > 0, if p = p/3 and if p = p. 
4. Use the basis (4.5.31) 
e* = (dt, e’v' di, e’ d3, e’ sin 3 dg), with v(t, 7), 


to find a solution of Einstein’s equations for I, = p(F)e°, 7; = 0. 


Solutions (4.5.36) 


1. Let x be the dimensionless variable given in (4.5.13), and y = p/p; then this equation 
becomes 


dy Se ea | : 
= —- (ta gl ae oy) ms = ie, a + _ _dxx 
dx I Peay Tey 








5 


bse otk ee a ak Bhy 1 — x? 
- In = > — = 
cic a ae l+y 1 — x2 














— y. 
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2. p= 1/56xxr’, M(r) = 4nx |% dr’ r'? p(r') = 3r/14, 























oe ER A tar + r/l4_ p + p M(r) + 4nkpr? 
dr 28axr? Sonkr® (1 = 3) r r — 2M(r) 
p K+R? ORR RK I 2 
ap a e 5 => R° + RR+K=0 > —R’= -2K 
3 R RG dt“ 


am R= (et — Ki 
p = p:Letdt/dt = 1/R.Then4K + 4R? + 2RR = Obecomes the oscillator equation, 


d*R? 
dt? 





= —4KR°=>R = R,,,,| sit 2K 1)": 
consequently t is given by 
Rey | dv'[sin 2,/K t']!?, 

0 


In both cases we have chosen R(0) = 0, and we observe that R decreases again to 
zero after a finite time. 


4. By (4.1.28) the affine connections (4.5.32) lead to the curvature forms 


a 
© 
lI 


7 = er(Qiv + ir2v + W + W)dt A dF 
R°, = e'(0? + Wdt a dB 
R°, = e‘(v? + Hsin Gdt A dp 


R’, = e?*(v' + w')vdF a dd 


= 
| 


= ej + by )vsin Bd? A dp 


m 
oo 
Il 


e?'v? sin 8 dd A dg. 


Once again, R,, ~ €,5, SO Ty, is diagonal. Einstein’s equations require that 


yp 
Bnkp = 307 + 2 — = 8nKTyo 
y 


0 = ei? + 8) = Tr 
es 

0 = 1 + Pgh eS (3% ar 25) — Ts — Too: 
2v' dF 


The last two of these equations are solved by e’ = (F(?)t + G(F))”'°. Since the basis 


is invariant under a change of charts 7 > r(F), we may set G = 7”, and are left with 


only one function, F(?). If t = 0, then the first of Einstein’s equations becomes 
7 1/2 
FF’ = 9nx??p(F, 0) > Fir) = — BE | dr r*p(r, 0| 
(0) 


In the case p(r, 0) = 3/8nka°, we revert to (4.5.30). 
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4.6 The Existence of Singularities 


The solutions of nonlinear differential equations have a tendency to 
develop singularities ; in particular this is true of Einstein’s equations, 
where the attractive nature of gravity reveals its physical origins. 


The models we have considered of gravitational collapse, in which a singu- 
larity develops, were all radially symmetric. It is not at all surprising that a 
fall directed right at the center will end in a catastrophe. The one new 
feature of Einstein’s theory is that the catastrophe can not be prevented 
by any pressure, no matter how strong, because the pressure itself produces 
more gravity. There is a question, however, whether the situation is quali- 
tatively changed by a perturbation of the radial symmetry, just as the 
angular momentum in the Kepler problem prevents the plunge into the center. 
In the relativistic Kepler problem, the effective gravitational potential goes 
as —1/r?, which is stronger than the centrifugal potential (cf. (I: §5.7)), but 
it is conceivable that other mechanisms might impede the growth of a singu- 
larity. It is often claimed ([32], $1.14), on account of this observation, that 
normally the solutions are free of singularities, which are pathologies afflicting 
spaces of high symmetry. It was the accomplishment of R. Penrose and others 
of the school of D. Sciama to disprove this claim: as long as energy and 
pressure are positive in some reasonable sense, and at some instant there 
exists the kind of geometry set up by a large mass, then the formation of a 
singularity is unavoidable, regardless of any symmetry. 

Let us agree at this stage what we mean by a singular space. Regularity 
is incorporated in the concept of a manifold, and any singular points are 
removed. It might be suggested that unbounded growth of R*, could be 
taken as a sign of a singularity in the vicinity. We shall see shortly that the 
R*, describe the tidal force, and consequently this conjectured indicium has a 
direct physical significance, as it can be observed as bodily discomfort. Un- 
fortunately, it is difficult to express this mathematically, since the com- 
ponents of R*, depend on the basis, and could also become infinite in the 
absence of a genuine singularity. Conversely, it is possible for all 14 of the 
invariants that can be constructed from R*, to vanish without R%, itself 
vanishing. For example, this happens for plane gravitational waves, and is 
analogous to a nonzero vector in Minkowski space having zero length. 

Hence we resort to a different feature of the solutions we have discussed 
as the criterion for a singularity, viz., that an observer falls into the singularity 
in a finite proper time, thus leaving the manifold. There is, of course, the 
trivial possibility that the manifold has simply been chosen too small—if 
the manifold were only a piece of Minkowski space, then one could leave it in 
a finite time, although there is not necessarily any singularity outside the 
piece. In order to exclude such cases, we make a 
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Definition (4.6.1) 


A pseudo-Riemannian manifold M is extensible iff it is a proper subset of a 
larger manifold M’, i.e., its metric is the restriction to M of the metric on M’. 


Remarks (4.6.2) 


1. M’ is not, of course, uniquely determined by M, so our criterion can not 
involve examining an extensible manifold to see where there are singu- 
larities. For instance, the Schwarzschild metric for r > Sr, can be ex- 
tended either to the regular solution with a continuous mass distribution 
for r < Sr, or to the singular solution. 

2. When confronted with an extensible manifold, one gets the feeling that 
something has been intentionally left out. Therefore we postulate that the 
physical space-time continuum is nonextensible. 

3. There are examples ([33], p. 58) of nonextensible manifolds that can be 
escaped from, so it is actually necessary to postulate a more refined 
property, local nonextensibility. However, the examples seem rather 
artificial, so we shall content ourselves with the primitive definition. 


The next step is to decide what observers we will grant an unlimited stay 
in the manifold. 


Definition (4.6.3) 


A pseudo-Riemannian manifold is said to be geodesically complete in timelike 
directions iff every timelike geodesic can be extended to an arbitrarily long 
proper-time parameter. 


Remarks (4.6.4) 


1. A positive metric g defines a metric for the topology of a Riemannian 
space M, and then geodesic completeness means the same thing as 
completeness in the sense of a metric topological space. 

2. An affine parameter could also be defined on lightlike geodesic lines, and 
one can speak of lightlike and spacelike geodesic completeness. These 
conditions are not equivalent (Problem 1); but at any rate (4.6.3) must be 
required on physical grounds. 

3. Geodesic incompleteness puts an observer who can stay in the manifold 
for only a finite time into a predicament, but is not necessarily evidence 
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of any kind of infinity. This is shown by the example 


h h 
= a - 3) 4 w(t + 1) + dx dth, 


A 
h= 5 (cos*tt — x) — 1), 120,2), 


on R? (if desired, dy? + dz? can be added in). If A is small, this is only a 
weak gravitational wave that spreads throughout the flat space, but 
nonthetheless the space fails to be geodesically complete in timelike 
directions, even for arbitrarily small A (Problem 2). The reason is that a 
particle of the right initial velocity rides the crests of the waves, as in a linear 
accelerator, and reaches nearly the speed of light. Its proper time runs ever 
more slowly and never exceeds some finite value. There is no singularity, 
and the only R‘; that does not vanish is R°, = e°,h"/2. Since h is periodic 
in u = t — x,g can be used as a pseudometric on T*, in which case even 
this compact set is geodesically incomplete, although it is certainly not a 
piece of a larger connected manifold. Despite that, we follow common 
usage and refer to the space as singular. 

4. Even in Minkowski space it is possible to reach the end of the manifold 
after a finite proper time on certain timelike lines. If, for instance, x = 
i + 1/P fort > 1, then 


ds, oe, | fax\? pe 
ds = |=dr = ai ie (== 2 mse 
fa (5 t | if ({;) = | dtt 


It is only the choice of coordinates that makes the end at x = o, and it 
can be transformed to any finite point, just as the end lay at — oo in the 
Schwarzschild metric with the variable In r. 

5. One might require that timelike lines with bounded acceleration 22, 
can be continued to arbitrarily long proper times. If this were not so, then 
the crew of a rocket with a finite supply of fuel could conceivably find 
themselves at the edge of the universe, and would not know what to do. 
Yet geodesic completeness leaves this possibility open [34]. 


| 
= 


Geodesic lines are the world-lines of freely falling observers (cf. Problem 4). 
The nonrelativistic analogue of a geodesic vector field is the velocity field v, 
of an ideal fluid with no pressure in a gravitational potential ®. For stationary 
fluid flow, the equations of hydrodynamics require that v,0;, = —®.. 
Let n be the distance-vector field between nearby fluid particles, which is 
carried along with the stream. Its Lie derivative with respect to v vanishes, so 


UNG k = ny Ui k (4.6.5) 


(recall (1: 2.5.12; 5)), which makes the second derivative along the stream- 
lines 


6) 0) 
Vy Aye ( ax n) = ® x. (4.6.6) 
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Thus the gradient of the field ® ; affects the distance between two particles, 
and in fact the effect of the second derivative of ® is to focus them together: 
Since ® satisfies the equation 


®,,=p 20, (4.6.7) 


the net effect of the gravitational field, when averaged over all directions, is 
to focus particles. For irrotational fluid flow, v;, = v,;, this can be expressed 


as an increase in the rate of convergence c = —v;; of the flow along the 
streamlines: 
a & 
ar aS UV, Gk = LER Vik = Dix = a (4.6.8) 
at 


This equation used (4.6.7) and the irrotationality, which entered through the 
trace inequality for symmetric n x n matrices 


(Tr M)? < nTr(M?) (4.6.9) 


(Problem 3). If c is positive at some point, then it increases so rapidly by 
(4.6.8) that it soon reaches infinity, and the streamlines meet. If s is the 
parameter on a streamline, given as x(s), v(x) = dx,/ds (cf. (4.1.42; 1)), then 
(4.6.8) implies that 

a c(0) 


1 = se(0)/3’ (4.6.10) 


and thus c gets arbitrarily large before s = 3/c(0). This elementary property 
of gravity contains the essential features of the relativistic theory discussed 
below. 

The relativistic generalizations of (4.6.6) are 


The Equations of Geodesic Deviation (4.6.11) 


Let v = v*e, be a geodesic vector field and n a vector field such that L,n = 0. 
Then 


D,D,n= —e,(R%,|n ® v)v’. 


Proof 


By (4.1.7(g’)), D,n = D,,v, and because of (4.1.19), (4.1.33; 2), and the equation 
Dio = 0, 
0 = D,D,v = D,D,n + (D,D, — D,D,)v 
= D,D,n + e(R’, In @ vv’. O 
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Example (4.6.12) 


Consider the Friedmann universe (4.4.2). Let the fields v and n be the natural 
contravariant bases 6, and Ö,. Their Lie brackets with each other vanish, 
and 0, is geodesic, since we are using co-falling coordinates. The contra- 
variant components of the metric (4.4.2) are 


: Kr a 
00 = | lee / 
i ; . ( R 


so v and ncan be written in the orthogonal basis as 








5 e| R 
= 05, = Ly, Or ie eee 
Vv 
With the affine connections of (4.4.5), we see that 
R R R 
D,n = 1 





Daou eee 
[tka TERRA "Ts Kee 


DDn=|D = = 
= —___—— Je, = —eı =<n, 
un “1 + Kria j: ba. Kr * R 


which, because of (4.4.6), is precisely 
—e,(R'o|n © v). 





Remarks (4.6.13) 


1. Since R(t) describes how the distance between neighboring world-lines 
x = constant varies, we perceive that D,D,n has the significance of a 
relative acceleration. 

2. Proposition (4.6.11) shows that from the physical point of view it is R*, 
rather than w*, that takes over the role of the electric field strength. Be- 
cause of the principle of equivalence (I: 5.6.11), there is no trace of the 
w’s; freely falling observers can only notice the gradient of the field R, 
specifying the corrections to the principle of equivalence, which holds 
only in the infinitesimal limit. 


The curvature forms may have either sign, either focusing or defocusing. 
The contractions R, are immediately determined by the energy and mo- 
mentum, from which they inherit the positivity (2.1.13). As with (4.6.8), this 
leads to an 


Increase in the Rate of Convergence of Geodesic Vector Fields (4.6.14) 


Let v be a timelike geodesic vector field perpendicular to ahyperplane t = 0, and 
assume i,Ro > 0. Then the rate of convergence c = —),<e*|D.,v> (cf. 
Problem 4) satisfies the differential inequality 


2: 
Cc 
ya 
a7 
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Proof 


We work in the natural basis of a co-falling coordinate system, so that 
v = 0, and g = —dt* + gq, dx" ® dx”. As in (4.6.11), D,v = 0, and D, 0, = 
D,,v. By also recalling that 


0 = D, 0", = <D, dx*|d,> + <dx*|D, 05), 
we find 
D,c = —D,<dx*|Da,v> = —<D, dx*|D,6,> — <dx*|D, Da, v> 


— (D, dx*|0,><dx*|D, 6,> + <R%,|0, © v>v® 


2 


<dx*|D, 0,)<dx"|D, ,) + i,Ro > = 


since the trace inequality (4.6.9) is again applicable: 
M, = (0,|D, 652 = <6,|Do,0> = Tas 
is symmetric in «and ß and vanishes when « or ß is zero, because of D,v = 0. 


In the space orthogonal to v, g is positive and c = Tr(Mg) = Tr(\/g M,/9), 
while Tr(./gM./g,/gM,/qg) occurs in the above equation. je 





Example (4.6.15) 


Let us take another look at the Friedman universe, for which 
R 


Det— D0, ==; 
Gal Ua Ree 


and thus c = —3R/R. Proposition (4.6.14): 
OR 3 3Re ry SR BR? 
1) =; > = 
ot R R R 3 R 








holds if R < 0, which amounts to the condition that i,R,) => 0. From Equa- 
tions (4.4.10), this condition is met if p + 3p = 0. 


Remarks (4.6.16) 


1. According to Einstein’s equations (4.2.20(a)), the condition i,R 9 = 0 
Vv: <v|v> <0 implies for the total energy-momentum tensor that 
Too + Ty; + Taz + Ta; = 0 (“positivity of the energy”). This is true for 
all sensible models of matter. The reason for the positivity condition is 
that negative energy produces a repulsive gravitational force, which could 
prevent the convergence of the geodesics. 
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2. Generalizing the nonrelativistic result (4.6.10), we see that if c is ever 
positive, then it must become infinite after a finite time under the cir- 
cumstances of (4.6.14). Let s be the proper-time parameter (cf. (4.1.42; 1)) 
on the geodesics of v, v'(x(s)) = x'(s), and c(s) = c(x(s)). If c(0) > 0, 
then c becomes infinite for some s such that 0 < s < 3/c(0). 

3. If Ny, = <e,/e,>, then (Det N)''? is the volume spanned by the spacelike 

basis vectors. Since 


c = —<e*|D,e,» = —4D, In(Det N), 


c > © would mean that the volume approaches zero, and neighboring 
geodesic lines meet. Hence there exists a basis field n, L,n = 0, which 
becomes zero. 


It is not necessarily a sign of a disaster if c does not remain bounded; 
(4.6.14) made no use of the strict positivity of i,R ), which means that the 
same conclusions could be reached in flat space, even though the metric is 
everywhere regular. 


Example (4.6.17) 











Let us introduce the coordinates = —,/t? — x’ and u=x/t on M= 
{(t,x)e R?:t < 0,x <0,t? > x?;g = —dt* + dx?}, and let the vector fields 
t x 
Dh a 0 OEP 
ed wy 2 DO 
er Jt? —x 
2 3 
Xi t 
Der), = 6, + Ox 
re ee 


serve as the basis; it is easy to verify that D,v = 0,D,t = l,andD,n = D,v = 
—n/t. The streamlines of v are geodesic since they are straight lines through 
the origin, and the streamlines of n are normal to them in the sense of the 
metric (Figure 66). 





and in fact 


and in one space dimension (4.6.14) can be strengthened to D,c > c?. At the 
origin c becomes infinite, although the space is not singular; it is only that the 
chart (t, u) is unsuitable there. 

When geodesics cross, they lose the property of being extremal, which can 
bring about some contradictions. This will lead to the conclusion that one 
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t 


Figure 66 The convergence of a geodesic vector field on Nat space 


can not make the assumption that geodesics are extensible past the points 
where they cross. Let us distinguish the different possible states of affairs by 
making 


Definition (4.6.18) 


(a) The future J * (x) (respectively past J (x)) ofxeM consists of the points 
of M that can be connected to x by causal curves (see (2.1.15)) directed 
toward the past (respectively future). 

(b) Let S be a spacelike hypersurface and xe D*(S). Then the set of causal 
(respectively, differentiable causal) curves from x to S is denoted by 
C(x, S) (resp., C'(x, S)). The set C(x, S) is topologized as follows: A 
basis of neighborhoods of the curve 4 consists of all curves that stay ina 
neighborhood of A, in the sense of the topology of M. We let C' have the 
topology induced by C. 

(c) The length, or proper time, of Ae C'(x, S) is defined by 


d(A) = | 5 ds/ agit",  Mso)es,  Als;) = x. 


Remarks (4.6.19) 


1. The topology on C(x, S) is that of uniform convergence. It is metrizable, 
since the topology of M is metrizable: the Hausdorff distance function 
between two subsets of M is defined in terms of the topology of M, and 
the distance function of two causal curves produces the metric on C(x, S). 
Consequently, compactness becomes synonymous with sequential com- 
pactness. 

2. C! is dense in C, and so d(A) can be extended to C (Problem 5). 
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To simplify the next chain of reasoning, let us eliminate pathologies at 
the outset by making for the duration the 


Assumptions (4.6.20) 


(a) that M is orientable with respect to time (2.1.15); and 
(b) that if x and y vary over M, then the interiors of J (x) N J*(x) form a 
basis for the topology of M (cf. (1: 6.4.10; 3)). 


The above assumptions imply the 


Propositions (4.6.21) 


For all x in the interior of D*(S), 

(a) J (x) D*(S) is compact; 

(b) C(x, S) is compact; and 

(c) d:C'(x, S) > R* is upper semicontinuous. 


Remarks (4.6.22) 


1. Neither time direction is distinguished, either here or below. Where 
appropriate, D (and J”) can be substituted for D*(and J*). 

2. Proposition (b) is a variant of Ascoli’s theorem, according to which any 
family of equicontinuous curves on compact sets is relatively compact in 
the topology of uniform convergence. However, a set of curves of arbitrary 
gradient is not compact; for example, x = sin nt,n = 1,2,..... is not uni- 
formly convergent to anything. The requirement that a curve never gets out 
of a light-cone prevents this from happening in (4.6.21). 

3. Proposition (a) is a necessary condition for (b); for example, x = sin t/n, 
n= 1,2,..., does not converge uniformly to zero on -m <t <0. 

4. The function d is not continuous, because in any neighborhood of 
A € C(x, S) it is possible to reflect lightlike curves back and forth to make 
d vanish. 

5. The extension of d to C(x, S) is likewise upper semi-continuous (Problem 
5). We let it define the proper time on a nondifferentiable causal curve. 


The proofs of these propositions are rather technical, and are left for 
Problem 6. An important consequence of them is 


Theorem (4.6.23) 


Let S be a spacelike hypersurface and p be in the interior of D*(S). Then 
there is a curve of greatest proper time from p to S, and it is the geodesic through 
p that is orthogonal to S in the sense of the pseudometric g. 
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Proof 


It follows from the compactness of C and the upper semicontinuity of d that 
d achieves its supremum ([22], 12.7.9). The maximal curve must be geodesic, 
because otherwise one could find a nearby curve of greater proper time to the 
same point of intersection with S. The orthogonality follows from the 
requirement that geodesics to other nearby points of S take less time: 
according to (I: 3.2.18; 6), the change in the time taken on a geodesic line 
having endpoint x is 

N Een 


REN 





[Bey . 
\/ xXxXg By 


If x were not perpendicular to all the tangent vectors of S, then one could 
find a way to increase the time. U) 


Example (4.6.24) 


As in Example (4.6.17), letg = —dt? + dx?, p = (t,,0), and S = {(t,x)eR?: 
t? — x? = 1,1 < — 1}. The straight lines through the origin are the geodesics 
perpendicular to S. The straight lines through p, x = v(t — to), intersect S 
where x? = v*(t — tp)? = t? — 1, so the distance along them to S is 
(to — DI =(1 +1 - 2i,t)' (see Figure. 67). Uf it, = 0, the maxi 
mum is achieved at tf = — I, since t < —1, and the geodesic orthogonal to 
S is then the longest line. If tp > 0, then the distance grows without bound 


causal curve staying 
away from S 











Figure 67 Geodesic lines perpendicular to S in (4.6.24) 
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ast— — oo; there exists no maximum, and the line through (- 1, 0) is the 
shortest. This does not contradict (4.6.23), since in this case p ¢ D*(S). 

It is intuitively reasonable that one could obtain a more nearly extremal 
curve from two crossing geodesics, by rounding them off near the inter- 
section. This expectation is confirmed by the 


Theorem (4.6.25) 


Let v: D,v = Oand <v|v> = —1 be the geodesic vector field perpendicular to a 
hypersurface S, let y(t) be a streamline of v and suppose n with the properties 
L,n = Oand <n|v> = 0 vanishes at (0) but not on all of y. Then for all p > 0, 
y is not the curve of greatest proper time from y(p) to S. 


Proof 


We choose co-moving coordinates g = —dt* + g, dx'dx*, and let t be the 
proper time along —v = 0,. Since n satisfies (4.6.11) and vanishes at t = 0, 
it is impossible for D,n to vanish at that point, as it would otherwise be zero 
on y. Therefore, letting w = n/t, lim, „„{w|w) is positive (i.e., n is spacelike). 
Because 

l l w 


pS) SD re = DW 
‘3 T 


the quantity 
| 
<D,v|w> = —<w|w> + <D,w|w) 
T 


approaches +00 on y as t > 0. This expression has the significance of the 
second derivative of t along the geodesic line in the direction of w: Let w 
be the geodesic vector field having the same direction as w on 7, so Dw = 0 
and w), = w),; then 


2%, 





CDi D| W)|, = D,<dt| W)j, = ör 
where ris the curve parameter of the streamline dx*/dr = w*(x(r)). If p — tx) 
is the distance from the point x to y(p) along the geodesic connecting these 
two points, then the function t(x) is defined and regular in a neighborhood of 
y(0) for sufficiently small p. On y, t = T, and there exist points on y such that 


therefore there exists a point q in the neighborhood of y(0), for which Tq Ts 
If y intersects S$ at t = ty < 0, then the distance from y(p) to S along y equals 
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re zonstant 


} T = constant 


Figure 68 A curve y’ having longer proper time than the geodesic y 


—T) + p. The distance along the geodesics from p to q is p — 7,, and the 
distance from there to S is t, — to, so that the total proper time along this 
path y’ is p — T, + T, — tu > p — To (Figure 68). LJ 


Example (4.6.26) 


In the case of straight lines (4.6.17) and (4.6.24) with S = {(t, x)eR?:t? — x? = 





Le = Ih = the kasıs, = 2/1 — x, and p= (t,,0) for to. >.0, we 
have w = 0,, and thus r = x and 
@? et ae 





C2 
Si 2 
Ss = — T t t ZEN = a er 
Cie pele cr gaa Vt = fo) ae ee 


for all t < 0. The explicit calculation of (4.6.24) confirms the conclusions 


reached earlier. 
Finally, let us collect our results in a 


Theorem (4.6.27) 


Let (M, g) be orientable with respect to time, i,Ro > 0 for timelike vectors v, 
and let S < M bea spacelike hypersurface on which the rate of convergence of 
the orthogonal geodesic vector field v is always 2c, > 0. Then there can not 
exist a point p in D(S) at a distance greater than 3/c, from S. 
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Proof 


Proposition (4.6.14) states that the rate of convergence of v becomes infinite 
within a distance <3/c, of S. Hence, given any geodesic through p perpen- 
dicular to S, there exists a field n that vanishes before p (cf. (4.6.16; 3)), and 
thus no geodesic through p is the curve of greatest proper time from S. This 
contradicts (4.6.23), and the only remaining logical possibility is that the 
geodesics can not be extended to p. LJ 


Remarks (4.6.28) 


1. If D(S) is sufficiently large, for instance all of M if S is Cauchy, and c ts 
positively bounded on S, then M can not be geodesically complete: 
there must be a singularity somewhere. The shortcoming of this state- 
ment is that we do not learn what happens physically at the singularity — 
whether there are infinite tidal forces, or a “quasiregular singularity” for 
which everything remains finite, as in (4.6.4; 3). 

2. The convergence of v leads one to suppose that the rate of convergence of 
the streamlines of matter also becomes infinite, and that the energy density 
is divergent at some point. The difficulty in proving this is that there might 
exist an earlier, quasiregular singularity, and the time-evolution might 
stop before reaching an infinite density. 

3. In order to draw conclusions from (4.6.23) about the existence of singu- 
larities, it is necessary to know something about the size of D(S). If there 
were a Cauchy surface S with cy > 0, then singularities would be unavoid- 
able. 

4. There are numerous variations and refinements of this theorem [33], yet 
the precise physical nature of what happens at the singularity is still 
unclear. 


Examples (4.6.29) 


1. The Friedmann universe (4.6.15) with S equal to the hypersurface at t = 
constant. This is a Cauchy surface, so every later point lies in D(S). Hence, 
if c = —3R/R > 0, then no pressure, however great, can prevent the 
formation of a singularity. 

2. Let (M, g) be (R?,. —dt* + dx”). andsS = (te =, @ = = 1, 
|x| <r}. Then it can be calculated that 


DS) =40G Oe aa SS a ae fre + 1, 
t<—-x+r-— eal } 


(see Figure 69). In this case, cy = 1 (cf. (4.6.17)), and the geodesics per- 


pendicular to S leave D(S) at the latest at r + 1 — \/1 + r? < 1 < 3/e9, 
so (4.6.27) predicts no singularity. 
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Figure 69 Intersection of geodesics in flat space 


3. The Oppenheimer-Snyder Solution (4.5.30). With S such that t = 0 and 
v = Oo, we Calculate that 


Therefore c is again infinite at the singularity at r”? = #”? — 312 = 0. 
In the static coordinates, c ~ r *?, because the radial speed 


v, ~ |potential energy |’? ~ r" "2 


means that v,, ~ r "2, 

The great interest in singularities is clearly because what is at stake is 
whether most stars end up as black holes or black holes exist only in peculiar 
circumstances, and whether the universe originated in a point and will some 
day return to a point. The question of singularities reveals how incomplete 
our understanding of natural laws is—are they ever superseded by something 
beyond human understanding? 


Problems (4.6.30) 


1. Construct an example of a pseudo-Riemannian manifold that is geodesically com- 
plete in spacelike and lightlike directions, but not in timelike directions. Do this by 
choosing g = Q(t, x)(dx? — dt?) on R?, with a suitable function Q. 


2. Find timelike geodesics for the metric of (4.6.4; 3), on which x + t becomes infinite 
after a finite proper time. 
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3. (a) Prove (4.6.9). (b) Find an example of a nonsymmetric, real 2 x 2 matrix that 
violates (4.6.9). 


4. In the notation of (4.3.1), for the energy-momentum tensor (3.1.25; 3) with p = 0, 
T° = pvv*;the contracted Bianchi identity implies that (pvfv”).; = 0. Show that this 
makes v geodesic. Identity the rate of convergence of an arbitrary vector field as 
CS Shi SO (Es (dzo) 


5. Extend the definition of d from the dense set C'(p, S) to C(p, S) upper semicon- 
tinuously. Give an example of a densely defined continuous function which can not 
be extended upper semicontinuously, and several examples of upper semicontinuous 
extensions of continuous functions. 


6. Prove (4.6.21). 


Solutions (4.6.31) 


1. Let OQ = 1 for |x) > 1,0 44,0) = 0; and im,» [tl 0) = 0 for some e > 0: 
Then the time axis is geodesic, and the proper time on it is 


i as | dt,/Q(t, 0) < ©. 
However, light rays and spacelike lines leave the strip |x| < 1 and continue on as in 


Minkowski space. 


2. Letu=t—xandv=t-+ x; then the Lagrangian for the motion becomes 


Consequently 


h o OL 


— = hj) — u = constant. 
are 


| 
= 
S 
I 
| 
jee) 
=) 
a 
22} 
Ill 


Therefore we must integrate 


F 1 2 
= ./P* + 2h ann 








u—P 
[P= =" then 

: i 
u = Pcos* u=> Ps = tanu>u = —~—_ 
Pas > al 

2 3 1 + 1/P?s? 2s 2 
b= —2 >p= — 
P P + sp3 + constant. 


3. (a) If M = TmT~', where m is diagonal, with eigenvalues m,, then (4.6.9) is the 
Cauchy-Schwarz inequality 


(Em) <br Em 


(b) If M = (_{ 9) then (Tr M)? = 1, but M? = (_9° _!), and Tr(M?) = -1. 
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. Multiply 0 = (pv*)., 0% + pv'(v*.s) by v,. From <v|v> = —1 it follows that v,(v".) = 0, 


and we conclude that 0 = (pv*)... In that case, v*(v*.) = (e*|D,v) = 0. The equiva- 
lence of the expressions for c follows from 


Ib se eb ein 
d(*e*v,) = —v, 0", A *e + dug A *e = *<e*ldvg — v,0%,> 
3 
oe D, = *(v? 5). 


ll 


. Let d(A) = infeisy,,Supzey d(A). This is upper semicontinuous and workable as 


long as the supremum is finite for sufficiently small U, which is the case as a corollary 
of the proof of (4.6.21) (see Problem 6(c)). If f: R\{0} > R sends x > |x|~?, then 
this is not the case at {0}, and this function can not be extended upper semicon- 
tinuously to a function f: R > R. Incidentally, the above extension is maximally 
continuous; for example, to f: R\{0} + R, x > |x| it ascribes the value f(0) = 0, 
whereas f{0) = a > 0 would make the extension only upper semicontinuous. 


. (a) If J (x) N D*(S) were not compact, then there would exist an infinite, locally 


finite covering with relatively compact neighborhoods U; with a;¢€ U; for {a;} 
without a point of accumulation. Let xe U, and y; be a family of causal curves 
from x to a;. Then y; N CU, has a point of accumulation h,. If c, is a causal curve 
from x to h,, then c, contains a point x, that lies not only in U, but also in another 
set U,. Since J (x,) contains a neighborhood of h, by Assumption (4.6.20(b)), it 
also contains an infinite subfamily {y,,} of the {y;}, and consequently infinitely 
many a,,. There is a point of accumulation h, for {y,,} © CU, 0 J (x,), and 
there exists a causal curve c, from x, to h,, and so on (Figure 70). This pro- 
cedure yields a causal line connecting x, X], X2,..., which can not be extended 
farther downwards, since the a; have no point of accumulation. However, for the 
same reason, it can not intersect S, as otherwise one of the relatively compact U; 
would contain infinitely many a,. The existence of a nonextensible causal curve 
not meeting S contradicts the definition of D*(S), and therefore J~ (x) n D*(S) 
must be compact. 





IH) AACS) 
Figure 70 Construction of a nonextensible, causal curve that does not intersect S 


(b) C(x, S) is compact as a metric space if it is complete and precompact. A uniform 
limit of causal curves is continuous [(22], 7.2.1), and, because of (4.6.20(b)), 
causal. Therefore completeness follows immediately. Precompact means that 
for all ¢ there exists a finite covering of C(x, S) with neighborhoods of diameter e. 
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Such a neighborhood of a curve 7 is the set of curves 


{y’: sup inf p(x, y) < &}, 
yey’ xey 
where p is a distance function for the metric on M. Since J (x) m D*(S) is 
compact, we can cover it with finitely many A; = the interior of J (a) N J * (aj), 
i= 1,...,n, with diameter < &. Let x be in A,, and form all unions 


| UA 
k=1 
with 
Aj mA A,,, 1S# QD, 
Ay, 0 Aj;,,, FD, I CALVO Ay. FO: 


The B; = {y € C(x, S):y © Bj are a covering for C(x, S), since every causal 
curve of x must be in some such union. The number of the B, is finite, and their 
diameter < €. 

(c) We need to show that for all ¢ there exists a neighborhood U of A such that 
d(J) < d(A) + « for all Ae U. For this purpose, we use co-moving coordinates 
moving with A, so that A is one of the time axes x’ = constant, = 1, 2, 3, and the 
go; Vanish. Since d does not depend on the choice of the curve parameter, we can 
take this parameter as x°; we then have to compare 


d(A) = [ Bey 
with ; 
a = | dx°/— G00 — antl 
But since g je Aidt > 0 and goo Is uniformly continuous, as a continuous function 


on the compact set J~ (x) n D*(S), we can make d(/) < d(A) + « by taking a 
small enough neighborhood. 


Some Difficult Problems 


1. Only approximate solutions are known for the diffraction at a slit. Find bounds for 
the errors. 


2. Give a general, rigorous formulation of Babinet’s principle [2]. 
3. Show that the Green function for diffraction at a wedge has causal support properties. 


4. Find a solution of Einstein’s equations that describes the emission of gravitational 
waves. 


5. Harmonic coordinates are used to prove that Einstein’s equations are hyperbolic. 
Give a purely geometric formulation of this state of affairs, without reference to 
particular coordinates. 


6. Discover singularity theorems that show that M is not only geodesically incomplete, 
but that the curvature invariants are in fact unbounded, in the right circumstances. 


7. Solve the general relativistic two-body problem. 
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